
Application o f homology : Degree o f 5 " I s s "

( § 2 . 2 )

r e c a l l H n c s " ) £ 2
,

f i x ' . H u r t s " ) → H m (Sh)

D e f t h e degree o f f i s " → s " i s degf, d e z

s . t . f i x i n = d × f o r t h e f l u (Su)

Example f i s ' → s '
,

z ↳ z k h a s deg. K

f r o m i t , ( S ' , x ) I H i l s ' ) a n d f * ( L A ) : K C ,
o n T l ,

Mora l l y : degf = "covering degree" o f s u i t s "

( # o f po in ts i n a typical A b e r

u p t o orientation)



B a s i c propert ies
a ) degcidsu) = ' t l idsn)#= idti.is,
b ) f n o t sur ject ive ⇒ deg f - o

c ) f I g ⇒ deg f = degg f * = g *
d ) deg I f g ) = deg l f ) deg(g) ( fg1*=f*g*
e ) - = { C o c o , - - - K u ) c- s " - I R " " ' , E n z o }

"upper hemisphere"

L = { C o c o , - - - K u ) c- s " c 112"" ', ← n e o }
" l o u ve r hemisphere"

f l u , = i d
,

f- ( V ) = L , f C L ) - V

⇒ deg f ) = - I



f ) deg C- idsn ) = C- 1 )
" t '

g ) # s c e s " f- ( x ) e x ⇒ deg ( f 1 = 1 - 1 ) " " 1

P r o o f o f ( b ) s u p p o s e K o ¢ i n g l f )

t h e n f h a s f a c t o r i z a t i o n S " → s " l { k o } → s "

f i x fa c to r s a s H a l s " ) → H u l s " l { x o } ) → Hu ts " )

§¥cout r
s o f- * = O



P r o o f o f ( e )

t a k e o . O : o n 5 0 , a : O " - 5 L

corresponding t o a D - complex s t r u c t u r e o n 5 "

w i t h t w o n - s impl ices ( s o E l d o n = a loon)
o o - q i s i n k e r n e l o f O n c s " ) → On-115")

i t r e p r e s e n t s a gene ra to r o f HMS " ,

→ s a m e f o r Hsniksn)

• f- * ( o o - q ) = f o o o - f o q

o o f o q i D " → L

i d e n t i f i c a t i o n L I D " a n d c o n v e x i t y o f D "

f o o o I q v i a t f o q + ( I - t ) q



( c o n t . )

⇒ f-* ( o o - q ) = q - o o i n H u t s " )

i . e . f * a = - h f o r a E t h i c s " )

P r o o f o f ( f ) - i d s , = f l o> o . - o f ' n ) f o r

f l i ) : C o c o , . . , x n ) H ( s c o , - - , - K i , - - s k i n )

deg ( f ' i ' ) = - 1 by ( e )
. deg I - idsn) - Tt degff")

(C 1



P r o o f o f ( g ) enough t o p r o v e f = -i@su

F e c k ) =,{i¥}ff%}It}¥ ma k e s s e n s e :

( l - t ) f c k ) - t e =/ 0 i f f i x ) + x

• f o ( x ) = f o x ) €¥¥¥
• f , ( x ) = - x



T h ' m 2 . 2 8 ( h a i r l y b a l l theorem)

7- n o w h e r e vanishing v e c t o r f i e l d o n 5 4

⇐ n i s o d d

P r o o f o f ' '⇒ "

: suppose V o x ) E T x S " i s a

n o w h e r e v a n i s h i n g v e c t o r f i e l d

T x 5 " = { W E I R " " ' '

.
w i t x }

✓ C s c ) c o n t . i n ×
,

✓ ( x ) # 0

w e m a y a s s u m e l u c k ) 1 = 1 by taking % {¥
p u t f t ( x ) = K o s T i t l e + ( s i n a t ) U b c )

x t U C x ) ⇒ f t ( x ) E 5 "

f o l k ) = K
, f , Cs c ) = - K i . e . idsn I - i d ,



s o I = dog ( i d s ) = deg C - i d su ) = c - 1 )
" t '

⇒ n i s odd

p r o o f o f " ⇐ ' ' '

.

i f n = 2 k t I

U C K o , - -

, 22 1=+1 ) = ( - X i , K o , - € 3 , 1 2 , - - , - 2 2 k t , , 2 2 k )

i s a n o w h e r e vanishing v e c . f i e l d

O:*:



Prop 2 . 2 9 G : g r o u p , G m S h n = 2 k

g K # x f o r g I e ( f r e e act ion)
t h e n G = Z z o r { e }

P r o o f deg ( g ) deg (g- 1 ) = deg C i d ) = I ⇒ deg § 1 = 1 1

s o w e g e t deg : G → { I l } £ 2 1 2 (hour.)

g t e ⇒ deg Cg) = C - 1 )
" + I

= - 1 by t h e

p rope r t y ( g ) ( v. x f a x , # x ⇒ deglflity"")
i . e , deg i s injective g r o u p h o u r B

R em M 'a c om p a c t man i fo ld ,
G '

.
f i n i t e g r o u p , G m M f r e e

⇒ 1 G t d iv ides X ( M ) = E C- l ) " r k H h ( M )
i n



- l o c a l i z a t i o n o f degree

f- : s " → s "
,

× e s " , y = f a x )

✓ : o p e n neighborhood o f ×

T t i o p e n neighborhood o f y

s - t . f ( o ) C t t , f c - 0 1 E x } ) c V l { y }

m y i n d u c e d m a p f * : H n l - 0 , 0 1 9 × 3 ) → H u l t , V i s y } )
'

( loca l homology 7 '

H n l - 0 , - 0 1 E x } ) I 2 f r o m l o c a l homology o f
LR"

c o n s i s t e n t g e n e r a t o r i n
'

. i m g o f ' t .CZ/ IHnCs")
( i n H n l - 0 , 0 1 6 3 ) & H n o t , V i s y } ) )

Def deg f l o c = d e Z f * x = d x ; l oya l degree a t K



Prop 2 . 3 0 f i s " → s " , y e s " s e t .

f - " ( y ) = { x , s
- -

, X i a } i s f i n i t e

T h e n deg l f ' = IE' %§e§¥¥,
o n the

l o c a l b e h a v i o r o f f a r o u n d s c i

I n t u i t i o n
.

i

higher d im
. f ( z ) = 2-

2
Z e C l

(

I

§% , IgqEooiiydegfloe2.a@O.-
deg

2
I

I § =s '

des f I x , = deg f lag = deg f 1×4=1 p o s , or ienta t ion

d e s f I x , = - I n e s . o r i e n t a t i o n



P r o o f O v e r v i e w : f a c t o r i z e H n c s " ) €5 H u ( 5 " ) a s

a , , , , ,

→
¥

⇐ "
'
' s ? s a , q , } ,

z → Z
" 2 ¥ "fines")

z = H I S " , s " l { K k }

a 1 → a - 0 . . . @ a
,

b.to.-tobkt.IE/degfbci)bi

T h e i n t e r m e d i a t e g r o u p :
¥8,

H n ( s " , s 4 l { s c i } )

step 1 t h i s g r o u p i s H u l s " , S"l{¥¥µ)
t a k e s m a l l neighborhood V i o f * i s i t .

✓ i n - 0 ; = p f o r i ± j

By e x c i s i o n Hmcs", S " l { X i } ) = H n ( O i , V i l k i } )



( c o n t . )

H u ( 5 , 5 " - E x . . . . , x k } ) = Hnl.FI?ri, it,-i-Ex...-idk})
of.ee;.it#gHnlVisVilKi3)EiIQHaCsh.s9iExi})

s tep 2 t h e n a t u r a l m a p Hu l s " ) → Hu l s ", 5 9 1Ex,..-Kay)
b e c o m e s 2 → 2 k , a ↳ ( a . . . , a ) u p t o

← Hu l s ", 5 9 1Ex,..-Kay) = to H u l s " , s " i { X i } )

- f i x a generator x e H n l s " I C a n 1 E Z )

- u s e i t s i n g . I E H u l s " , 5 4 1 {sci}) a s t h e

gene ra to r ( I → I f Z )



step 3 f- * : H u s h , 5 1 {x, , .-sock}) → Hn ( S n , S" l {y } )
( w e l l def ied by FCS " I { x , , . - s o c k } ) a s " l { y } )

becomes 2 k → Z
,
Cbi, - - , b e ) 1→ I @gfbc iJ .b ;

i - 1

u p t o Hn ( S n , S" l {y } ) ⇒ I c → ' t E Z

• H n ( O i , G i l {sci}) ¥ H m c s " , S" l {g } ) i sbH@egfbci1bbydef.ofdegflsci-
oHnCoi.VilExi3iIJHnlyYi.y?.-i-Ex....,xk})

i s t h e i n c l u s i o n o f d i r e c t summand

• Hnl.FI?ri, it,-i-Ex...-idk}) 2 - H a l s " , 5 1 {×,,--sock})



S u m m a r y o f
H u c s " ) 1 * 0 H u t s " ) ~ → Hmcs",S"i{y})

gives des f

i e ,
f ' g ives degflx;b & f *

H a l s " , 5 1 {ki,--sock}) I ¥0, H a l s " , 5 9 ' { sc i } )
511
z k DE

E x a m p l e 5 3 I 5 0 1 2 ) = { X E 1 424C ) : XXX = I z
d e t x = I }

S u e z ) → 5012), X → X " h a s degree k

s m a l l neighborhood o f I z ~ s m a l l ne i gh . o f o e
1123

manifold s t r u c t u r e

× ↳ X " around I z c → V t k w a r o u n d o e
1123


