
P ro b l em s e t 6

S e c t i o n 2 . I

E x e r c i s e 1 7 compute H h ( X , A )

( a ) f o r X - 5 2 , A f i n i t e subse t ,
a n d

f o r X - s ' - s ' , A f i n i t e s u b s e t

( X path connected ⇒ p re c i s e l oca t ion o f po in ts a c - A

do e s n o t m a t t e r )

( b ) X = 1 42 (genus 2 c losed o r i e n t a b l e su r face )

-11=713 a l s o compute H n ( X , B )

A



( a ) l o o k a t t h e long e x a c t s e q u e n c e

- - → H n C A ) - H n C X ) - H n l X . A ) Itn-iCal---
- - → ROCA) → t o l l ) → H o C X - A ) t o

A f i n i t e ⇒ H u ( A ) = o f o r n > o , 1701A) = ZHI- I

⇒ w e g e t H h ( X ) I H n ( X - A ) f o r n > I

e x t e n s i o n I t , ( X ) → I t , ( X . A ) → ZH I
- l

a n d H o ( X . A ) = 0

L e m a n y e x t e n s i o n o f t h e fo rm M I N E Zd splits
i . e . N E M t o z d

P r o o f e , . . - - e d
'

. ( s tanda rd ) b a s i s o f Zd
c h o o s e V i E N s i t . p h r i ) - e i



( c o n t . ) a n d d e f i n e s : E d → N by s c e i ) = b i

t h e n N → M -029, v #

(i-'iff's? P M )
i s a n isomorphism

s o w e get H , ( X - A ) I H , ( x ) @z 'A l - 1

F o r X - 5 2 H z ( 5 2 ) I Ho(521 I Z , H h (52) = o otherwise

H n ( 5 2 , A ) I {
21A' - I n - i

z

o

h = ?

o t h e r w i s e

F o r X = s ' x s ' ; claim

(
Ha l s ' x s ' ) = H o l s ' x s ' ) - 1 2

H i ( s ' x s ' ) I 2 , 2

H a ( s ' x S ' ) = o o t h e r w i s e



p r o o f o f the c la im ( s ' x s ' = M , )

s t ra tegy 1 I u s e c e l l u l a r homology fo r ce l l cplx sta r.

w i t h o n e 2 - c e l l , t w o E - c e l l s , o n e O - c e l l

ei.EE: a n d s e e d - o o n CIC's '-s ' )
e F e e o

s t r a t e g y 2 ) u s e simplicial homology f o r O-aplx S t v .

w i t h t w o 2 - c e l l s , t h r e e 1 - c e l l s , o n e O - ce l l

§§§¥
#÷§;

O ? - I c - 0 2 1 5 × 5 ' ) genera tes k e r o

6 1 , 0 ' s b a s i s o f H , I s ' x s ' )
- I



con s equen t l y w e g e t

H n ( s ' x s ' , A ) I {
21A' t '

q

n = I

n = ?

o t h e r w i s e

( b ) A , B c M z h a ve neighborhoods V . V s - t .

A c - 0 , B - V a r e d e fo rma t i o n r e t r a c t s

⇒ H u ( 1 4 2 - A ) I H I ( 1 4 2 1 A ) e t c .

1 4 2 1 A '

. § E ( s ' x s ' ) v ( s ' x s ' )

by t i n ( Y u 2 ) I HILY) -04212)
w e get " " " " ' " ' "

{ "o" "otherw
ise

2 2 n = 2



MzlBi@aeCyooC5xslJlEx.y}
f o r K ¥ 2

s o tTnCMz1BJEHnC@lxslJlEx.y3lEHnC5xsl.Ex.y})

t h i s r e d u c e s t o ( a )
.

w e ge t

Z n = 2f i l m s , B ) =)
,

2,3 n = I

o t h e r w i s e



E x e r c i s e 2 0

( a ) show Itn ( X ) I Htut, ( S X ) f o r t h e s u s p e n s i o n

S x - ( ( I x x ) 1 6 3 x x ) 1 9 1 3 × 1 1 ×§÷µI

( b ) compute An ( Y ) f o r

Y = (k copies o f C X ) / identify cop ies o f ×
' I

I x X / { i 3 × ×
a t t h e b a s e s { o 3 × ×

1¥.→€¥c→Eg¥.
she € .

C x C x



( a ) S X = C X / { o } × X and { o 3 x X c C X h a s

a neighborhood 0 (say Lo, E ) x x ) s i t .

{ o }× X C V i s a deform. t e t v .

⇒ I n ( S X ) I H n c C X , { o 3 x X ) §

t a k e t h e long e x a c t s e q .
fo r ( CX , { o } x X )

- - → H h (X ) → H n K X ) t Hn l c x , { o y x X ) -7hm,( X ) t - -

→ t o ( x ) → A o k i ) → Ho ld ,EoSxX)→o

C X i s c o n t r a c t i b l e ⇒ t i n ( C x ) = o fo r a l l n

⇒ Hn (CX , E o } xX ) = H m , C x ) by O



(b) w r i t e s c k ) X f o r t h e gluing o f 1 k t 1 ) -copies o f C X

s o s ' ' ) X I S X
,

51kt'' × = (sck) × 1 ( x ) , identifyb a s e

sck) x ↳ s c k " ) X ( i n t o t h e im ag e o f f i r s t (k-111-copies)

i s a t e t r a c t
'

.

Send t h e " l a s t " C X t o another copy

€÷t#±⇒÷#÷±÷
s " ' × s ( 2 ) X

⇒ H u l s t " ' x ) ¥ Hulsk t " x ) i s embedding a s a

d i r e c t summand (Hu lsk t " x ) #H u l s t " ' x ) pro;.)
⇒ t h e lung e x a c t s e qu e n c e splits,

H u l k . " ) x ) I H u l s ' " ' × ) t o Hu l s '" " x , s'"'×)



s c k t i l x 151k ) x = c X / E o 3 x X = S X

⇒ Huls'" " x , s'"'×) = tTn (SX ) I t ine , ( X )

T h u s w e get

H u l s l k l x ) =

/
Z n - O ( a n d X # 0 )

Hu-i(X)-0K n > o



Prob lem 2 1

c o n s t r u c t explicit c h a i n m a p s i C . ( X ) → c . + , ( S X )

implementing Ancx) E Haut, C s x )

P r o o f w e w r i t e S X = @ × i t C x ) , i d e n t i f y
b a s e

t a k e a singular n-simplex • : I → X

h o m e .

C o "
§§
§£ : 0 " " → ( X compos, o f 0 " " ' I ,

a n d t h e induced m a p c o " → C x

[ i d e x o ]

fe l l
,
J o e l : o u t ' → S X ; T i n t o t h e image o f

f i r s t a n d second copies of C X

s e t s ( o ) = [ " )
- £121



checking O s l o ) = s ( J o )

d o = a l te rnat ing s u m o f f a c e s o f •

{ C - 1 )i o l Coo. . . . f i , - - i - n ]
i - o

⇒ s o o ) = a l t . s u m o f i

"cones o f f a c e s o f 6 " a t f i r s t c o p y o f C X

- "cones o f f a c e s o f 6 " a t second
c o p y o f C X

Ethiffo....si....vn'"' - %,. . . f i , -- i - n ]i - o

€t¥.

' "

'



J ( S C O ) ) = a l t . s u m o f f a c e s o f [ ( i )
- 2 1 2 1

f a c e s o f 5 :

- ( o n e s o f f a c e s o f a

- " b a s e " f a c e given by a

€#£

→ c a n c e l l a t i o n o f b a s e f a c e s o f F ' ' ' a n d 5 1 2 1

get s a m e expression a s s c d o )



S e c t i o n 2 . 2

E x e r c i s e 8 f e z ) complex polynomial

w r i t e 5 2 = ¢ u { A }
,
I : S ? → 52 , z ↳ f l z ) z ← ¢

c o n a

( a ) deg I = degf (degree a s polynomial)

( b ) f e z , s o ⇒ deg f I z = multiplicity o f - 2 a s a

t o o t o f f

P r o o f ( a ) typically f o r a
f i x e d W j f C z ) - W has

(deg f ) -

m a n y s o l u t i o n s i n ' 2

deg I = E

z a f - i , , ,
des f l a 4 w e need t o show

degflz = ' t



f i x 2 a s a b o v e . f ( z + h ) ~ W t f 'Cz, h w h e n

I h l i s s m a l l ⇒ r e s t r i c t i o n o f F t o a s m a l l

ne ighbor food V i s homotopic t o -2 t h ↳ U t a h

( a = f ' ( z ) I 0 )

changing a cont inuous ly t o 1
,

f '* '

. H , l o , V ' { Z } ) → H z ( V ' , O ' , { in} )

i s t h e s a m e a s t h e m a p i n d u c e d b y t r a n s l a t i o n

→ " i d " o n H z C t r , - 0 1 { 7 3 ) I Z
, deg i s 1

exc is ion

'¥§§ H - l o , - 0 1 4 3 1 = H z ( ↳ A ) I HILVIA)
'4%11 I 172152) Z Z



( b ) f e z , s o t a k e sma l l neighborhood 0 a r o u n d z

f c z t h ) ~ a h " m i . multiplicity o f z a s

( h f o ) } a r o o t o f f
f'mm¥

# 0

aga in f i s homotop. t o 2- t h t h "
o n 0

H z ( V , V l { z } ) I H , ( G l { 2 3 ) I H i l s ' )
2-t hp icks u p

→ f f * t him, I 9 $
degf lz
H z l o ? U ' t { o } ) → H i l o ' s { o } ) I H , ( S ' )

2

( gun) = w " o n
s ' c @ )

deg ( g ) = m s o f ix f ) ( Z → Z , K ↳ mk )
⇒ deg f l y = m




