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c . , c o n s i d e r s i n s ' - ⇐ '

"s")%¥¥,uce*z×s.)

€÷¥i.,"
t h e assoc ia ted quot ient m a p 5 1 × 5 ' # 5 2 i s

n o t homotop ic t o a c o n s t a n t map
( l o o k a t p * : H - ( 5 1 × 5 ' ) → H z ( 5 2 ) )

( 2 1 a n y map
5 2 → 5 1 × 5 ' i s homotopic t o a c o n s t a n t

map ( c on s i d e r covet ing spaces )



( l ) w e h a v e H z ( 5 1 × 5 ' ) ± Z ± H z ( 5 2 )

w e w a n t t o s h o w t h a t p * c o r r e s p .
t o i d z

n o l o o k a t c e l l u l a r homology

cons ide r t h e c e l l complex s t r u c t u r e s

X - s ' x s ' ; X O = { * } , X ' e s ' u s ' , X 2 = X

o n e O - c e l l , t w o 1 - c e l l s , o n e 2 - c e l l

€E÷E¥
Y = s ? j y o - Y ' s { * 3 , 4 2 = 5 2

o n e O - ce l l ( i n g o f Xor ing X " ) , n o 1 - c e l l

o n e 2 - c e l l

then w e h a v e p(X' t ) < Y k
{ a c t u a l l y equa l i t y



( c o n t . ) by natu ra l i t y o f r e l a t i v e homology

p i x : H k ( X t , Xk-' ) → Hk ( Yk , Yk- ' )

compatible w i t h boundary map s :

H k ( X t , Xk-' ) → Hk-, (× " - l , ×"-2)
→

/ H a ,
(×""#from

long e x a c t

f r om long e x a c t

seq. f o r (×k,×k-i,
5 4 . f o r (Xk-l, ×k-2)

(and s a m e fo r Y j w i l l wo r k t h i s o u t i n Prob. 1 7 )

w e know t h i s boundary map i s t t i v . ( see Apr. 12)

H - ( X ? X ' ) I Hz(XIX')EHzlY4±HzlT? Y') E Z
a n d t h i s i den t i f i ca t ion i s given by p



( c o n t . ) s o p * i nduces i s o m

HEW( X ) I H-Cx? × ' ) → HEWCY) I HzCY2, Y ' )

⇒ p * : Hits'xs') → HITS?) i s a l s o i s om .

I f p i s homotopic t o a c o a s t . map w e w o u l d h a v e

p * s o o n
Hsians ( s ' x s ' ) ( k > o )



( 2 ) 5 1 × 5 ' I 1122/2/2 f o r 2 2 n ,
1122

translation

t h i s i s a f r e e & properly d iscon t inuous a c t i o n

⇒ 1122 → s ' x s ' i s a covering s p a c e

1122 i s c o n t r a c t i b l e (hence it,(1122, * ) - E e } )
⇒ 1122 i s t h e un ive rsa l covering 5 ¥

lifting c r i t e r i o n s a y s

i
i X → s ' x S ' , X path-conn . , locally path- c o u n ,

k o E X , f i x i t , ( X o x o ) ) cp*(it,(six' , s i s ) ) = t r i v i a l

⇒ a l i f t F i × → 5 ¥
n o w w e h a v e a , 152, x ) = { e }

,
s o t h i s applies

f o r
a n y

f i s ? → s i x s '



( c o n f . ) t a k e a l i f t F i 52 → 1122

t h e n F i s homotopic t o a c o n s t . m a p

→ compose w i t h 1122 I s s ' x s ' a n d s e t homotopy

b e t w e e n f = pot a n d a c o a s t . m a p .
§

(same w i t h Mg i n s t e a d o f s ' x s ' ;

' i
€ e € g e t

a
Mf I 1 4 hyperbolic plane
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X , Y '

.

c e l l complexes

f : X → Y c o n t . map s i t . h t t fCXk) c Y k

1 c e l l u l a r map)

↳ w e get a m a p o f c h a i n complexes b e twe e n

( H u x " . # " " i i .
o and!I÷¥"i÷÷¥°

c o m p u t e s
and the induced map HEWCXI → H W Y )

ag re e s
w i t h f * u p t o the i soms . HI"s(XIE HEw(x)

e t c .



Const ruc t ion o f c h a i n map

f r o m f - ( x " ) < Y K ( K - - 0 , 1 , - . ) w e get a m a p o f

long e x a c t s e g s .

. . → H n (Xk-' ) → Hn(Xk) → H a ( X " , ×"-1) PH,-,Cx"-1) → . .

d d t d
. . → Hncyk-' ) → Ha l y k ) → H a ( Yk , Yk-' ) } Hu-icy"-1) → . .

checking consistency w i t h ce l l u l a r boundary m a p s →

H k (×k,×k-1) ¥ Hk-, (X " - t - X"-2)
squares w i t h

y o
H a ,

(Xk-'§
→ c o m m u t el. I

Hk(Yk, Y k - l ) § Hk-, ( y k- l , Yk-2)
"°H←,Yyk-if



Comparison w i t h f * i H h ( X ) → H u ( Y )

t e c a l l ( Ap r i l 2 0 )

"ni"-" ' "t.IE#tF'H a ( X )

"tiff"tianya.CH#cxnt'.I&Yq-
HnltYn1/2n+,lHnttiCYnt',yn

inducing t h e map H9w(X)tHcY(YI
f i x : H u l X I t H u ( Y )

B



Problem 2 2 X f i n i t e c e l l complex ( f i n i t e number o f cells)

X ' # X n-sheeted covering s p a c e

t h e n X ( X ' ) = n X ( X ) f o r t h e E u l e r c h a r a c t e r i s t i c

F. × . G f i n i t e g r o u p ~ X ' f ree ly ~ ) X = G ) X -

X - → X i 1Gt-sheeted covering ⇒ 191 1× 1×9
P ro o f r e c a l l

N

X l X ) = E C - 1 ) k i t (Hk ( x ) )
K e o

( N 3 dim o f × )

i s equal t o E.o'-""tkufft.II.LI# CAPT. " I

d e f i n e a c e l l complex s t r u c t u r e o n X ' by

K - c e l l o f × ' : C o n n . comp. o f p-'( a k a )

fo r s o m e K - c e l l e ka c X



e',F -× '

z ↳ ZZe:@e? ↳ e o→

@ 'z

p i s n - t o - 1 l oca l homeomorphism

⇒ i n v . img, o f eka c X h a s e x a c t l y n - components

e a c h h o m e o . t o DK

u s e l ifting c r i t e r i o n t o t h e c h a r a c t e r i s t i c m a p

F-
y

'

. D" → X a n d cho ice of I o E p-'( I a k ) )①

*(
§ , , , , , , , , , , , , , , , , ⇒ , , , , , , , , , , , , , , ,

E I '

. D " → × ' char. m a p

o f K - ce l l i n × '



( c o n t . ) s o t h i s c o a s t . o f ce l l complex s t r u c t u r e o n X"

i s w e l l d e f i n e d
,

# ( K - c e l l s i n X ' ) = n x # ( K - c e l l s i n X )

⇒ w e get

XCX' ) = II.of-1) k # ( K - c e l l s i n X ' ) i n XCX )

N 2 d i m X = d i m X '

fam .
w e do n o t expect t k H k ( X ' ) = n t k Hh (X)


