
KCG,' t ) - s p a c e s ( f i r s t Eilenberg-MacLaine spaces)

E t : g r o u p ( w i t h d i s c r e t e topology)

D e f X i s a K ¥ 1 1 - s p a c e i f

• path-connected

• i t , ( X , X ) I G

• t h e u n i v e r s a l covering I # X ) i s c o n t r a c t i b l e

Examples 1 . S ' i s a K C E , ' t ) -

s p a c e
5=112

i s a K ( F n , ' t ) -

s p a c e2 X - sinus'
i i . ¥ zn-regular t r e e

oein.
⇐ ¥:¥¥÷÷

I n Tn



Prop 1 Y c o n t r a c t i b l e
,

G M Y f r e e a n d proper ly
d i s c o n t i n u o u s a c t i o n

i . e .
, o g y - y fo r s o m e y ⇒ g - e

° a n y y h a s a neighborhood 0 s i t . gyEV⇒g=e

t h e n X = G ) Y i s a K C G , ' t ) - s p a c e

P r o o f ( o u t l i n e )

• Y B X i s a covering ( s e c t i o n 1 . 3 e x e r c i s e 2 3

1540116×0+7-0754 M a r c h I o )

• Y ( l o c a l l y ) path connected ⇒ X (locally) path - o h h .

s a m e w i t h local ly- simply- connectedness
i t > C e X , V o x

open
⇒ i t > U s e

o p e n

"
' ( V i x ) = { e }

⇒ Y = I b y c lass i f i ca t ion o f coverings ( M a r c h 2 )



( c o n t . ) a n d I T , ( X , x ) I G = d e c k t rans fo rm. g ro u p

o f Y = I ⑥

E x am p l e G - Z z

Y = s ' = u n i o n o f S " f o r i n c l u s i o n s 5 9 - s " " '
n1124+1%11%+2

• s ' i s c o n t r a c t i b l e by * ↳ ( x , o )

* = ( X o , x , , - - ) n d norma l i za t i on o f 1 1 - t ) X t t ( O , X )

~ ) c o , X ) m ) ( S i n t , K o s t ) X ) → ( 1 . o , - - )

• Z z '-Ee, g} a c t s f ree ly ( a n d
prop- d i s c o n t . ) o n

S ' by

G
X = - x

⇒ 112130=21215' i s a 14212,1) -

s p a c e



Example ( 1 1 3 .7 ) a c a n o n i c a l m o d e l o f G N Y
cont rac t ib le

F - G : O - complex w i t h

• n-simplices l a b e l l e d by [go, - - i g n ] g i t G

. i - t h f a c e o f [go, - - i g n ) = [go...,g^i,..,gn] l o t i o n )

( ( s o , - -

- g a ] 'a fo rma l c o n v e x c o m b i n a t i o n o f g o . - -

I g n )
homotopy equivalence E G = { e } f r om

n

K = E s i g i C- ( g o . -
-

, g , ] → t e t E l l - t i s i g i
i . o i

o E s i , S s i = I i n Ce, g o . - -

, g n ]

n - I i
g,§§g, containing ↳ o . . . , g a )

§§ a s t h e O - t h f a c e

e a s a v e r t e x

90=9 1



G m E E i g c - G s e n d s [ g o , . . . g a ] t o ↳g o . . . . g g , ]
t h i s i s f r e e a n d properly d iscont inuous

⇒ B G = G l E G i s a K C G , ' t ) -

s p a c e .

B G : o - complex wi th

• n-s impl ices : Cg, l - - ' Igor] = i n g o f l e , g i , g .gz.. . ,g,-ya]
. b o u n d a r i e s o f Cg, l - - I g n )

( 92 1 - - I s u ) , l g , 9 2 , 9 3 . - -

- S n ] , - - -

, Lg,.-- ign- Ign) .

( I g , l - - I s n - i ]

) O - t h f a c e o f [ e , 9 1 , 9 1 9 2 . ' ' ] = Cgi - 9 1 5 2 i
- i - i s , --ign]

= # (e.gs/9sg3i--19z--9u#



T h ' m 1 1 3 . 8 Y ,
Y ' c e l l complexes w h i c h a r e KCG , ' t )

s p a c e s ⇒ Y I Y '

k e y : Proposition 113.9 X : c o n n . c e l l complex

Y '

. K ( G , 1 ) s p a c e k o E X . y o E Y
O - c e l l

e a n y h o u r 1 T, ( X , K o ) ¥ I T , ( Y , y o ) ± G i s o f t h e

form fee f * f o r f i x → Y , f a r o ) - y o

° s u c h f i s u n i q u e u p t o homotopy

1 1 3 . 9 ⇒ 1 1 3 . 8 : u s e e x i s t e n c e o f f t o g e t

Y # Y ' , Y ' # Y

u s e u n i q u e n e s s t o c om p a r e f f ' w i t h i d y ,
f-' f w i t h i d y



P r o o f o f 113.9 i f i r s t c o n s i d e r t h e c a s e X ° = Esco}

t h e n e a c h 1 - c e l l e '× h a s endpoint x o

i . e . × ' I V
* E I ,

S '
ed;QPeb

E x i s t e n c e o f f

step 1 defining f : X ' → Y

[ e ' s ] E I t , ( X - k o ) "image" o f e £ a s S ' → X ' → ×
a t e ' a

f o r e a c h n e t , c h o o s e s ' # Y representing
f l e e t , ] ) c- I T , ( Y , y o )

,
" f l e , = g , " u p t o

pa rame t r i z a t i on s ' → E I < X '



a t p - t h c o m p .

⇐
f i x e } 1 2 - c e l l o f X )

, Y , i s ' → X ' gluing m a p"÷÷÷÷
÷÷'

"
' " ' " ' "" "

' " '
" ' "

'
" "

t o e x t e n d f o n e2p w e n e e d t o k n o w t h a t

f o t r p i s ' → Y i s homo to p i c t o t h e c o n s t y o

Xp g i ve s (tip) c- I T , ( X i a o ) and <incl. x ' ↳ X

( f o t i p ] c- i t , ( Y , y . ) i s equal t o 4 l i * ( ( t i p ) ) )
b u t i

* (yup)) = e b e c a u s e x p bounds e }
⇒ ( f o t i p ] = @ i n T l c ( Y , Yo )



Step a extending f from × " ' ' t o X " C n > z )

e f : n - c e l l
, f r o i s " - ' → x " - ' gluing m a p

→ w a n t fox y '

. S " - '→ Y t o b e homotop ic t o c o n s t y o

u s e t h e lifting c r i t e r i o n ( P ro p 1 . 3 3 M a r c h 2 ) t o g e t

S " ' ' → I l i f t o f f o x y 1 i t , ( S " ' , * ) = E e } by n > z )

⇒ f o b I c o a s t by t h e contractibility o f ¥

Uniqueness u p t o homotopy o f f i x → Y ( f * = ¢ )
X o ↳ Y o

s uppo s e f o and f , a r e s u c h m a p s

• f o I f , o n × ' i fo l l ow s f r om f o * = f i x



( c o n t . ) w e get 2"'s x ' x I u X x { o , I } E Y

u - h - i m p l . r u # & f ,
f o I f ,

i n d u c t i v e l y c o n s t r u c t

I n ' = X n x I u X x { o , I } i g l u e elf × c o , E ) (ve in ) t o Z ' " ' "

s o X x I = U 2 C " )
,

n

w e w a n t 241¥ Y extending 2 ' " - ' ' E Y
t o g e t F : X x i → Y implementing f o I f ,

gluing o f elf × c o , E ) : f r o m t i , : S " → 2 C " " )

s o w e c a n u s e lifting c r i t e r i o n t o get s " → I

l ifting F- o f f t h e n g e t F - To I c o n s t .

t h e n e x t e n s i o n o f F t o e n , x l o , l )



R e d u c t i o n o f genera l c a s e t o X o = { X o }

c h o o s e a t r e e subgraph T c × ' w i t h X ° c T

(possible by t h e connectedness o f X )

X / T (collapse T t o a point )

i s a c e l l complex w i t h single O - c e l l
¥ ¥

X → X I T i s a homotopy equivalence

→ w e c a n w o r k w i t h X I T 1 3

Consequence i w e c a n t a l k a b o u t " t h e " K ( G . 1 1

s p a c e ( w r i t t e n a s KCG , ' t ) ) a s a wel l d e f i n e d

/ -

u p - t o - homotopy ) c e l l complex



K C G , n ) fo r C- c o m m u t a t i v e I n > 1 )

tent K C G , " ) , * ) I G
* " ( ImCkCG, n ) , * ) ? { e z m t h

[ X , K C G . n l ] E H
" ( X ; G )

x = s m ⇒ # )

-



KCG, I ) a s a classifying s p a c e

De f principal G -bundy o v e r 2 i s given by

Y ¥ 2 s u r j e c t i v e , l o c a l h o m e o .
,

G m Y
c o v e r i n g s p a c e f r e e

feberwise a c t i o n s i t . G L Y £ 2 induced by p

Prop 2 2 '

. locally- path - connec ted

{ principal G-bund l e s 4 ¥ 2 3 u p t o i s o m

¥ ( Z , B G ] set o f homotopy c l a s s e s o f
m a p s

F : 2 → B G corresponds t o Tf = f-* E G = { I z , a ) : fez,--pea,}

Yp f ' E G+ f o r E G I B G↳ B G



R e l a t i o n t o g ro u p homology

N o t a t i o n H n (G ) = HuckCG,'t)) =HnCBG)
u - t h s t o p homolo-gy o f G

R e c a l l t h e s t a nda rd O - complex s t r u c t u r e o f B G :

• n-s impl ices : Cg, l - - ' Igor] = i n g o f l e , g i , g .gz...,g,--gu]
. b o u n d a r i e s o f Cg, l - - I g n )

( 92 1 - - I s u ) , l g , 9 2 , 9 3 . - -

- S n ] , - - -

, Lg,.- - ign- Ign) ,

[g , I - - I s n - i ]



→ simplicial homology i s given by

O n C B G ) = { E Aeg.,..,gn,
- [s i t -" Ign) : a . E Z }

2 : o n ( B G ) → O n - i C B G )

d [ g , l - - I gn ] = [gal.- Ign) - (9,921931-- I + [9,192931. - i ] -

- - - + c- 1)"legit.-- Ign-i]
t h i s i s t h e bear Lomplee o f G

a n d w e g e t H n ( G ) I Totn ( 2 1 , 2 1 ) e t c .

F a c t H n ( R m ) =/ 21 n = o

Z n h o d d

0 n e v e n , h > 0

i n particular. t h e r e i s n o f i n i t e -d imens iona l
rea l i za t ion of K ( E m , ' t )



Maye r - V i e t o r i s s e q u e n c e

T h i m X t o p . s p a c e , A , B c X subspaces
s i t . I t U 130

= X t h e n w e h a v e a n e x a c t s e q .

. . → Hsing ( A n B ) ¥ Hsins ( A ) t o Hsin' ( B ) ¥ Hsin's( x )n

§ Hsin?, c a n B ) → . . → Hosi's ( x ) → o

w h e r e F- ( x ) = ( i n k ) , - i # l ) , E l k , g ) = i
* G c ) + i

* ( y )

f o r i n c l . m a p s i i A n B → A , B → X

E x . 5 2 = D 2
u D?
s '

- - → H z (D ' )@H ID ' t → H z ( 5 2 1 I H i l s ' ) → H , CD?) t o H , 1132)

O Z Z O



Key point ( s e e Apri l 7 n o t e ) i

U = ( V i ) , - e t co l l ec t ion o f subspaces w e U I i = X
i E I

( w e u s e U = { A , B } )

CY ( X ) a c n C X ) : s p a n o f singular h - simplices

• : o " → V i f o r i c- I

↳ subcomplex K ! ( X ) , 2 ) i ( c . ( X ) , d )

Prop 2 . 2 1 t h i s i n c l u s i o n i s a c h a i n homotopy equiv.

i . e . I p ' . c . ( x ) → d . ( x ) s i t , p i tidey, ipside.
i n part icular Hsiitx) I H i c x )

n - t h homology o f d . ( X )



w i t h U - { A , B }
,

w r i t e C n ( A T B ) = C Y ( X )

w e h a v e C n c A ) t o C a l B ) ¥ C u c A t B )
( x

, B ) a , i n a t t i * ( p )
• surjective by d e f i n i t i o n

• k e r n e l i s equal t o t h e s p a n o f
i i . AND → A

( ( i # * lol,-(iBlelol) f o r 0 " - 5 A n B - i s : AnB→B

i . e , o → c . ( A n B ) ¥ c . ( A l t o c . (B)#C. ( AT B ) → o

i s e x a c t

m y e x a c t s e q .

- - → HininslanB) → HIYA) @HsiislB) → HnlATBIIHii.is/AnB)s..
1 1 2

µg 'S ( X )


