
Homology w i t h c o e f f i c i e n t s

A . ( X ) = Hsins ( X ) w a s de f i n e d by
•

( n ( X ) ={E n o o o i o : O " - > X
, n - E E }

q u i t e 5 a m

a n d 2 : C u ( X ) → C n - l ( x ) a l t . s u m o f f a c e s

→ w e c a n c h o o s e a d i f f e r e n t sys tem o f c o e f f i c i e n t s

a s long a s t h e i n t e rmed i a t e fo rmu l a s m a k e s e n s e

Obs. w e only u s e s u m s & differences

⇒ a n y N a t i v e s t o u p w i l l d o



G : c o mm u t a t i v e g r o u p Zpk, O h , T l = s ' , . .

X : topological s p a c e ,
A - X : subspace

D e f C n c x ; G ) = { E ↳ o o i o : O " - > x
,
A - E G }

q u i t e 5 a m

% : CNN ; G ) → C n - l ( X ; G )

• ↳ Eto ' - ' ' i - Icao. . . ,q . . . . , , ( same formula)

HEP'x; G ) = ke to n l i n g O u t ,

singular homology o f X with coefficients i n G

C n c x , A ; G ) = C u ( X ; G ) / C n C A ; G )
H h ( X , A ; G ) = n - t h homology o f (co.( X . A ; G ) , 2 )
r e l a t i v e singular homology w i t h coeff. i n G



w e h a v e s i m i l a r p r o p e r t i e s :

• f : X → Y i nduces f i x : H n c x ; G ) → H u l Y ; G )
induced by a 1 → f o r

f i x only depends o n t h e homotopy type o f f

f o I f , ⇒ i nduced m a p s o n C . ( X ) a r e

cha in homo-topic -7 h i C n c x ) → Ca t , ( Y )

(fol# - ff,)#= O h t h e

⇒ s a m e a f t e r n @ G ,

• H n ( S " ; G ) I G f o r n = L , 2 , . . I a l l ow n : O wi th to)
a A c X → long e x a c t s e q .

- → HnCA ; G ) → H u l x ; G ) → H n l ' s , A' s G ) → Ha- iCA;G ) +

- - → H o l A ; G ) → H o c x ; G) + Ho(XIA's G ) → o



W e c a n d e f i n e analogues { z a , . , ;
6 : - i - i - ×

• o f G }
1 1

• X O - complex ⇒ HE ( X ; G ) f rom ( d . ( x ) @ G , d )

• X c e l l complex ⇒ How
• ( X ; G ) f r o m

(Hnf¥¥¥¥', boundary map,

these a r e isomorphic t o Its:'(X; G )
• 6 . ( x ) , d ) = ( C a ( X ) , d ) ⇒ s a m e fo r n x 0 G

c h a i n homotopy

⇒ H : ( x ; @ i n Hs:'(X; G)

• Hcowlx;G ) EHsions ( X ; G ) : r e d o t h e proof o f T l 'm 2 . 3 5

(Apr i l 2 0 )



"Universal coefficient theorem"

i f × = E n o . O E C , ( X ) i s i n K e i o n a n d A E G

t h e n " x @ a " =

[(nq¥ . a E c u l X ; G ) i s a l s o

i n k e r O n

formally C . ( X ; G ) I C . ( X ) @ G d c→2@idc,

similarly X E C u c x ) i s i n ing d i r t , ⇒ x @ a E i n g d u ,

s o H h ( X ) @ G → H a ( X ; G ) ,
Csc) @ a ↳ Cx@a]

i s w e l l def ined

( § 3 . A ) H n ( X ; G ) E H n ( X ) @ G t o T o r , (Hn- l (X) , G )
s o ( i n p r i n c i p l e ) H u l x ) determines H nCX ; G )



( c o n t . ) t h i s fo l l ow s f r o m t h e general f a c t

H a ( C . x o G ) I H u c c o ) • G t o To r , (Ha-ICC.), G )

f o r
a n y

c h a i n complex C o = ( e n l a , d ' - C a → C n - i )

Examples

I . G = Q t h e n T o t , ( M , Q ) = 0 f o r a n y 1 7

s o H n ( X ; O ) E H h ( X ) Q Q

2
.

G = R u n t h e n To t , ( M , Z o n ) i Ker ( M →M.sc#mx)HnCXjZm)IHnlX)/mHnCX)
④ (above f a t M = Hu- iCX))

112

H a ( x ) - 0 2 ,



Application : Bo t s u k - 0 1 a m t h e o r em

G o a l ( C o t . 213.7) f o r a n y c o a t . m a p . g : s " → R "

I K E S " s - t . g ( x ) = g o - x )

key s t e p (Diop. 2 1 3 . 6 ) s u p p o s e f : S " → 5 " sat is f ies

f -C - x ) = - f l o c ) ( o d d map ) T h e n deg f i s o d d

2 1 3 . 6 ⇒ 213.7 g iven g , p u t fck )=gcx )-g C - k )

t h e n f i s " → I R "
, f l - x ) = - f ( x )

w e w a n t t o f i n d X E S " s i t . f c k ) = 0

i f t h e r e i s n o s u c h × , Eeoc) - ¥ 1 , i s S "→ s " - 1
o d d

s o I Isn-i m u s t h a v e o d d deg. b y 2 1 3 . 6



( c o n t . ) b u t f - Isn-l i s homotopic t o a c o a s t . m a p

D #¥€€. F - ,

s o deg f- I s n - i = 0 con t r ad i c t i o n

P r o o f o f 2 1 3 . 6

S t r a t e g y : show t h a t f * '

. H u t s " ; Z z ) → H u t s " ; Z z )
i s t h e identity m a p ( o r n o n z e t o )

H u l s " ; 2 2 ) I 212 a nd f i , a c t s by deg f

⇒ degf m u s t b e o d d



M a i n t o o l : " t r a n s f e r sequence" f o r d o u b l e c o v e r s

suppose Y ¥ X i s a covering space s e t .

i t × E X p-' ( x ) h a s t w o e l e m e n t s

L e m 1 a n y • : o " → X l i f t s t o Y i n exac t l y

t w o w a y s F ,
. £2

P r o o f u s e l i f t ing c r i t e r i o n a n d 0 " I p t .

Q i p-'co)

°¥@. I " ' - ⇒ n m .

h omo t o py l i f t i ng
property)

n t i m e s

i s

→ w e g e t t i C n ( X ; Z z ) → C n ( Y ' s Z z ) , o t T , + Ez
w e l l defined



6 l → p o r
L e m 2 ing t = K e r p # (p# i C u cY ; Z z ) → C u c x ; z z )

i n d u c e d by p )

w e h a v e 8 , t I t.pt, 0 + 6 = 2 0 = o i n C a ( X ; Z z )

t h i s i s t h e "only cancellation" a f te r p# a

→ s h o r t e x , seq . o f c h a i n complexes

0 → c . ( x ; z . ) I c . C Y ; z z ) #C. ( x ; z z ) → O

→ long e x , seq. o f homology

- - → H h ( X ; z , ) E H u ( Y ; 221¥'HnlX;Zz)&Hn-ill;Zz)→..

w e w i l l u s e t h i s fo r Y = s " , X = I R P " = 2 1 2 1 5 "



L e m 3 H k ( R P " ; 2 12 ) I

{ Z zo
° I k E n

K > n

P r o o f : X = I R P " h a s a cell complex s t r u c t u r e w i t h '

.

o n e c e l l f o r e a c h d i m 0 , I , - - i n ; n o c e l l s beyond t h i s

/ S " h a s ce l l complex s t i r . w i t h t w o c e l l s f o r

t h e s e d i m s
, 212 permutes ce l l s o f s a m e din.)

O÷÷÷
÷:

gluing map
S k - ' → x " " = I R P " " i s t h e n a t u r a l

project ion



( con t . ) c e l l u l a r homology complex i s given by

- . → H k ( X " , X k - ' ) & H k - ' (× " " , ×"-2) → . .

n ?

" z→ o z p z"
=

ZE

( E x amp l e 2 . 4 2 ) ⇒ H k ( I RP " ) E Z o r Z , o r 0

w i t h Z z c o e f f i c i e n t
, boundary maps a r e t h e "same"

. . → H k ( X " , × " ' ' ; z z ) } H k - ' (xk j×"-2; # → . .

n ? 112
"

Z z ] 2 1 2 ¥ Z z \ Z }

⇒ H k ( R P " ; D , ) E{Roz O E k e n

o t h e r w i s e 1 3



N o w t r a n s f e r s e q . f o r Y - s " I s X - I R P " b e c ome s

0 → Z z t Z z ¥ Z z I Z z
H n # ( X ; Z , ) H u l x ; Z z ) H n CY ; Z , ) H n l x j Z z ) Ha n - I X ; Z . )

5 - o I Z z I 0 ¥ . . .Ha-icy;z,,¥ Z z

Hu- l ( X ; Z z ) Hu -z ( X ; Z z ) Hh-z(Y ;Zz)

. . } Z , I , Z z ¥ Z z → o

H o l X ; Z z ) H o l t ; Z z ) H o l x ; Z z )

C l a i m ' L H u l x ; Z z ) I H n - I X ; z , ) i s s u t j e c t i ve

c l a i m 2 H n CY ; z , ) ¥ H u l x ; Z z ) i s t r i v i a l

⇒

(
p i x : H r. ( Y ; Z ) → H i d x ; z z ) i s t r i u . except f o r K - O

t ! H i d x ; Z z ) → H r. ( Y ; Z ) i s t r i u . except f o r K e n



Recap : X = R P " , Y = S "

O → Z z t , z , P E I z z
Hn t i CX ; Z , ) H u l x ; Z z ) H n CY ; z , )

Hulx;z¥ Z Z

H h - I X ; Z , )

↳ Z z I s 0 ¥ . . .Ha-icy;z,,¥ Z z£ °

Hu- , ( X ; z z ) Hu -z ( X ; Z z ) Hh-214522)

. . } Z z ¥ Z z ¥ z ,

H o l X ; Z z ) H o l t ; z , I H o c x ; z ]
°

Suppose f : S " → s " i s o d d ; t h e n i t i n d u ce s

f- : R p " → R P " , ( x ) ↳ ( f ix ) ) (Cx) :C-⇒ ↳ C- text)
= ( f a c t ] )

f and I i n du ce a s e l f map o f above long
e x a c t s e q .



C l a i m 3 f- * : H
v . CRP " ; 2 ) → H r . CRP " ; % ) i s identity

P r o o f w e h a v e

o = H k ( S " ; 2 2 1 I F Hk(RP" j zz ) & Hk- , CRP"; Z z ) I o

d I x t Exc

o = H k ( S " ; 2 2 1 I F Hk(RP" j zz ) & Hk- , CRP"; Z z ) F o

⇒ f- * i s i n ve r t i b l e o n H k ( RP " ; Z z ) I Z z Ds

C l a i m 4 ( w h a t w e wan t e d ) f * i H n ( s " ; Z z ) → Hu t s " ; Z z )
i s i d en t i t y

P r o o f HullRP";zz) IIIines";z,) c o m m u t e s

t E * : i d I f *

HullRP";Zz) I Hncs" ; Z e )


