
Mandatory assignment

P r o b l e m 1 Equivalence o f

( E ) H loop f i s ' → X i s homotopic t o a c o a s t .
map

( z ) t loop f : S ' → X h a s a n e x t e n s i o n D > → X

( 3 ) t K o E X 7 4 ( X - k o ) = { e }

c o n v e n t i o n i i n l ' t ) w e d o n o t a s s u m e t h a t

homotopy f i x e s a basepoint ; m o r e gen e r a l t h a n

homotopy o f paths

( 3 ) ⇒ 1 2 ) t a k e 1 E S ' t { Z E E : I-21=1} a s basept * e s '

s u p p o s e f : S ' → X i s given

pu t k o = f ( X ) s o f represents ( f ) ETC , ( X , >c o )



by assumption ( 3 ) I f ] = e i n I T , ( X . x o )

t h i s m e a n s I H i I x I → X
F - f o r d e f o r m

[patan f o r loop
• t o t i . H l o , t ) = H C I , t )

f t ( S ) = H l s , t ) i s a loop b a s e d a t s c o

• t t s : H l s , o ) = fcett is) ; S ' I I / O - I

¢ ze s t i s ← , &
f o = f

• V s : H ( S , 1 ) = p , f , = c o n s t . loop a t s c o

I µ I ⇒ f i f o

I



w e perform gluing o n d oma i n o f H t o c r e a t e D -

( o r collapsing subsp.)
s . t . t h e parameter subset f o r f o E f becomes

t h e boundary c i r c l e

approach I collapse t h e " t h r e e edges" t o a pt.

I µ] m y ⑧
1 × 1 / 1 % 4 1 1 , t ' ) y s , , ,

f t , t ' , s

I D 2

approach 2 cylinder by gluing → collaps o n e bday

I I → E T - Q



i n c o n c r e t e f o r m u l a s

f- (pet t is ) = H ( s , l - T ) O E T E I , O E S E I
-

p o l a r c o o rd i n a t e s o n D -

F i s w e l l d e f i e d b e c a u s e

• 1 - = O f-( o ) = H ( S , l ) = X o

• s s o o o s = I represent t h e s a m e p o i n t

f o r @ 2 % ) = f- ( re - " i ) from H ( o , t ) = H i ; t )
El@Dz = f : f- ( e > " i s ) = H ( s , o ) = feet":S)



( 2 ) ⇒ 1 3 ) ; I I :D> → X extending f ⇒ K , I X - o o o ) - { e }

"unpack" t h e p i c t u r e s f r o m approach I

VI . ← 00
given C f ] E i t , I X , K o ) represented by f : S '→ X

f-C l ) - k o ,
t a k e f- : D ' → X e x t e n s i o n

p u t H ( s , t ) = [ ( t + ( i - t , e>" i s )
• H l o , t ) = f- ( l ) = x o

,
H C l , t ) = f -( I ) - k o

• H ( 5 , o ) = I T @ 2 " i s ) = f c@Zais)
• I t i s , l ) = E c l ) = K o



( l ) ⇒ ( z )

( E ) H loop f i s ' → X i s homotopic t o a c o a s t .
map

( z ) t loop f : S ' → X h a s a n e x t e n s i o n D - → ×

p a r a m e t e r s p a c e f o r homotopy o f
maps o n S ' .'

cylinder s ' x I

boundary c o n d i t i o n ( c o n s t . ) o n o n e bdry c o m p .

§,
D2 by collapsing t h a t component

F- → O
homotopy i n ( 1 ) i s given b y H : S ' X I → X

a H l e # i s , o ) = f ( e s t i s )
• µ ( e # i s , I ) =

X o f o r s o m e K o E X



put § ( r e - *
i s
) = H (ez'Tis, i - t )

F i s w e l l d e f i e d b e c a u s e

• t = O f-( o ) = H (Ettis, 1 ) = X o

El@Dz = f : f- ( e > " i s ) = H
(EZ":S,

o ) = fe e t : S )

R e n K o c o u l d b e d i f f e r e n t f r o m f -( l ) , b u t

f o r t h e s t a t e m e n t 1 2 ) i t doe sn ' t m a t t e r



( 2 ) ⇒ ( i ) ; f i s ' → ×
,
I f- : D ' → X e x t . ⇒ f I c o n s t .

pu t H (ez'Tis, t ) = f- ( ( i - t ) e2tis )

• H ( e - * is , o ) = f-( e s t i s ) = f l e
- * is)

• H ( e -"is, 1 ) = f- c o )

⇒ H i s ' × I → X implements f I r o u s t c a t f ) o))



P r o b l e m 2 C , C ' c M g c i r c l e s

• Mg l C h a s t w o C o u n . components

E M f , 14£ punctured s u r f a c e s⇐ i ¥ ÷ W l h & k h o l e s
c c '

M i ' Ma' a Mg 1 C ' i s connected

( i ) Mh' d o e s n o t r e t r a c t o n t o C

observation
s, ( M h , * ) h a s presenta t ion

< a , , b , . . . . - a h , bn : a , b , a i ' b i ' a z b z . . . a i ' bi 's e )
a i : "meridian"
b i : "longitude" } 'ons t h e i . t h h o l e €¥ : i - - -



( c o n t . ) i n i t , (Mh , X ) w e h a v e

a , b . a i ' b i ' a , b . . . . a i ' bi' = C

example f o r h = I÷÷¥iO÷÷
÷÷÷÷÷

m o r e formally r e c a l l t h a t 1 4 h w a s obtained b y

gluing pa i rs o f edges o f

a 14h)-gon w i t h o r i e n t a t i o n b¥%a,
configuration l i k e t h i s →

a . t.ee/b,
bz

9 2



( c on t . ) inser t ing a n edge (between a , a n d bn )

a n d doing s o m e gluing w i l l g i ve
b -y¥¥az

M hazµ¥b, ÷⇐⇐÷a z

why d o e s t h i s ob s t r u c t c t o b e a r e t r a c t o f M s ?

# r s. C i s M 'n E s c r o i = i d c ; i f s u c h t ex i s t e d

t h e i n d u c e d w i l l b e ZE-aicc.si#Mn,*)E*T,cc.H

tax i s a g r o u p horn ⇒ i t sends a i b i a i ' b i ' t o
H a i l 1-C b i ) e - l a i t ' r l b i ) ' ' = e

( F C C , * 1 = 2 i s commuta t i ve )



( c o n t . ) o n t h e o t h e r h a n d

s ' £ c corresponding t o 1 E Z g i v e s

i
* ( f ) = a , b , a i ' b i ' - - - ah.' b i '

by t h e o b s e r v a t i o n → w e h a v e +
*
i
* ( f ) = e I f f )

( Z ) Mg r e t r a c t s t o a n y
me r i d i a n c i r c l e C '

¥¥¥¥¥
"
" "apse" shaded p a r t

t o g e t a t o r u s , t h e n .

forget C"-component
⇒ ÷¥⇐.::÷÷÷÷.

T = t , 0 T o



P r o b l e m 3

R e c a l l : I I s X i s a cove r i n g w h e n

H X e X F V

o p e n

3 K i p-' ( V ) = U V i

i t I e s o m e i ndex s e t

• V i o p e n s e t i n X

- i # j ⇒ V i h t t ; = 0

° H i p l y . '

. V i → V h o m e o

c a l l s u c h 0 a n evenly c ove re d open neighborhood
o f X

( 1 ) A e x ⇒ I =p-' ( A ) I A i s a cove r i n g
f i x x E A ; w e n e e d t o f i n d a n evenly covered

o p e n n e i g h . V ' o f a ( f o r t h e i nd- top. o n A )



t a k e trope. X ,
( V i ) i e I a s a b ove

s e t V ' s 0 n A , V i ' = V i n At

• V ' i s a n o p e n s e t o f A by c l e f . o f

t h e i n d u c e d topo logy

• T t f i s a n o p e n s e t o f A- (same)

• (p l ) - l ( V ' ) = U W i
i e ,

t o " P ' - plan i A- → A

by unpacking defs .

• T t ' i n ✓ j ' = ¢ f o r i t ' s f rom V i n V j = ¢



(con t . I o p ' I#g i T t ! → V ' i s h om e o .

bijectivity

cont inu i ty )
" " " 9 " - " 6 o f offs.

o p e n - n e s s o f p-l i fe '

. V I . → I t '

a n o p e n s e t o f T t s i s o f t h e f o r m

V's . n T t f o r s o m e o p e n WI c I

V a n t i s o p e n i n K ⇒ w e may a s s u m e To t i

⇒ W = p ( T ) i s a n o p e n s e t o f 0

~ ) w e g e t a n o p e n s e t 0 ' s T N o f £

p ' ( V i n Wr) = ✓ ' n u t ,
s o P-Iri' i s o p e n .



( 2 ) p i : I i → X i cover ing C i - 1 . 2 )

⇒ s o i s p , x p ,
'

.
I , - I → X , x x ,

f i x C x ,y ) E X , x X z ; t a k e

V ' ' ' a x eve n l y c ove re d , p i l l -0")) = U Vf.' '
i f I

U " ' 7 y eve n l y c ove re d , p
- ' (UK ) ) = U V I .2 )

J E T

c l a i m : V C ' ' x D " ' i s even ly c ove re d ..

(p , x p , )
- l ( V ' ' ) × -012') = U Tt'!' xtt.gl

i E I , IEJ
. (TTY'xV'I'In (TTY!xV'}!) = ¢ i f i i . j ) # I i ' , j ' )
°

p i x Pz
'

. V!'' x VI.21 → we l l , - 0 12 ' h o m e o



( 3 ) I , ×× I z → X i s a cover ing

i f p i
'

.
I i → X i s a o n e ( i - 1 , 2 7

I,x× I z = { C E , 5 ) : I c - I , , J e k a ,

p , C K ) =p - ( 5 ) }

c a n b e regarded a s (p, xp,)-" ( A ) f o r

A = O C X ) = { ( x , x ) : x e x } c X x X

X , x X I ¥ " X x X i s a covering by 1 2 1

i t s r e s t r i c t i o n t o A i s s t i l l a covering by ( i )



✓ (ti) = ( O . . -

,
I 1 , -

- , o ) E S "iE¥⇒⇒.
( I ) O - complex s t r u c t u r e o n 5 " w i t h ✓ ± )

i
a s

v e r t i c e s i

g i v e n k v e r t i c e s o n d i f f e r e n t a x e s

( E p ) (Ek)) : i @ c . . a i r , E ; = I>
. -

, V i k• =L- io

; t j > o }DE =Snn { E t ; viii'
j - O



( c o n t . )

f.fi#$j
"

' " → " ' "

'" ' " ' "
'

" " f r o m

o r i g i n b e t w e e n

{Flot; vi's?"' i t ; > o , I t ; = I }
j = 0

a n d o k ,

i f p = (Viet),.. , v!#t) i s a subsequence o f a

s l o e = % u p t o o l
→ ok ,

I t o . . . . t e ) H (O. . . . to , . . . -4 . . . )
p

p o s . o f 0%6' i n ×
(compatibility f o r f a c e s )



( z ) D - complex s t r u c t u r e o n LR P " = S n l x - c -x )

c o n s i d e r Z z - E e , g } ac t i ng o n
5 " by

g s c i - x s o I R P " I z a s '

g m o v e s e a c h simplex o f ( t ) t o a d i f fe r e n t o n e

i f a = (vigo), . .

. Vi'?")) .

g
Oka = O f , f o r a ' = (vigo), . .

. vi?"))
→ l a b e l f o r K - c e l l s o f I RP " i q u o t i e n t o f

'Ek)) a s above} / t - t '{ a = (v!}") ,
. -

, V i k



( c on t . ) formally ! t h e s e t o f p a r a m s f o r K - c e l l s :

1 Z - K / Z z Z z 7212k dies. a c t i o n
{ i o c . - a i r . } a { o , - -

, n }

Zak : ions o f D J i n I RP"

s o 8£ = [Kai
,

a n d t h i s i s t h e only overlap
o f i n d e x

% : o k → 5 £ compos. o f o x and s " → RP"

B subseg o f a ⇒ p ' subseg o f x '

s o t h i s i s compat . w i t h taking faces


