
Categorical s u mm a r y o f homology I §2-3, a nd e l s e )

o b s e r v a t i o n
'

. m a n y c o n s t r u c t i o n s i n t h i s c o u r s e c a n

b e regarded a s f a u c e t s :

i t , ( x . k o ) , Hasina( X ) . - a dm i t i nduced
m a p s

f i x i t , ( X - s o o ) → I T , ( Y , fesco)), Husi'S ( X ) →
Husi'S ( Y )

f o r c o n t i n u o u s m a p s f ! * → "

'→ z (g f ) ,×=g* f *. .
→ Q u e s t i o n s g

• w h a t a t e o t h e r interesting f u n c t o r s ?

( a n d wh i c h category s h o u l d w e c o n s i d e r ?
a l l complexes, general topological s p a c e s , - - . )

• w h a t e x t r a property do e s homology h a v e ?



Typical doma in categor ies i n algebraic topology

t o captu re "abso lu te" i n v a r i a n t s e . ( x , x ) , H n ( X ) , . .

• objects : "spaces" e i t h e r topological s p a c e s ,

0 T c e l l complexes, A - complexes, - . .

o r pointed spa c e s C X - x ) ( s c e X "basepoint",

w i t h X a n y o f a b o v e

• morphisms : "maps" X # Y
- i f objs a r e general top. s p a c e s

t a k e arbit rary c o n t i n u o u s m a p s , o r

homotopy c l a s s e s o f c o n t . m a p s .

- f o r pointed s p a c e s : ( X , >c ) ICY,y )
s h o u l d satisfy f o x , = y



- i f objs a r e c e l l complexes
t a k e arbit rary c o n t i n u o u s m a p s , o r

c e l l u l a r m a p s f ( X k ) c Y K t K , o r homotopy t y p e s , . .
( a s c o n t , maps)

→ h ow r e s t r i c t i v e i s t h i s ?

T h ' m ( 4 . 8 ; c e l l u l a r approximation t h ' m )

X , Y
'

. c e l l complexes

f : X → Y c o n t i n u o u s m a p

t h e n I g
'

.
X → Y s i t . fe ng a n d g ( X t ) < T k

f o t a l l k

s o
u p t o homotopy a n y c o n t . m a p c a n b e replaced

by a c e l l u l a r m a p



t o capture
' ' t e l a t i v e " i n v a r i a n t s H n C X - A ) , . .

• objects : p a i r s ( X , A ) o f s p a c e s , e i t h e r

X general t o p . s p . ,

A c X a r b i t r a r y subset w i t h i n d u c e d topology

(good enough t o d e f i n e Husins ( X , A ) )

o f × c e l l complex, A - X subcomplex

( a l l o w s computation using e x c i s i o n , . . )

• morphisms i
map o f pa i rs i ( X . A ) # ( Y , B )

map X → Y s - t . f ( A ) a 13

" L c o n t i n u o u s , c e l l u l a r , . . depending o n c o n t e x t

↳ m a p o f pointed spaces = m a p o f p a i r s

( x . x ) → ( Y , g ) ( X . E x } ) → ( Y . E y } )



( c o n t . ) i . e . category of pointed spaces embed s

i n t o c a t e g o r y o f p a i r s by ( X . x ) H ( X , E x } )

( X , A ) H ( M A , CAL) c a n b e regarded a s one-sided

img o f A i n X I A i n v e r s e

map o f s p a c e s X → Y c a n b e a l s o interpreted a s

m a p o f pairs ( X , ¢ ) → ( Y , f ) o r

m a p o f pointed spaces ( X x , X ) I s ( Y t , * )
s i t . f-( X ) c Yw i t h X t = X # { * }

s o i t ' s o f t e n m o r e s e n s i b l e t o a r r a n g e X l ¢ ± X +

e . s . X I A = ( X 1 8 * 3 ) / n : t a E A a u x



O t h e r f u n c t o r s

D e f ( X o x o ) pointed topological s p a c e

t h e n t h homotopy s t e p o f CX-og) i s

I n ( X - x ) = ( ( S " , * ) , ( X , og)]

: { homotopy c lasses o f m a p s ( s " , * )£ ( X . x d }
R e c . f o I f , E ) I H : S " x I → X H l e , i t = f ; C x ) i = o , ,

H CK , t ) = K of t : ( s " , x ) → ( X o x o )

Prop. T e n ( X , >c o ) i s a c ommu t a t i v e g ro u p fo r n z z

I d e a : product i n a n i t h i n k S " I I " I O I " a n d

( f ) (g) = f f . g) '

,
f -

g : § § 'I I " " → I X
, # d )

( I '



c o mm u t a t i v i t y o f t h i s product :

I :#=F i¥4¥et# " I
f . g g o f

$

S o T i n i s a f u n c t o r

(pointed spaces) → (commutative groups)
- fo r m a p s ( X . Kol# ( Y , yo) j f * : T n (Xoxo) → Te n ( Y , yo)

( g ) i s [ fo g ]
a nd fo I f , ⇒ ( fo) * = I f , ) *



D e f . × I T i s a weak homo-topy equivalence

i f i t i n d u c e s i

- bi ject ion o f path-components T o c x ) E t o ( Y )
- f o r a n y c h o i c e o f K o e X , n e 1 , 2 , . . isomorphism

I n ( X - k o ) I t e n ( Y , foco) )f *

Rem I f f i s a homotopy equivalence j "g : Y → X

s i . . fo g t i d y , g - f z i@×

T h ' m (Wh i t e h e ad )

X . Y ce l l complexes

× I s Y i s a w e a k homotopy equivalence

i f i t i s a homotopy equivalence



A x i o m a t i z a t i o n o f homology

w e w a n t t o capture fo rma l properties o f An ( X , A )

D e f . a 1 ¥ homology theory i s a s e q u e n c e o f

f u n c t o r s r n i ( p a i r s ) → ( c omm . s i p s . )

f o r h = o , 1 , 2 , - . c h o o s e c o nve n i e n t

c a t . depending o n c o n t e x t

s i t , 1 1 1 f I g fo r map s ( X . A ) → ( Y , B )
(by homotopy o f pairs

⇒ f * = g * : t i n ( x . A ) → t i n ( Y , B ) f o r induced horns

( z ) wr i t i ng R n ( X ) t . h n ( X , ¢ ) t h e r e i s a
long

e x . seg.

- - → I n C A ) → t i n ( x ) → Rn ( X , A ) & In-11A) t - t . → Roadshow)

→ on a t u r a l f o r m a p s f : ( X . A ) → 14,13)



i . e , f o , f : ( X . A ) → ( Y , B ) t h e n

- - → I n C A ) → F n ( X l → I n C X - A ) & In-iCal-1..
I f e 2 t f x a f f * I 1

. - → I n C B I → t i n ( Y ) → t in ( T , B ) -9 In-1113)-1..



( c o n t . I ( 3 ) fo r pointed s p a c e s ( X x , x x ) x E I

Tn (Lee X i , 9 * 3 ) E ¥ , I n ( X x , { x x } )

w i t h s t r u c t u r e maps l i n k j is ,'. X x , → ¥ X x emb,

R e m , unreducedw homology t heo r y (halito :

replace ( 3 ) by analogue f o r dis j . u n i o n .

t i n G ) h a by h a ( x ) = Rn ( X x , b )

h n ( X , A ) = t in ( X I A )

Rn ( X ) a k a . h n ( X ) t h n Cp t ) , e t c .
f o r a n y pt e X

E x . Rn ( X , A ) = H h ( X , A ; G ) f o r s o m e f i x e d

C o m m . g i p G
, nonempty A



suppose h n (p t ) t o f o r a > O

( G ) Inept) = o f o r a l l n )

hints")={°
h o l p t ,

M * a

m = h

for s ' = I / @ I → h u t s ' ) i h n ( I , 0 I )

l o o k a t l ong e x , seq,

- - → hen ( I I ) → h a l t . I → h n l ' t , D I ) -9ha, (DI)-1hm,CI1⇒-i-
t -
c o n t r a c t i b l e -{ 0 , 1 3

✓ - ⇒ hndpt? ha., Cpt)

hncpt,-02 hulpt) l a i b l e a t b

S m = I " 1 2 I m I I " I S h - I


