
E x c i s i o n

Mora l ly : A c X s u b s p a c e ⇒ r e l a t i v e homology
H n ( X , A ) r e p r e s e n t s t i n ( X i a )

t h i s w a s t r u e w h e n A h a s a neighborhood 0

5 . t . A c t i s a de fo rma t i o n r e t r a c t (Prop. 2 .22)

k e y s tep
c l o s u r e i n t e r i o r

T h ' m 2 . 2 0 ( exc i s i on ) Z - A - X ,
Z c

Ao

t h e n X - Z ↳ X i n duce s H h ( X 1 2 - A ' 2 ) £Hu(X,A)

e q u i v a l e n t l y : A ,
B c X s e t

.
F U Bo = X

B c , × i n d u c e s H u ( B . A n B ) I H u l x , A )



w e l o o k a t a c o v e r o f X i n t h e following s e n s e

U = ( V i ) , ' e I c o l l e c t i o n o f subse ts o f ×

s i t . U t r i = X
I C I

↳ Can ( X ) a C n C X ) subgroup generated b y

singular simplexes 6 s e t . I i : 6 : o " → V i

i . e . CY ( X ) = E.= , C n ( V i ) c C n ( X )

2 s e n d s C h o i ) t o C u - i ( V i ) ⇒ (CY ( X ) ) [ o
i s a s u b complex o f ( C n ( X ) ) [ o

HY ( X ) : n - t h homology o f t h i s s u b complex



Prop 2 . 2 1 i n t h e a b o v e se t t i ng

t h e i n c l . K Y ( X ) ) , I C c n C X ) ) , i s a c h a i n

homotopy equivalence j

i . e . I p
'

.
C n CX) → CRX) ( n e o - 1 , 2 , - - I

s i t . 2 p I idc@ ( x ) , P Z = idol.c×,
"
c h a i n homotopy £

(Cor . HnU(X) I H u l X ) )

k e y i d e a : d e f i n e p by dividing o : I → ×

i n t o s m a l l e r p a r t s 0 " )
.

. -

, • ( k ) s i t .

t j ⇒ i d i ' : O " → V i



t o d o t h i s c o n s i s t e n t l y , w e perform "barycentric

subd i v i s i on" i

F#÷÷.¥¥¥¥. ↳ × - 0 7 8M ¥ , ⇒ x

$2
A Z ¥94616)

change m a p .
n

"d iameter" becomes # o f t h e original

repeat t h i s proceidure u n t i l w e a c h i e v e

a i l : O " → V i fo r a l l j



s t e p 1 c o n s t r u c t i o n o f 5 : C n ( X ) → C u ( x )

a t . S c o ) =

' ' E a i l " ; 651); : barge. s u b d i u s
i

f o r a : D " → X s ingular h - s i -p l . i n ×

w e do t h i s by i nduc t i o n o n n

n = o i s i id .co ( x )

n = 1 : b = C's ,' s ) c- D ' = { C t o , t , ) : t i z o , {tie't}
a

1122

( D ' = ( V o , V , ]
, V o : ( l , o ) , V , = ( o i l ) )

5 6 ) = Oleb . u , ] - o f f , wog ( u p t o D '→ l b , u ; ] )
v o n b . U , ↳ V i

V o b

8 ¥ , → - m o + £ + 4



general c a s e i
suppose w e k n o w 5 o n C n - i ( x )

• : o " = Luo , - - -

, u n ) → X

d o = E l - 1 )
i

• two,...fi,--.vn)

s o w e c a n w r i t e 5 ( • two,... E i , - . .v n ) )
a s E l - 1 ) Ei'iolangisi'...,wi÷!']

j

w i t h s o m e points '
"

'

' I l
K C- f a c e s o f A "

b = ( t h e . . - ,
¥ ) E O " barycenter

→ S c o ) = E

i , ;
t - "

"

'

" ' "J
• lqb.woci.it...,w" '

' I '
n - i ]



step 2 S i s a n endomorphism o f ( C - ( X ) , 2 )

i . e . , 5 2 = 2 5

P u t c o n e ( V E . . -

, VE] = ( x , I , . . , o f ]

f o r K , Vo ' , - -

, 0 £ E Rd

s o S ( o ) = C o n b ( s o o ) f o r a : O " → X
-

t o b e precise compose e a c h t e r m i n

5 d o w i t h D " → Cb , - - - ] = Cou-(each term)
w e h a v e d o c o n , ( x ) = X - Con>c o d ( x )

h e n c e 0 5 ( o ) = S d k ) - C o n , 0 2 2 ( o )

÷ .



Stop 3 5 i s c h a i n homotopic t o i d c . ( × , ;

i .
e . ,

I T i C n ( X ) → C u t i ( X ) 1 4 = 0 , 1 , 2 , - . ) s i t .

( O T + T O ) l o l = G - S c o )

a g a i n by i n d u c t i o n

n = O
'

. T o = G o ( 0040 ' )
T u n i q u e

0 ° = { p i } → X m a p
2 T o = O , 0 6 = 0

,
5 6 1 = o ⇒ a b o v e c l a i m .

general c a s e : s u p p o s e w e k n ow T o n Cnn , (X)

b = (htt, i
- -

I n't, ) E O " b a r x c e n t e r

T o = C o u b ( 6 - T o o ) a s before



2 T o = d c o u p ( o - T d o )

= O - T O o - Con, O ( o - T d o )
I 2 c o n e x = X - c o a x o n

= 6 - T O 0 -

c o n f ( s 2 0 - T 0 2 0 )
[

i n d . hyp. f o r S & T

= 6 - T o o - 5 6 1

I 5 1 0 ) = c o n , , ( 5 1 2 0 ) )



step 4 S " z idc . ( × ,

t h i s f o l l o w s f r o m compat ib i l i ty o f c h a i n

homotopy a n d compos . o f c h a i n
m a p s

( S I idc.,×, ⇒ s " I i d k
c . ( x )

= i d
c . ( x ) )

concretely '

. Dk = € ' T s
i

sat isf ies
i = o

2 D r . + D i e d = i d - S K



s tep 5 c o n s t r u c t i o n o f p ' . C n c x ) → CY ( x )
a n d D : C a ( X ) → Cn+ , ( x ) s i t . 0 0 2 = idc.mx,,
8 D + D O = idc. ( x ) - Zo p
f o r e a c h 0 : o " → X

,
l e t m C o ) b e t h e

s m a l l e s t i n t e ge r s i t . s m a c o ) E (NU ( X )
s u c h m f o ) e x i s t s b e c a u s e

5 C o ) i s a s u m of
'

'smaller b i t s " o f 0

& t a c e o n 7- E s - t . E - b a l l a r o u n d ×

i s mapped t o s o m e V i u n d e r 0

M K ) - l
→ P u t D @ I = Dinco, ( o ) = I T s i l o ,

i - o



( c o n f . ) a n d
p ( o ) = o - O D ( o ) - D d c o )

by c o n s t , p i C n C X ) → Cnn ( X ) and

i d - l o p = @ D t D d ) 1 0 )

i f • : o " → V i f o r s o m e r i ,

m o ' t 0 I Molcvo,...fi,-.-Va) = °

⇒ D k ) = o = D ( d o ) ⇒ p - 2 6 1 = 0
a



P r o o f o f T h ' m 2 . 2 0

apply Prop 2 . 2 1 t o U = E A , B }

→ Cou ( X ) I s C . ( X ) i s a c h a i n homotopy

e q u i v .

C . ( A ) i s a s u b complex o f b o t h , a n d

2 , p ,
and D p r e s e r v e t h i s

⇒ w e set c.mx#.a,Ei.iiiiii.iiii-A'
s t i l l c h a i n homotopy equ i va l e n t

c " n ( X ) / C nCA ) h a s b a s i s { o : O " → B , ima
n o t c o n t a i n e d i n A n B}



c o n t i n e n c e ' " ' " " '

"÷;¥?9¥÷÷,
→ H n ( B , A h B ) I H n ( X , A ) Ds


