
C e l l u l a r homology f o r c e l l complexes

X : c e l l complex ( C W complex)

t e r a l l ( J a n . 1 3 ) i X ° c X ' c - - e x " c . - A X

[n-skeleton
× " = ( x " ' ' i t 1¥ , , D"))/glue 8 D " = s " ' a t x - t h comp.

i ndex s e t f o r n - c e l l s
t o × " ' " by ya:S"-'→X""

can = @ (Don) c X " : a - t h n - c e l l

c e l l u l a r homo-logy t ow ( X ) : another mode l o f homology

s i t . "chains" a t degree n = 1 i n . c omb , o f n - c e l l s

Canulx):{E.⇐ Ka-ed :kaeZ}
→ problem : h o w d o w e make s e n s e o f the boundary

Cann → cowmap o n ,
?



L e m 1 ( 2 . 3 4 ( a ) )

H k ( X " , × " - ' ) = { ¥0,21 E C C YC X ) K e n

0 k ¥ 4

P r o o f ( X " , × " " ) i s good ( x " " h a s a neighborhood

w C X " s i t . X " - l - V i s a deform. r e t r a c t )

⇒ H k ( x " , × " " ) I t ie 1×4×4- l )
(Mae. 2 3 (Prop 2 . 2 2 )

X 4 × " - I ± Y
* y ,

5 " f r o m D V @D" I s "

teak.-1ns") 1- t o Hk's") gives the claim.
L E I n

[Apr. 13 ( C o i 2.25) D



L e m 2 12 .34 ( b ) ) H k ( X " ) = o f o r K > n

P r o o f induction o n
n

n = o
'

. X o d i s c r e t e ⇒ H k ( X o ) = o f o r k s o

general n ' . l o o k a t t h e long e x a c t seq

. - → H ,#x ", x " -1 ) → tTkcX"'')→tT←(x") → H k (x"-X"-1) → . .

¥ i f K t , > n

"o i f k > n

by L e m 1 b y L e m 1

⇒ H k ( X " ) 1 H k (X"-1 ) f o r K > n i s



L e m 3 ( 2 . 3 4 (c))

H k ( X " ) 1 - H k ( X ) f o r K e n
+ "→ X i n d ' induces {say..

my, t h e n , → H u h )

Proof f o r f i n i t e d i m
c a s e

'

.
X = X " f o r s o m e N

a g a i n l o o k a t t h e e x a c t s e q .

. . → H , #X " , ×"-1) → Hecx"-1) → Hecx " ) → H k (x"-X"-1) → . .

¥ i f K t , ± n

"o i f k * n

by L e m 1 b y L e m 1

⇒ H e l x " " ) ? H e l x " ) i f N s k o r a > k-11
( n - I > k )⇒ H k ( Xm ) a- H k (Xm")? - - ±Hk(xN) i f m > k

( s ta r t i ng k i n , m e n - 1 1 I

a l s o H n (× " ) → Hulx""') I Hucx ) surjective.



I n f i n i t e d i m c a s e : l o o k a t t h e singular homology

e a c h singular K -simplex DK E X fa c t o r s

through XN f o r s o m e ( b i g ) N

⇒ e a c h c h a i n x = E t h o " o c - Ck ( X ) i s i n
f

C k ( X " ) ( N could depend o n x )
-

⇒ ( a ] E H k C X ) i s i n t h e i m a g e o f H k ( X " )

w e know H i c c x " ) 1 H k (Xk t ' )

2 = 2 p ⇒ a g a i n 7 - N B E C u t , ( × " )
⇒ ( x ) = o i n H k ( X " ) already



C h a i n complex f o r H I V ( X )
'

(conceptual )

C{w ( x ) = HnCX", X " - ' I I { E M a . enx '- M a e Z }
L E I N

( r e l a t i v e s ingu la r [Lem ' t
homo logy)

boundary m a p d n : G w ( X ) → CET ( x ) i s

H h ( X " , X " " )
⇒

- H h - l ( x " -5×4-2 ,

T n H n - , (× " -1 )
→
in.iq
f rom long e x a c tf rom long e x a c t

s e q . o f (×"-t, ×"-2)s e q . o f ( × " , ×"-t)

I n
- , I n = 0 fo l l ow s f rom

H y - i (×"-1×4-2)

H n - , (Xu-1)
→ i

yd

= . Hu-z(x"-2)



D e f , t i n " ( x ) -

'Feild""'"""'¥g,
any,c× , → Ca tch )

Example X = Mg o r i e n t a b l e s u r f a c e without b'd,>

g h o l e s

↳ c e l l complex s t r u c t u r e w i t h

- o n e 2 - c e l l

°

2 g ' t - c e l l s ¥ § ¥
° o n e O - c e l l

boundary m a p s a r e a l l z e r o HfW(Mg) =C[(Mg)



T h i n ( 2 . 3 5 ) HEW ( X ) I Hn ( X ) ⇐ Hsin's ( x ) )
P r o o f w e know H u l x ) I Hu c x " " )

step 1 Hucxn t ' ) I H u c x " ) 1 2 h , (Har t , (× " ",X " ) )

l o ng e x . Sog,

Hank"''x")9HIcxnlttTn(x""') → t. lt#x )→..
0 un less Ken- 1 1

step 2 j e : H k ( X " ) → H k ( X " , × " " ) i s in ject ive

a g a i n t a k e t h e e x a c t s e q . C a t n t l - k )

ftp.cxn/tHk(x4t')-IHkCxhj' '×") → . .

" 0 i f k > n



Step 3 ing 2 n A E ing,j¥¥n+, from j a inject've
→

j n

step 4 K e t O n =

her,¥§
f r o m Ju-i injective

s tep 5 h e r o n = ing Hucxn , i n Hucx", × " " )
f r o m e x . s e g . H u l x " ) → Hn(X", × " ' ) ¥ H u - , (×"-l)

s u m m a r y : H u c x " " ) EHy¥/2ntilHn¥l×""i×#
112

k e - d u
H n l X ) i n 8

Hcnw(x)



Application : i f X h a s on l y e v e n d i m . ce l l s

( o r only o d d d i m . c e l l s ) then H u l x ) Iccuwex).
c E w ( X ) ¥ CEY ( X ) i s a l w a y s z e r o

⇒ H Y ( x ) I c % ( x )

example I C P " , complex Grassmann ian ,
. .

e . g . I CP ' z 5 2 o n e O-ce l l , o n e 2 - c e l l

¢ p " o n e 2 k - c e l l f o r 4 = 0 . - -

, h

h"

o k {Czo : . . . : Z n ]{ C zo : . . . : Z n ) :

Z i f f Z i t o f o r i > k }
( z . : - - - ' - Z n ] - ¥ o i ¥ 3 l (preu. step)



C o n c r e t e fo rmu l a f o r the boundary Conw &" E I ,

Prop d a t e s ) - Epet,-903 -"B"
,
w h e r e daps i s t h e

degree o f s a ' - 9 x"'¥xj¥¥¥1=s""gluing

p r o o f i d e a s

- e ? i n H n ( X " , X " - l ) : i n g o f <HnCD", 0139)

by t h e m a p
D a # X " e n e

- project ion H u r , ( x "- I x " " ) → Z e " ; " Ethics"")

× " ' , × " - 2 e x s " - I

• 'c-I n . ,
#sa- i
collapse S " ' a t

B ' # p



- natura l i ty o f tons e x a c t s e a

f o r Te a '

. ( D " , 8 D " ) → ( x " , × " - ' )

H u r ( D " , d D " ) & Fla-, ( 8 D " )
t I a * t @ ±

H a ( X " , × " ' ' ) z , tru-,
( x n - ' )

n

- O ,e{ = e [ f o r H u ( D ' -8D") I s Fla-, ( 2 13 " )
genera to r o f t f , - , (S"-1)

g e n e r a t o r o f H u (D ", 8D" )

⇒ O n e 2 = p , * ( e " - ' )



c o e f f i c i e n t o f en}' i n d e g : k £ 2 s i t .

[ " E H u r ( D " , 8D " ) & f in-, ( 8 D " ) picks u p

deg (ap°4x)
t I a * t f a x

t[×§¥×' → "
" '
"

" " '× " " )
"2| In-iC¥⇐u.?"")
b 9ps X

J ten-'e' Ein-ifs"-' )
ED



Example (acycl ic s p a c e tTn ( x ) = o f o r a l l n )
2 - d i m example w i t h X ' E S ' u s ' § §
t a k e t w o loops V i , A s i t .

8 , = as b - 3
,

V , =
b3 cab)-2 i n i t , ( × ' , * )
( = b a - 2 )

a t t a c h 2 - c e l l s e } , e } t o t h e s e loops

- I T , ( X . * ) E ( a , b : a s b - 3 - e = b3 (ab)-2)

- CTC x ) I 2 2
, C -YA ) I Z ' , c EwCx )=z

d - e? =5e'a - 3 e', l c o , ] E H , CX'))

d z e } = - z e l a t e b ( l a ) c- H , IX ' ) )



(con t . l d , e'a = o - d , e ' s ; s o ⇐ ( X ) , d ) i s

15.3-3)
2,2 I , Zo → 212 ÷ →

n = 3 n = z
i n = I n = O

'i

d e t e rm i n a n t - I , h e n c e i n v e r t i b l e

⇒ H Y ( X ) = 0 fo r n > O , tow ( X ) ? Z

⇒ I n ( X ) = 0 f o r a l l n

t e , ( x , x ) i s s t i l l n o n t r i v i a l ( ⇒ x x x )
G = ( a , b '

.

a s = e = b3 = l a b 72 ) i s a quot ient

o f " i x . * i . ⇐ am.ii÷÷÷÷÷÷÷
÷i÷:



E d e r cha rac te r i s t i c X I X ) = Fol-l)" tkptl.nl#)be.-bncx?
( w e l l def ined i f r k H u ( x ) a i r f o r a l l n a n d

t k H u l x ) = o f o r n → o )

T h ' m 2 - 4 4 X f i n i t e c e l l complex

X ( X ) = § ( t ) " # (n-cells o f X )

P r o o f # (n-cells o f X ) = He Conw ( X )

s o i t ' s enough t o es tab l i s h

[ C - l ) " t k H n
= E l - l ) " r k c ,

f o r c h a i n complex 1 C . - d )
,

H u - H u ( C . , d )



P u t Z n = K e r (Cn ¥ C n - l )
,
B u = ing (cut,¥%n)

s o H u = 2 n / B n ( = a i o l i !
H u Q Q I k n o a ) 1 1 B n a Q )

⇒ r k H h i t K Z n - t h B n

simi lar ly B u = C n t , 1 2 m i g ives

+ k B n = the c u t , - t k Zn-11

→ alternating s u m i n h e gives t h e c l a i m
§

Examp l e P : po l yhed ron ( E D3 a s top. sp. )

# (faces ) - # (edges ) t # ( v e r t i c e s ) compu tes

X ( O P ) = X 1 5 2 ) = 2


