
Application o f e x c i s i o n H n ( X - A ) I H h ( X 1 2 , A R )

Z - A - X "good "

• a n o t h e r m o d e l o f r e l a t i v e h omo l o g y

i n s t e a d o f K n o x ) / C n ( A ) ) n I o

c o n s i d e r t h e mapping c o n e o f A s i x

i . e , C i = A x I 1 X / l a , o l - C a s o ) , C a , 1 ) r f c a ,
f a , a ' E A

1 ¥
Prop I H n ( X . A ) ± t i n ( C i ) ← reduced homology

f o r 0 # A C X 1 i f 0 - A i , t a k e C i=Xu { p } )



p r o o f step 1 tffci) I H u c c i , C A )
← § '81£ A

t h e i n c l u s i o n C A ↳ C i g i v e s e x a c t s e q .

- - → H n ( C A ) → H u c c i ) I H n ( C i , ( A ) → . . .

O O

- - → H o l ( A ) → H o c c i ) → f l o c c i , C A ) - s o

H n ( C A ) - O ( n > o ) , H o ( C A ) I 2 b y t h e

contract ibi l i ty o f C A g i g ,
⇒ H u c c i , C A ) ? H n c c i ) I HICCI) ( n > o )

H o c c i ) ± t o ( C i ) ④ 2 -
i ng o f HoCCA)1 1 2

f l o c c i , C A )



s tep 2 H u c c i , C A ) I H a c c i l E p } , C A r e p } )

f o r
p = i n g o f c a - O ) ( G E A )

u s e e x c i s i o n ; p h a s a ' neigh. V ¥¥¥
( e - g . , t h e i n g o f A × Lo, £ ) )

f o r 2 = E p } I c E A c c i

s tep 3 H a c c i l E p } , C A L E p } ) I H u c x , A )
X → C i l { p } i s a homotopy equiv. c owpa t .
w i t h t h e subspaces A 2 C A ' E p }

( ( × , A ) ¥ . ( c i l { p } , C A - E p } ) i s a homotop

e q u i v a l e n c e )



Homology o f u n i o n

( X a ) • ← I
c o l l e c t i o n o f top. s p a c e s

H n ( L ¥ X x ) I ¥ , H h ( X x ) f r o m d e f .

C n C k X x ) I ① C n ( X x )

Prop 2 ( C o r . 2 . 2 5 ) suppose x x E X x h a s

a c o n t r a c t i b l e neighborhood i n X x

( ( X x , E x x } ) i s a good p a i r )

t h e n t in ( ¥ , x x ) I ¥ , I n ( X x )
I . # X x ) / x x - x p

P r o o f . x o : img of × , i n Va X x

R n l y X x ) I H n l y X x , { t o } )



{ X o } c ¥ X x i s a good i n c l u s i o n

i t , 7- x x c o n t r . i n X x ⇒ W = i n g o f Y V x c o n t r .

⇒ H h ( X , X x , { x o } ) E H n l Y X x , w )
homotop.

¥,.tn ( I X - L W ) E to Flncxalis)
L - x x 1 W I 1 X x i v ,

=-9 I n ( X x )
V x c o n t v .



L o c a l homology g r o u p s

D e f . K E X c losed point ( E x } c losed i n X )

¥ locale homology a t K
'

.
H n ( V , V l { x } )

f o r a n y o p e n neighborhood V o f ×

Prop. t h e a b o v e d e f . d o e s n o t depend o n 0

P r o o f enough t o s h o w

H n ( V , V l { x } ) I H n ( X , X l E x } )

P u t A = X - E x }
,
B t . I f ⇒ A n B = V i { x }

t h e s e a r e o p e n , X = A U B



( c o n t . ) e x c i s i o n

t o 0 1 { x }
X i a o Bo ⇒ H n ( X . A ) I H h CB , A n B )

implies t h e c l a i m De

Example X = IRM H n ( V , V i { x } ) = {
Z ( n o n )

0 otherwise

. - → H i s (112mi E x } ) → H u l k " ) → HullRm, Rm-Ex})-1 - - -

42¥ 1 1 s u n - i
z f o r n - O

112

Z f o r n - m - l . O o t h e r w i s e

O o t h e r w i s e



Comparison o f simplicial a n d s ingu la r homology

D e f . t e l a t i ve i m p l i c i t homology o f d - aplx p a i r

( X , A ) i s t h e homology o f ( A n (X ) /0nCA1 )u£
TC u n i o n o f s o m e s imp l i ces(O - complex

1 i n . c o m b . o fn-simpliceso
w r i t e H f ( X , A ) ( n e o - l , - - ) l i a . c o m b . o f a - s i n ,

n e t i n A

w e h a v e a m a p o f complexes d . ( X ) → C o ( X )

by interpret ing e a c h n-simplex o f X c s

s ingu la r h - simplex D " → X

→ induced h o u r Hou ( X ) → Hi : ' ( x ) ,
Hon ( X . A ) → Hsing ( x . A )



T h ' m 2 . 2 1 7 ( X , A ) D - complex p a i r

Hon ( X - A ) → Hi i " ' ( X . A ) i s a n isomorphism

P r o o f . W e f i r s t c h e c k t h e c a s e A - O

× " < X i K - s k e l e t o n ( u n i o n o f n - simplices f o r NEK)

step 1 i n c l Xk-'c X " n g "map o f e x a c t segs''

. - → H E ( x " )→ H i s # → Hon (XIX") → H I , ( x " ) + . . .
t d t t

. - → Hsiiscxk')→ Hsiisexk) → Hsiitxk,#→ HEE? C x " ) + . . .

f r o m shor t e x a c t segs,
o f complexes

• → o o o ( x " " ) → D . CX " ) → D . ( x " ) / d@ (x"-1) → o

s a m e w i t h C o ( X " ) , C o ( X " - l )



s tep 2 HICXIX"") E t o Z
,
Hon (XIX"") - o i n # k )

k-simplices

A n ( X " - ' ) = o n ( × " ) f o r u t K

A h (X " - ' ) = 0 b y d i m . r e a s o n

o n C X " ) = t o Z by c l e f .

K-simplices

⇒ O n ( X " ) / - n (X"
-

t ) i s only n o n z e r o a t n - K

s tep 3 Hs:[Xlix"") E t o Z
,
Hsu:'(Xlix")=o i n # k )

k-simplices

Hsinuscx",x"-1) I fisin' ( x k / X " " ) b y e x c i s i o n

1 £ c X ( R E I ) t h e k - simplices o f X

E : 1 o k
• e z

a
→ X " i n c l .



( c o n t . ) 2 Oak i s a u n i o n o f C K - l)-simplices

⇒ E : C# o k , ¥002 ) → ( x " , × " " )

X " i s g i v e n by gluing #Oka t o × " - I

⇒ C#Oka)/(¥002) = x " , x k - I

112

Y A k a l 2 0 £ I ya S K

Prop. 2 gives 1797¥ S k ) £ + 0 III"-(Sk)
& ¥ f n = k

O o t h e r w i s e

D - co.
0 2



step 4 H f ( X " ) → Hsin's ( x " ) i s i s o .

by i n d u c t i o n o n K

Hou,1×1×4 → H E ( x " )→ H i s # → Hon 1×1×4 → H I , 1 × 4
t t d t t

Hsin?,c×k,#→ Hii"'cxk')→ Hsiisexk> → Hs i i t x !#→ HEE? 1×4)

r o w s a r e e x a c t .

Steps 2 & 3 , induct ion hyp ⇒ v e r t i c a l a r r o w s

a r e i s o m . excep t f o r t h e m i d d l e o n e

⇒ t h e middle o n e i s a l s o i s o .
'

' f i v e l e m m a "



step 5 Hou ( X ) → Hsiu's ( X ) i s I s o

H P ( X ) E H P ( X k ) f o r K - n (by de f . )

Husins ( X m ) = Hagins ( X k ) f o r m > k > n

f r o m l o n g e x . s e g
f o r X m - I c X M , e t c .

a n y
0 " → X i s c o n t a i n e d i n s o m e X "

⇒ * gins ( X ) = twins ( x " ) K > n

Gen e r a l c a s e H P ( X - A ) = Hsins ( x , A )

apply F i v e L e m m a t o

H o n l A ) → Hnocx ) → Hon( X . A t → Hon. , lA1→ H E , C X )
t d t t d

Hus: ' (A) → Heins ( X ) → Hsin's ( x . A ) → H EMA ) → HE'? ,(X)



F i v e L e m m a : g i v e n a diagram o f C o m m . g r p s

A → B → c → D → E - e x a c t r o w s

+ x Lp t o 18 I E - commuting s q u a r e s

A-' → B ' → c ' s D - → E '
- h , f , 8 , E i s o m

t h e n 8 i s a l s o a n i s o m .

P r o o f j k

w r i t e
A-113 I { o >

j , c - →
D → E

K '

s tep 1 V i s su t j e c t i ve

P i c k * ' E C '

7 - X o : k ( X o ) = k ' C x ' ) by e x a c t n e s s a t D



( c o n t . ) I b e B i j ' ( b ) = x ' - O r e o '

by e x a c t n e s s a t C '

⇒ y c x o + j o b ) ) = x ' f r o m r j ( b ) = j - lb)

step 2 0 i s in ject 've

P i c k x E C s e t , 0 6 ) = o

K G c ) - k £ 4 - c ) = o

7- b e B
'

. jcb) = x by e x a c t n e s s a t a

j a b ) = T j C b ) = o

⇒ a c - A :
i c a ) = b by e x a c t n e s s a t 13

⇒ s o = j ( b ) = o b y e x a c t n e s s a t B Ds


