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Part 1. Introduction

1. AUGUST 24TH LECTURE

Geometry (manifolds)
Topology (spaces)
— Homotopy theory (homotopy types)
* Stable homotopy theory (spectra)
Algebra (groups, rings, modules)
— Homological algebra (chain complexes)
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1.1. Functors from topology to algebra. The category Top consists of spaces X and maps f: X —
Y, etc. There is also a category Top, of based spaces (X, z() and based (= basepoint-preserving) maps
[ (X, 20) = (Y, o), etc.

To these we can associate the fundamental groups 71 (X, 2p) and induced homomorphisms f,: 71 (X, zg) —
m1(Y,y0) in the category Gp of groups. We can also associated the homology groups H,,(X) and induced
homomorphisms f.: H,(X) — H,(Y) in the category Ab of abelian groups. Letting the degree n vary, we
can collect these into one object H,(X) = (H,(X)), and one homomorphism f,.: H,(X) — H,(Y) in the
category grAb of graded abelian groups.
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1.2. Kinds of spaces. There are useful variations of the notion of a space, other than that of a set with a
topology.

simplicial complexes

|

A-complexes

i [
CW complexes Top > simplicial sets

Simplicial complexes (= triangulations of polyhedra) are classical. CW complexes (closure finite, weak
topology) were introduced by J.H.C. (Henry) Whitehead in the 1930s (published in 1949). A-complexes
and simplicial sets were introduced by Samuel Eilenberg and Joseph Zilber in (1950), under the names
‘semi-simplicial complexes’ and ‘complete semi-simplicial complexes’, respectively.

1.3. Singular homology. The definition of homology goes back to Henri Poincaré in the 1890s. Their
interpretation as groups is credited to Emmy Noether, around 1925. The modern definition of singular
homology groups is due to Eilenberg (1944), and can be factored in three steps:

X — sing, (X)) — (Cu(X),0) — H.(X).
Here sing, (X) is the simplicial set of singular simplices in X, given in degree n by the set
sing, (X) ={o: A" —» X}

of continuous maps from the standard n-simplex. Composition with the maps A™ — A™ indexed by order-
preserving functions [m] — [n] = {0 < 1 < --- < n} induce operators sing, (X) — sing,,(X), making
sing, (X) a simplicial set.

The passage to the singular chain complex (C.(X), 0) involves linearization, letting

Cn(X) = Z{sing, (X)}

be the free abelian group generated by the set sing,, (X). This leads to convenient algebra, but sometimes

loses information. The boundary homomorphism ,,: C,,(X) — C,,_1(X) is defined as the alternating sum

of the face operators d; corresponding to the various order-preserving inclusions [n — 1] — [n], for 0 < i < n.
Finally, we pass to homology by forming the quotient group

Zn(X)  ker(dy,)

B,(X) im(0nt1)

where the n-cycles Z,(X) = ker(9,) contain the n-boundaries By, (X) = im(d,11) because 9,0,+1 = 0.

Hn(X) =

s Ot (X) 2 O (X) 2 O (X)

1.4. Cellular homology. Suppose now that X is a CW complex, meaning that it comes with a skeleton
filtration
p=X"'cX’c-..cXx"'cXx"c..X
such that X™ is obtained from X™~! by attaching a set of n-cells
L. 0D5 — 1, Da
Ha ¢a:¢l l@:ua (o3
Xn—l xXn

and X = [J,, X™ has the weak topology. Then H,(X) can be calculated as the homology of a smaller
complex, variously denoted W, (X) = C¢W (X) = Cell,(X). Here

W (X) = Hy (X", X" ) = @) Z = Z{n-cells of X}

5



and

On: Wn(X) =P Z — P = Wn1(X)
o B
is given by a matrix (dg,) of degrees of maps

n—1 __ n Pa n—1 n—1 n—2 ~ n—1 n—1 n—1 n—1 ~ gn—1
Snt=0oD) =5 Xt — X X2 = \[ Dyt oDy — DTl oD = s
B
There is a topological realization functor from simplicial sets back to CW complexes, with W, (] sing, (X)|) =
C.(X), showing that W, (X) and C,(X) have the same homology groups. If X is a A-complex, the degree

formula simplifies drastically to
n

O = (-1)'d;.

i=0

1.5. The orientation class. The homology groups often contain geometric meaning, e.g., when the space X
is a manifold. Consider the Lie group X = SO(3) of rotations of Euclidean 3-space. It is a manifold and a
topological group. There are homeomorphisms

SO(3) 2 RP3 = D3/~

where z ~ a(x) = —x for x € 9D3. We map z € D? to rotation by 7||x|| radians around the axis Rz C R?,
oriented in the direction of . When z = 0, this is the identity rotation. Note that when ||z|| = 1, so that
x € D3, rotation by 7 around x equals rotation by m around a(z) = —z. The filtration

0 c RP° Cc RP' C RP? C RP?
makes RP3 a CW complex with one k-cell for each 0 < k < 3. Hence the cellular chain complex (W,(RP?), 9)

has the form
0+— Z{ao} <= Z{on} <> Z{a} «— Z{as} +— 0 +— ...

with 91 (a1) = 0, O2(a2) = 2a; and J3(a3) = 0. Tt follows that

H.(SO(3)) = H,(RP?) = (Z2,7/2,0,7Z,0,...).
With coefficients in Z/2, we get

H.(SO(3);72/2) = (Z/2,2/2,72/2,7/2,0,...)
with Hy(SO(3);Z/2) generated by the class of ay, for each 0 < k < 3.

For each point = € SO(3) we can map to the local homology at x:
H3(SO(3)) — H3(SO(3),50(3) — {z}) = H3(R*R* — {0}) 2 Z

and [ag] maps to a generator of Z, for each xz. This tells us that the generator [ag] of H3(SO(3)) is an
orientation class of the (closed, oriented) 3-manifold SO(3). We will show that for each closed, oriented
n-manifold M there is such a generator [M] € H,,(M) = 7Z, whose restriction to H,,(M, M — {x}) = Z gives
the local orientation at each point z € M.

1.6. Colimits. The categories Top, Ch (of chain complexes) and grAb have some formal similarities. For
instance, they all have all colimits and limits. Examples of colimits in topological spaces are the coproducts
(=sums) X UY and [], X;, and the pushouts

A B

|

C——=BuUyC

where BUy4 C = (BUC)/~. Here f(a) ~ g(a) for all a € A, where we interpret f(a) € B and g(a) € C as
lying in B U C. Another example is the coequalizer

f
—_—
4 g9

B —— coeq(f, 9)

6



where coeq(f, g) = B/~ with f(a) ~ g(a) for a € A. The pushout can be written as a coequalizer

e f
A BUC——=BUsC

tcyg
and the coequalizer can be written as a pushout

Aup—12 . p

A

B ———coeq(f,9) .

A general diagram of spaces can be indexed on a (small) category I as a functor F': I — Top. For each
object ¢ € I we have a space X; = F(i) at the i-th vertex in the diagram, and for each morphism ¢: i — j
in I we have a map ¢, = F(¢): X; — X, giving an edge in the diagram from the i-th to the j-th vertex.
A colimit of this diagram is then an initial space Y with structure maps ¢;: X; — Y for all ¢ € I such that
t; = t; F(¢) for each morphism ¢: ¢ — j in I.

\\v

The word ‘initial’ means that if Z is any space with maps ¢;: X; — Z for all ¢ € I, satisfying g; = g;F(¢)
for each ¢: i — j in I, then there is a unique map h: Y — Z such that g; = he; for each ¢ € I. We then
write

Y = colim X; = cohmF
el

and call h the canonical map (from the colimit). The coproduct, pushout and coequalizer correspond to
diagrams indexed on the following three categories:

oO<—0 —>0

.
[ ] [ ]
-

We can also form sequential colimits, associated to diagrams

Xo Lo x b x T X

indexed on the category I = (N, <):
0)—...—@(-1)— @G —>GE+1) —
Explicitly,
coth H X/~
i>0

where x; ~ f;(x;) for each z; € X; and ¢ > 1. If each f; is the inclusion of a closed subspace, then
colim; X; = (J; X; is the union of these spaces, with the weak topology.
The corresponding colimits in graded abelian groups are given degreewise. The coproduct of two abelian
groups A and B is the direct sum A @ B, and the pushout B @ 4 C for two given homomorphisms f: A — B
7



and g: A — C is the quotient group of B & C by the subgroup of elements of the form (f(a),—g(a)) with
a € A. Given a sequence of abelian groups and group homomorphisms

A()i)...—)Az‘_leii>Ai+1—>...

their colimit is given by
=~ @~
i>0
where a; ~ f;(a;) for each a; € A; and ¢ > 0.
For any diagram of spaces, there is a canonical homomorphism

h: CQliIIn H.(X;) — H,(colim X;).
1€ [
This is an isomorphism in the case of coproducts, i.e., when I has only identity morphisms.

@H*(Xi) = H*(H X;)

It is also an isomorphism in the case of sequential colimits, if we assume that each map f;: X; = X;41 is a
closed inclusion.

colim H,(X;) & H.(colim X;) = H, (| ) X;)

However, for pushouts and coequalizers the answer is more complicated. When X = BUC and A = BNC,
with {B, C} an excisive (= good) pair, then we have a long exact Mayer—Vietoris sequence

P

oo Hy(A) — Ho(B) & Ho(C) 22 Ho(X) -5 Hy1(A) 25 Hy 1(B) & Hy 1 (C) — ... .

This shows that the canonical homomorphism
Hn(B) @Hn(A) Hn(C) — Hn(B Ua C)

induced by ¥, is injective, but in general it has a cokernel, given by the kernel of ®,_;. The topological
hypothesis, of working with an excisive pair, can be bypassed through the use of mapping cylinders and
similar homotopy colimits in place of the categorical colimits. The appearance of the kernel of ®,,_; is a case
of a (left) derived colimit, and can be handled through the use of homological algebra at the level of chain
complexes, instead of working only at the level of graded abelian groups. For more complicated indexing
categories I, the isomorphisms and exact sequences above must be replaced by the more general algebraic
framework of spectral sequences.

2. AUGUST 26TH LECTURE

2.1. Limits. Limits are categorically dual to colimits. Examples of limits in topological spaces are the
products X x Y and []; X;, and the pullbacks (= fiber products)

XXV —>X

b

y—% .7

where X xz Y = {(z,y) | f(z) =g(y)} € X x Y. Another example is the equalizer
7,
Y

_—
g

eq(fag) —X

of two maps f,g: X — Y, given by eq(f,9) = {x € X | f(z) = g(x)}. Pullbacks can be written in terms
of products and equalizers, and equalizers can be written in terms of products and pullbacks. In general, a
8



limit of an I-shaped diagram F': I — X of spaces is a terminal space Y with structure maps m;: ¥ — X;
for each object ¢ € I such that F(¢)m; = ; for each morphism ¢: ¢ — j in I.

¥, PO %,

- -
/
s

|
I
I
I
I
\i i

The word ‘terminal’ means that if Z is any space with maps ¢;: Z — X, for all i € I, satisfying F(¢)g; = g;
for each ¢: ¢ — j in I, then there is a unique map h: Z — Y such that g; = m;h for each i € I. We write

Y =lmX,;, =limF
i€l I
and call h the canonical map (to the limit). Given a tower

it 1 i—1 f!
o — X — X, = X — L — X

indexed on the opposite category I = (N, <), the sequential limit is given by

lim X; = {(z:); | f'(2:) = ziy forall i > 1} € I1x:-
= i>0
The limits of abelian groups are given by the same formulas as for spaces. However, the canonical homo-
morphism
h: H,(lim X;) — lim H, (X;)

is hardly ever an isomorphism. This is in part due to the linearization implicit in the construction of singular
homology, passing from the simplicial set sing,(X) to the chain complex C,(X).

There is a different sequence of functors from (based) spaces to (abelian) groups, called the higher homo-
topy groups:

7y, Top, — Ab
(for n > 2). We can define 7, (X, z¢) as the set of homotopy classes of maps of pairs f: (I",0I™) — (X, o),
or of based maps f: S™ — X, where I™ is the n-cube, and we identify I /0I™ = S™. For these functors the
canonical homomorphism
he e (lim X;) — lim 7. (X;)

is an isomorphism in the case of products:
([ X)) =[] (X0).
i i

In the case of pullbacks and equalizers, the situation is similar to that of the Mayer—Vietoris sequence for
homology. If f: X — Y is a Serre fibration (= a good projection), then there is a long exact homotopy
sequence

e Tt (X) X T (V) 25 01 (Z2) -2 (X X2 V) 25 100 (X) X (V) — 70 (Z) — ..
This shows that the canonical homomorphism
7Tn(X Xz Y) — Wn(X) Xﬂ.“(z) Wn(Y)

induced by ®,, is surjective, but in general it has a kernel, given by the cokernel of ¥, ;. The topological
hypothesis, of working with a Serre fibration, can be bypassed by means of mapping path spaces and similar
homotopy limits in place of categorical limits. The appearance of the cokernel of ¥, is a case of a (right)
derived limit, and again heralds the role of homological algebra. Similarly, if
AN ' yie1 !
o — X1 — X, — X — ... — X)
9



is a tower of Serre fibrations, the canonical homomorphism

W”(E%Xi) — Elzngwn(X)

is always surjective, but has a kernel described by Jack Milnor (1962) in terms of the right derived sequential
limit

P}lzlgn 7Tn+1(Xi) .

The latter groups are either trivial or uncountable. For more complicated indexing categories I, the iso-
morphisms and exact sequences above must, again, be replaced by the more general framework of spectral
sequences.
It is, in general, very difficult to calculate the homotopy groups of a CW complex. There is a notion of a
Postnikov tower
— X — Xy, — X — . — X = Xy =+

for a (nice) connected space X, with X = lim, X,,, which is more-or-less dual to the skeleton filtration
of a CW complex, and which makes it easy to describe the homotopy groups of X. However, given a CW
complex X it is very difficult to determine the precise structure of its associated Postnikov tower. In practice
one must therefore make calculations in homology, and then try to recover the homotopy groups from the
homology groups, together with whatever extra structure is available.

2.2. The Kiinneth theorem. We return to homology in the case of products. If X and Y are CW
complexes, then their product X x Y is a CW complex with n-skeleton
XxY)'= | X'xY;.
i+j=n
If ®,: D' — X' and ®5: DV — Y; are characteristic maps, then the composite

Dt = pix pi P xi s yi o (X x V)it
is the characteristic map of an n =i + j-cell. We get a bijection

{n-cellsin X x Y} = H {i-cells in X} x {j-cellsin Y} .

i+j=n
After linearizing, this gives an isomorphism
Wa(X xY)= P Wi(X) @ W;(Y)
i+j=n

where ® denotes the tensor product of abelian groups. By construction, A ® B is generated by symbols
a®b with a € A and b € B, subject to the bilinearity relations (a1 + a2) ® b = a1 ® b + a3 ® b and
a® (by +b3) =a®b; + a®by. There is a natural bijection between bilinear pairings A x B — C and group
homomorphisms A ® B — C. The boundary homomorphism 9: W, (X x Y) = W,,_1(X x Y) is given by
the (graded) Leibniz rule

da®p)=0a® B+ (-1)awads,

where |a| denotes the degree of . This makes
W (X xY)ZW(X)@W.(Y),
where the right hand side is the tensor product of chain complexes. Hence
H,(XxY)2H,(W. (X xY))2H,(W.(X)W,.(Y)),

which leads us to the problem of calculating the homology of a tensor product A, ® B, of two chain complexes
(A, 0) and (By,d). There is a homology cross product

Hy(A.) © Hj(B.) = Hiyj(A. ® B.)

mapping [a] ® [f] to [a ® B], with « an i-cycle in A, and 8 a j-cycle in B,.
10



Proposition 2.1.

P Hi(A.) @ Hj(B.) = H,(A. ® B.)
i+j=n
is ‘often’ an isomorphism.
Theorem 2.2 (Hermann Kiinneth (1922)).
P Hi(X)® H;(Y) =5 Hy(X xY)

i+j=n

is ‘often’ an isomorphism.
Here ‘often’ can be turned into ‘always’ by working with coefficients in a field, such as Q or F, = Z/p. In

general there are corrections terms that use homological algebra, i.e., the left derived functor(s) Tor of the

tensor product. Originally this theorem was not stated in terms of homology groups, but in terms of their
ranks, known as Betti numbers, so that

Bu(X xY) = > Bi(X)-B;(Y).
i+j=n
Here (3;(X) = rank H;(X). This rank equals the dimension over Q of H;(X;Q), so the Betti number

formulation always holds, at least when all the numbers are finite.

2.3. Cohomology. Each topological space comes equipped with a canonical diagonal map

A X — X xX

with A(z) = (z,z). If we can factor the induced homomorphism A, through the cross product in the
diagram
Hy(X)
7 lA*
-

X

Dy jmn Hi(X) © Hj(X) —— Hp (X x X)

then we obtain an algebraic structure internal to H,(X), not just a relation between H,.(X) and H,.(X x X).
In parallel work around 1935, James Alexander and Andrey Kolmogorov reformulated this idea in terms of
cohomology. In each degree n let

C™(X) = Hom(Cyp(X), Z) = {sing, (X) — Z}

be the abelian group of homomorphisms ¢: C,,(X) — Z, or equivalently, of functions sing,(X) — Z,
mapping each singular n-simplex o to an integer ¢(o). Composition with the boundary homomorphism
On: Cp(X) = Cr—1(X) induces a coboundary homomorphism

s e H(X) — CM(X)
given by
(6"71¢)(0) = $(9n0)
for 0 € Cp,(X) and ¢ € C"1(X).
Co(X) 225 Cpr(X) S5 2

In precise work it is better to use the formula

(6"')(0) = (=1)"¢(0n0),

but to simplify the exposition we will follow Hatcher’s example and omit this sign. See also MacLane’s
“Homology”, section I1.3. Letting n vary we obtain a diagram

s o0 Y orx) 2L o X))
11



with §"6"~! = 0. This is the singular cochain complex (or cocomplex) of X. Let Z"(X) = ker(6") be the
subgroup of n-cocycles, and let B"(X) = im(6"~!) be the subgroup of n-coboundaries. Their quotient group

_ZM(X)  ker(o™)
- B*(X)  im(én1)
is the n-th singular cohomology group of X. This defines a contravariant functor H™: Top°” — Ab, in the
sense that any map f: X — Y induces a homomorphism f*: H"(Y) — H"(X). Letting n vary we get a

graded abelian group H*(X) = (H"(X)),, and a contravariant functor H*: Top®® — grAb.

H"(X)

2.4. The universal coefficient theorem. The relation between homology and cohomology is given by the
following special case of the universal coefficient theorem.

Theorem 2.3. FEilenberg-MacLane (1941)
H"(X) — Hom(H,(X),Z)
is ‘often’ an isomorphism.
Here ‘often’ means ‘always’ when working with field coefficients, and in general there are correction terms

that can be expressed in terms of homological algebra, namely the right derived functors Ext of Hom. The
displayed homomorphism is adjoint to the Kronecker pairing

H"(X) @ Hy(X) =

mapping [¢] ® [a] to ¢(«), for any n-cocycle ¢ and and n-cycle a.

Z

2.5. The cup product. For cochain complexes (A*, ) and (B*,J) there is a pairing
H'(A*) ® H?(B*) =5 H'(A* @ B*)

which, in the case of the singular cochain complexes of topological spaces (or of cellular cochains W™ (X) =
Hom(W,,(X),Z) for CW complexes) specializes to a cohomology cross product

H{(X)® H(Y) = HT(X xY).

For X =Y we can combine this with the homomorphism A* induced by the diagonal map A: X — X x X,
which leads to a definition of the cohomology cup product

Hi(X)® H)(X) = H* (X x X)
\ iﬁ*
HiH(X).

In symbols,
aUb=A"(axb).
This construction turns the graded abelian group H*(X) into a graded ring, with product

H*(X)® H*(X) = H*(X).

2N

XXX — X x X

The cocommutativity of A

3

R

leads to the graded commutativity of H*(X):

H*(X)® H*(X) H*(X)® H*(X)

\ /
H*(X).

12
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Here the topological twist isomorphism 7 induces the algebraic twist isomorphism 7(a ® b) = (—1)1*/I!lb @ a,
where the sign ultimately derives from the fact that the twist map S? = S' A S? — ST A S' =2 §2 has
degree —1.

2.6. A monogenic cohomology ring. For example, H*(SO(3)) is the cohomology of W*(RP?):

0 = Z{ao} 5 Z{ar} 5 Z{as} 25 Z{az} — 0
with 61(a;) = 2as. Hence
H*(SO(3)) = H*(RP?) = (Z,0,Z/2,Z,0,...) ..
With coefficients in Z/2 we get
0= Z/2{ao} > Z{a1} -5 Z/2{as} -% Z,/2{as} — 0
and
H*(SO(3);2/2) = (Z/2,7)2,7./2,7/2,0, ...)

with H*(SO(3);Z/2) generated by the class of a; dual to ay, for each 0 < k < 3. Letting x € H'(SO(3);Z/2)
be the class of a;, we can calculate that 22 = zUx € H?(SO(3);Z/2) is the class of ag, and 2® = xUzUx €
H3(SO(3);Z/2) is the class of a3. Hence, as a graded ring, we can write

H*(SO(3);2/2) = Z/2[x]/(«*).

This exhibits H*(SO(3);Z/2) as a much tighter (single-generator) algebraic structure than the graded abelian
group H*(SO(S), Z/2) - Z/Q{a07 a1, (g, a3}'

Conveniently, there is a quite direct definition of the cup product, due to Alexander and Hassler Whitney.
At the cochain level they define a homomorphism

U: CH(X)® C9(X) — CM(X)

so that ¢ U1 evaluated on an (¢ + j)-simplex o is the product of ¢ evaluated on the ‘front’ i-face of o and
1) evaluated on the ‘back’ j-face of o. Then

S(pUy) =dp U+ (~1)'0Udy,
and this lets us define
U: H(X)® HI(X) — HM(X)
directly by
[lU] =lpUd].

This will be the order in which we introduce these constructions. The cohomology cross product can be
recovered from the cup product, since the composite map

Axxy

XV 2 (XY)x (XoY) ™5 X xY
is the identity. This shows that the composite

* *

Ty QT

X Y
-

HY (X)® H(Y) H(X xY)® H/(X xY) 5 HH (X xY)

equals the cross product:

axb=r%(a) Uy (b).
13



2.7. The Pontryagin product. If G is a topological group, with multiplication m: G x G — G mapping
(g9,h) to gh, we get an induced pairing

Hi(G) @ Hj(G) = Hiy (G x G) ™5 Hyy(G)

making H,(G) a graded ring. This is called the Pontryagin product. In the cases where the cohomology
cross product induce an isomorphism

X

@iﬂ-:n H{(G)® H (G) —— H"(G x G)
we can lift m* to get a graded ring homomorphism
v: H(G) — H*(G) @ H*(G)

that makes H*(G) into a Hopf algebra. In other words, the cup product dual to A makes H*(G) an algebra,
the coproduct dual to m makes H*(G) a coalgebra, and these two structures are compatible.

2.8. Division algebras. For example, when G = SO(3) with the Lie group multiplication, we get a co-
product
v: H*(SO(3);Z/2) — H*(SO(3);Z/2) ® H*(SO(3);Z/2)
of the form
Z/2[z)/(z") — Z/2[z])/(z") © Z/2[x]/(z*).
By unitality of the product m, it follows that
YE)=zl+1lz.
This makes sense, because
P =)t =ol+ler)t='®l+10zr=0

since we are working over Fy, and this equals ¢(0) = 0, so the ring homomorphism v respects the relation
z* = 0. This works because 4 is a power of 2.

Theorem 2.4. If R" x R™ — R" is a bilinear pairing without zero-divisors, making R™ a division algebra,
then n is a power of 2.

Sketch proof. The induced map m: RP* ! x RP*~! — RP"! of real projective spaces makes
H*(RP"™42/2) = Z/2[a]/ (=")
a Hopf algebra, so that
n—1
n . .
1 1 n — ? n—u
(r®14+1®1) ;<Z>x ®x
equals 0 in Z/2[z]/(2™) ® Z/2[z]/(z™). This can only hold if n is a power of 2. O

The cases R, C, H (quaternions) and O (octonions) realize the first four powers of 2.

Theorem 2.5 (Kervaire, Bott—Milnor (1958)). If R™ is a division algebra, then n =1, 2, 4 or 8.

3. AUGUST 31ST LECTURE
3.1. The cap product. We can define a natural cap product pairing
HI(X) @ Hyyy (X) 55 Hi(X)
so that
(aUb,y) ={(a,bN~)

for alla € H(X), b€ H/(X) and v € H;;(X). We say that b N — is ‘adjoint’ to — U b.
14



3.2. Poincaré duality. If M is a closed (= compact, with empty boundary) and oriented n-manifold, then
there exists a unique fundamental class [M] € H, (M) mapping to the orientation generator of

H,(M,M —{z}) =2 H,(R",R" — {0}) 2 Z
for each point z € M.
Theorem 3.1 (Poincaré). The homomorphism
Dy: HY (M) — H,,—j(M)
given by Dpr(b) = bN [M] is an isomorphism.
3.3. 4-manifolds. If M is a 1-connected 4-manifold, then H;(M) = 0, so that H*(M) = 0 by the universal
coefficient theorem, and H3(M) = 0 and H3(M) = 0 by Poincaré duality. This implies that Hy(M) =2

H?(M) = 7" for some r > 0, by another application of the universal coefficient theorem. Choose a basis
(b1,...,b,) for H?(M). The composite

= HA(M) @ HE(M) - g Y 7

is then a perfect pairing, given by a symmetric unimodular integer r X r-matrix
B = (b;- bj);,j:l :
This establishes a strong connection
{simply-connected 4-manifolds} +— {symmetric unimodular forms over Z}
For example, M = CP? with H*(CP?) = Z[b]/(b?) and M = S? x S? with

H* (8% x §%) = Z[ba] /(67) @ Z[ba]/(85)
(1)
0 1
(o)

respectively. Mike Freedman (1982) constructed a simply-connected (and spin) topological 4-manifold with
associated matrix

correspond to the matrices

and

o oo oo
oo oo

o o0 o o -1 0o 0 2

By a theorem of Rochlin (1952), this manifold admits no smooth (= differentiable) structure. More precisely,
Rochlin proves that the signature of B, i.e., the difference between the number of positive eigenvalues and the
number of negative eigenvalues (all of which are real and nonzero), is divisible by 16 if M is a differentiable
4-manifold that admits a spin structure. The signature of Fg is 8.

3.4. Homotopy theory. The functors H, and H* are homotopy invariant, in the sense that if f ~g: X —
Y then f. = gu: Ho(X) —» Ho (YY) and f*=g*: H*(Y) — H*(X). Hence f. only depends on the homotopy
class [f] of f. Let

(X, Y]={f: X > Y}/~
be the set of such classes. We get a homotopy category Ho(Top), with the same objects as Top but with
morphism sets

Ho(Top)(X,Y) = [X,Y].
A homotopy equivalence f: X — Y is an isomorphism in this category. We also get a factorizations

Top =yl Ho(Top) ELLN grAb
15



and
Top®? fi[{] Ho(Top)°? 7, grAb
of the homology and cohomology functors.

Theorem 3.2 (Eilenberg-MacLane (ca. 19457)). The (reduced) cohomology functor H™ is representable in
Ho(Top,): There is a CW complex K(Z,n) and a natural isomorphism

H"(X) =~ [X,K(Z,n)].

This makes X — H™(X) internal to the category Ho(Top, ), instead of being a transformation from TopJ?

to Ab. Note that
mK (Z.n) = [S%, K (Zn)) = Ar(sh) = & 0
0 otherwise.

This characterizes the homotopy type of K(Z,n), which is known as an Eilenberg-MacLane complex of type
(Z’rl?lzis is a first example of what Mike Hopkins calls a ‘designer homotopy type’: a space that has been
constructed to have particular homotopy properties, rather than originating from a geometric source.
3.5. Cohomology operations. A cohomology operation 6 is a natural transformation

Ox: H"(X) — H™(X)
for some fixed n and m. Naturality means that for each map f: X — Y the following square commutes.

HM(Y) 2 gm(y)

f*l l i

HM(X) -2 gm(X).
One example is given by the cup square

Ex: HY(X) — H™(X)
sending x to 22 = xUz. By the representability of cohomology, and the Yoneda lemma from category theory,
there is a one-to-one correspondence

{cohomology operations H" — H™} «— [K(Z,n), K(Z,m)] = H™(K(Z,n)) .
For 0: K(Z,n) — K(Z,m) the homotopy class [f] corresponds to the operation mapping [a] to [fa]:
X -% K(Z,n) -5 K(Z,m).

Hence calculating the cohomology of the ‘designer homotopy type’ K(Z,n) lets us determine all cohomology
operations with source H".
Working with coefficients in Fy = Z/2, Norman Steenrod (1947) constructed ‘reduced squaring operations’

Sq¢': H"(X;7Z)2) — H" Y (X;Z/2)

for all n,i > 0. Here Sq¢"(z) = 2%, S¢°(z) = z and the operations Sq’(x) for 0 < i < n can be (and are
often) nonzero. These correspond to classes

Sq¢' € H" (K (Z/2,n);Z/2)
Jean—Pierre Serre (1952) calculated the right hand side, showing that all cohomology operations
Ox: H'(X;Z/2) — H™(X;Z/2)
are generated by the cup product and the Steenrod operations. There are similar results for cohomology

with coefficients in F,, = Z/p for any prime p. The (non-commutative) algebra of operations generated by the
Steenrod operations is called the Steenrod algebra, denoted A (or 7). Considering the mod 2 cohomology

X — H*(X;Z/2)
16



as a graded-commutative, unstable A-module algebra provides a powerful algebraic image of the homotopy
type of X. The unstable Adams spectral sequence gives a systematic way to try to recover information about
[X,Y] from the (derived) morphisms

H*(Y;Z/2) — H*(X;Z/2)
in this category.

3.6. Classifying spaces. A point in RP? corresponds to a line L embedded in R*. By including R* into
R, the choice of embedding is replaced by a contractible choice, so that the infinite projective space

RP* = {lines L C RP*}
is a classifying space for lines. Here

H*(RP*;Z/2) = 7Z/2[z]
with |z| = 1. Hence the infinite sequence of additive generators for this cohomology is replaced by a single
algebra generator. The Steenrod operations satisfy

qu<xj) — (])wl-‘rj .
i
Similarly, for k,n > 0 the Grassmann manifold
Grg(R™"*) = {k-dimensional subspaces V C R"**}

corresponds to k-dimensional spaces V with a chosen embedding on R"**. Letting the codimension n grow,
the Grassmann space
Gri(R*) = {k-dimensional subspaces V' C R*}

classifies k-dimensional real vector spaces. This space is homotopy equivalent to the bar construction BO(k)
on the Lie group O(k) is isometries R¥ — R:
Grp(R*°) ~ BO(k) .
Theorem 3.3 (Eduard Stiefel, Whitney).
H*(Grg(R*);Z/2) = H*(BO(k); Z/2) = Z/2[wy, w3, . . ., w]
where |w;| = j.
Hence the infinite collection of additive generators is replaced by k algebra generators.

Theorem 3.4 (Wen Tsiin Wu (1950)).

- i—j i
Sq’(wj) = wiwj + < 1 >’LUZ‘_1’LUJ'+1 + -+ < i >wi+j .

For example, Sq'(ws) = wiws + w3, so the Steenrod operations tie the k generators of H*(BO(k);Z/2)
together.

3.7. Bordism. We turn to applications of algebraic topology to geometric topology, i.e., manifolds. In
Poincaré’s initial work, an n-cycle in a space X was viewed as a map

fM"— X
from a (suitable) closed n-manifold M. Two n-cycles f: M — X and g: N — X were viewed as equivalent
if they were cobordant, i.e., if there is a (suitable) compact n + l-manifold W with a map
F:wntt — X

such that OW =2 M U N and F|OW = fUg. Already the case X = x is interesting, when we can ignore
the maps to X. We say that two closed n-manifolds M and N are cobordant if there is a compact (n + 1)-
manifold W with OW = M U N. This defines an equivalence relation on the collection of closed n-manifolds.
Let .4, be the set of such cobordism classes. The pairings taking (M, N) to M UN and M x N define a
sum and a product, making
No=P
n>0
17



a graded commutative ring, known as the bordism ring.
Theorem 3.5 (René Thom (1953)).
Ne =7)2[x, | 0 # 20 — 1]
is the polynomial Z/2-algebra on generators xa, x4, Ts, Te, Ts, - - - -
This classifies compact manifolds up to cobordism, and is an important first step on the way to the (finer,
and much harder) surgery classification of manifolds up to homeomorphism, or up to diffeomorphism in the
smooth case. For even n we can take RP™ to represent x,,, while for n odd Albrecht Dold (1956) constructed

explicit manifolds representing z,,. In particular, RP' and RP? are boundaries (Exercise: Why?), while
RP? and RP?* are not.

3.8. The Pontryagin—Thom construction. We associate to a closed, smooth n-manifold M a homotopy
class of maps
ge: ™R — MO(k)
where
MO(k) = D(v*)/S(v¥)
is the Thom complex of the tautological k-plane bundle
E(y") — Crp(R®) ~ BO(k)

with fiber over a point V' € Gri(R*) equal to the vector space V. We can assume that these vector spaces
are equipped with an Euclidean inner product, and then the sphere and disc bundles S(v*) € D(v*) in E(y)
consist of the vectors v € V with ||v|| =1 and ||v|| < 1, respectively.

Given M as above, we can find a smooth embedding M™ C RP"™t* for sufficiently large k, and the choice
of such an embedding becomes a contractible choice in the colimit over k. The tangent spaces T, M C RP"+F
for z € M combine to the tangent R™-bundle

TM = E(ry) — M.
Their orthogonal (= normal) complements N, M = T, M+ C RP™** combine to the normal R*-bundle
NM =E(vy) — M.

By the tubular neighborhood theorem, there is an embedding D(vy;) € RP™F of the disc bundle of the
normal bundle, extending the embedding of M viewed as the 0-section in D(vs), so that the sphere bundle
S(var) is the topological boundary of D(vys) in RP"T*. There is then a collapse map

c: SR gtk (SR _int D(vay)) = D(var)/S(var) -
Next, there is a Gauss map
g: M — Gri(R"F) € Gr(R™)

taking 2 € X to the k-dimensional subspace N,M C R"** C R*® viewed as a point in the Grassmannian
Gri(R*) ~ BO(k). This is covered by a bundle map

B(vy) ——= E(¥¥)
M —2L 5 Gry(R®)

inducing a map
9: D(var)/S(var) — D(y")/S(v*) = MO(k)
of Thom complexes. The composite gc is the promised map, well-defined up to homotopy.

Cobordant n-manifolds produce homotopic maps S™"** — MO(k), for k sufficiently large. Using transver-
sality for smooth maps, Thom proved that this construction gives an isomorphism

Tnsk MO(k) <= A .
18



Hence the manifold-geometric problem of classifying manifolds up to cobordism has been turned into a
homotopy-theoretic problem of determining the homotopy groups of the Thom complex MO(k), for k large
with respect to n.

There are structure maps

o: MO(k) A St — MO(k +1)
implicit in the formation of the colimit above. The sequence of spaces M O(k) and maps o, for k > 0, is an
example of a spectrum in the sense of algebraic topology, usually denoted M O. By definition

T (MO) = co}cim Tk MO(k),

so that m,(MO) = 4. These homotopy groups are always abelian, recovering the graded abelian group
structure on 4. To recover the multiplicative structure given by the Cartesian product of manifolds, we
need to know that MO is a (commutative) ring spectrum. This generalizes the notion of a ring from algebra,
and such objects were called ‘brave new rings’ by Friedhelm Waldhausen (ca. 1980).

3.9. Thom isomorphism. A generalization of the Kiinneth theorem (for the cohomology of a product)
gives an isomorphism

H*(BO(k);Z/2) = H***(MO(k); Z./2)
for each k& > 0. The calculation of H*(BO(k);Z/2) therefore gives a calculation of H***(MO(k);Z/2),
which in the limit over k shows that
HY(MO;Z/2) = Z/2{w; | § 2 1]

Knowledge of the Steenrod operations in H*(MO;Z/2), and the (stable) Adams spectral sequence, then
leads to Thom’s conclusion, that

T (MO) 2 Z/2[x, | n # 2 —1].

Roughly speaking, there are composite Steenrod operations
S¢® o 08¢0 Sqt

that eliminate the generators in degrees 2* — 1, for all 4 > 1.

3.10. Summary.

e Chapter 3
— Section 3.1: Cohomology Groups
— Section 3.2: Cup Product
— Section 3.3: Poincaré Duality
e Chapter 4
— Section 4.1: Homotopy Groups
— Section 4.2: Elementary Methods of Calculation
— Section 4.3: Connections with Cohomology
— Section 4.L: Steenrod Squares and Powers

Part 2. Cohomology
4. SEPTEMBER 2ND LECTURE
4.1. The universal coefficient theorem. We discuss Sections 3.1 and 3.A together.

Theorem 4.1 (Eilenberg-MacLane (1941)). Let (Cy, ) be a chain complex of free abelian groups, and let G
be any abelian group. Let G ® C, denote the chain complex with boundary 1 ® 9, and let Hom(C,, G) denote
the cochain complex with boundary Hom(0, 1). There are natural short exact sequences

0— G®H,(C,) — Hy(G® C,) —s Tor(G, Hy_1(Cy)) — 0

and
0 — Ext(H,_1(C,),G) — H"(Hom(C,,G)) — Hom(H,(C,),G) — 0
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for each integer n. Here i: g ® [a] = [g ® a] for each n-cycle a € Cy, and h([¢]): [a] — &(a) for each
n-cocycle ¢: C,, — G and n-cycle o € C,. Fach of these short exact sequences admits a (non-natural)
splitting.

When applied to C, = C.(X) this algebraic theorem has the following topological consequence.
Theorem 4.2 (Eilenberg-MacLane (1941)). Let X be any topological space and let G be any abelian group.

There are natural short exact sequences
0= G® Hy(X) -5 Hy(X;G) — Tor(G, Hy_1(X)) = 0
and
0 — Ext(H,_1(X),G) — H"(X;G) - Hom(H,(X),G) — 0
for each integer n. Each of these admits a (non-natural) splitting.

Similar results apply for relative (co-)homology, reduced (co-)homology and, when the spaces are CW
complexes, for the corresponding forms of cellular (co-)homology.

4.2. Exact sequences. To prove these results we need to make sense of the derived functors Tor of ® and
Ext of Hom. We do this in the greater generality of (left) modules over a ring R.
A diagram of left R-modules

AL B %
is exact (at B) if im(f) = ker(g). This implies that gf = 0, so that the diagram is a complex, and we can
talk about its homology H = ker(g)/im(f). The complex is exact if and only if H = 0. By the Noether
isomorphism theorem the canonical homomorphism
B/ ker(g) = im(g)
is an isomorphism. Hence exactness at B tells us that
cok(f) = B/im(f) = B/ ker(g) = im(g) .
If a diagram
AL B%HcD
is exact (at B and C) then
cok(f) =2 im(g) = ker(h).
A diagram
0—+A->B

is exact (at A) if and only if ¢ is injective (= one-to-one). A diagram
B-LC—0
is exact (at C) if and only if j is surjective (= onto). A diagram
05458100

is exact (at A, B and C) if and only if A = im(i) = ker(j) and im(j) = C, so that A = i(A4) and B/i(A) = C.
We call this a short exact sequence (SES), and say that C' is an extension of C' by A.

Lemma 4.3 (Splitting lemma, Hatcher p. 147). Let

05A-5B-20-50
be a short exact sequence. The following are equivalent.
(1) There is a section s: C — B with js = 1¢.
(2) There is a retraction 7: B — A with ri = 14.
(3) There is a retraction r: B — A and a section s: C — B with ri = 14, ir +sj = 1p, js = l¢

and rs = 0.
20



Proof. Given s with js = 1¢, define r: B — A so that ir(b) = b — sj(b) for all b € B. This is possible
because j(b— sj(b)) = j(b) — j(b) = 0.
Given r with ri = 14, define s: C — B so that sj(b) = b —ir(b) for all b € B. This is possible because
i(a) —ir(i(a))) =0 for all @ € A. O
An R-module F is free if it admits a basis, i.e., a set S such that there is a natural bijection
Homp(F, G) = {functions S — G}
for all R-modules G. Equivalently,

F=R{S}=EPR.

seS
Lemma 4.4. If F is free and j: B — C' is surjective then
j: Hompg(F, B) — Hompg(F, C)
(mapping h: F — B to jh: F — C) is surjective. Hence for any g: F — C there exists a factorization
g=jh with h: FF — B.

We think of g as a lift of h over j, and express the surjectivity of j by an arrow C — 0, with implied
exactness at C.

B—l.Cc— 0
An R-module satisfying this lifting property is said to be projective. The lemma then tells us that free
modules are projective.

Proof. Let S be a basis for F'. The function
j: {functions S — B} — {functions S — C}
is surjective. (|

Lemma 4.5. Let A A

0+A—"—=B-2C—=0
be a short exact sequence, with C a free module. The equivalent conditions of the splitting lemma are then
satisfied.

Proof. The identity map 1¢: C' — C admits a lift s over j, which is a section to j. O

Lemma 4.6. Let 4 4
0-A--B-LC—0
be a short exact sequence of left R-modules, with C free. Then
1®i

0—>G®RA—>G®RBﬁG®RC—>O
is (split) short exact for any right R-module G, and
0 — Hompg(C, G) Hom(g,1) Hompg(B, G) Hom(,1) Homp(A,G) — 0

is (split) short exact for any left R-module G.

Proof. Choose a splitting s: C — B. Then

i®s: A®C — B
is an isomorphism, and induces isomorphisms
12 (®s): G (AaC) — G C

and
Hom(i ® s,1): Homg(B, G) = Homg(A® C,G).
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These readily induce splittings

GRIrA®PGRIRC — GRgr B

and
Homp(B,G) — Homp(A,G) x Homz(C, G) = Hompg (A, G) ® Homp(C,G),
which are suitably compatible with the displayed maps 1 ® 4, 1 ® j, Hom(4,1) and Hom(z, 1). O

4.3. Cycle and boundary complexes. Suppose that (C,,0) is a chain complex of free R-modules.

On On
"'—>Cn+1 —+>1Cn—>Cn,1—>

Let Z,, = ker(0,,) and B, = im(9p,+1). We view Z, and B, as chain complexes with trivial (= zero) boundary
homomorphisms:

o= i i>Zn i>Zn,1 — ...
-+ = B i>Bni>Bn_1 — ...
We then have a short exact sequence of chain complexes
0= (Z.,0) — (C,,0) % (B,_1,0) = 0
given in degree n by the short exact sequence
(1) O—>Zn—>0nﬁ>Bn,1—>0.
The displayed maps are chain maps, because the diagram

On

Zn, Ch

[k

anl - Cnfl "4—1> Bn72
commutes, for each n.
Suppose now that R is a ‘free ideal ring’, in the sense that each submodule of a free module is itself free.
(This is not quite standard terminology, but is convenient for our discussion.) This condition is satisfied for
each principal ideal domain (PID), including the ring of integers R = Z. In view of the inclusions

B, cZ, cC,

it then follows that each B,, and Z, is free. In particular, each short exact sequence (1) admits a splitting.

It follows that

0= GOpZn — COrCr 2% Gop B, 1 —0

and

0 — Hompg(B,-1,G) Hom(@.1) Hompg(Cy,G) — Hompg(Z,,G) — 0

are (split) short exact, for each n. Hence

0= (G®g Z,,0) — (G &g Cy,0) 223 (G ®p Bu_1,0) = 0
and
0 — (Homp(Ba_1,G),0) "2V (Homp(C,, @), Hom(d, 1)) — (Homp(Z.,G),0) — 0

are both short exact sequences of chain and cochain complexes. Note that the splittings are usually not
compatible with the boundary homomorphisms, so these diagrams are not split short exact sequences of
(co-)chain complexes.

The associated long exact sequences in homology take the form

(2) 5 GOR By 2 GOR Zy — Hu(GORC.) — GOR Buot 5" G @R Zner — -
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and

Hom(tn_1,1)
—

(3) .-+ — Hompg(Z,_1,Q) Hompg(By,-1,G)

— H"(Homp(Cy, G)) — Homp(Zn, G) """ Homp(B,,G) — ...

where ¢, : B,, = Z,, denotes the inclusion. This uses that the homology of a chain complex with zero bound-
aries is given by the underlying graded module. The expressions given for the connecting homomorphisms
are verified by inspection of the definitions.

We thus want to identify the kernel and cokernel of the homomorphisms

1®t,: GQr B, — GQRr Z,
and
Hom(tp,1): Homp(Z,,G) — Hompg(B,,G).
Note that we have a short exact sequence
(4) 0— B, % Z, ™ H,(C,) =0

for each n, where B,, and Z,, are free R-modules, and m,, denotes the canonical surjection mapping an n-cycle
« to its homology class [a].

Proposition 4.7. Let R be a free ideal ring. There are functors M — Tor™(G, M) and M — Extgr(M,G),
defined for left R-modules M, and natural exact sequences

0 = Tor™(@, H,(C.)) — G ®r By =% G @ Zn 5 G @p Hu(CL) = 0
and
Hom(mp,,1) Hom(ty,1)
0 - Homg(H,(Cy),G)  —" " Homg(Z,,G)  —" Homg(B,,G) — Extr(H,(Cs),G) — 0.
We postpone the proof of this proposition.
4.4. The universal coefficient theorem for chain complexes.

Theorem 4.8 (Algebraic UCT). Let R be a free ideal ring, let (Cy,0) be a chain complex of free R-modules,
and let G be any R-module. Let GRrC\ denote the chain complex with boundary 120, and let Hompg(Cy, G)
denote the cochain complex with boundary Hom(9,1). There are natural short exact sequences
0— G®pr Hy(C,) -5 Hy(G &g C,) — Torl (G, H,_1(C.)) = 0
and
0 — Exth(H,_1(C,),G) — H"(Homp(C,,G)) - Homp(H,(C,),G) — 0
for each integer n. Here i: g ® [a] = [g ® a] for each n-cycle a € Cy, and h([¢]): [a] = ¢(a) for each

n-cocycle ¢: C,, — G and n-cycle o € C,. Fach of these short exact sequences admits a (non-natural)
splitting.

Proof. By exactness of (2) we have a natural short exact sequence
0—cok(l1®ey,) — Hy(GRRrCy) — ker(1®1,—1) — 0.
Under the (easy) isomorphism
cok(l1® 1) 2 GRg H,y(Cy)

the left hand homomorphism corresponds to

i: Gor H,(Cy) — H,(G®grC,)
mapping g ® [a] to [g ® a]. By Proposition 4.7, there is also an isomorphism

Tor®(G, H,_1(C.)) = ker(1 ®@ ty_1) .
In combination, these give the asserted short exact sequence. ((ETC: Discuss splitting.))

By exactness of (3) we have a natural short exact sequence

0 — cok(Hom(tp—1,1)) — Hp(Homp(Cy, G)) — ker(Hom(ep, 1)) — 0.
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Under the (easy) isomorphism
Hompg(H,(Cy), G) = ker(Hom(cp, 1))
the right hand homomorphism corresponds to
h: H,(Hompg(Cy,G)) — Hompg(H,(C\),G)
mapping the class [¢] of ¢: C,, = G to h([¢]): H,(C.) — G taking [a] to ¢(a). By the proposition, there is
also an isomorphism
cok(Hom(ty,—1,1)) =2 Extr(H,—1(Cy),G).
In combination, these give the asserted short exact sequence. ((ETC: Discuss splitting.)) |

We often write H,(Cy;G) = H,(C\ ®r G) and H"(C,;G) = H"(Hompg(Cy, G)) for the homology and
cohomology groups of C, with coefficients in G.

4.5. Free resolutions. Let R be a general ring (associative, with unit). A chain map
f:(Cy,0) — (D, 0)
is called a quasi-isomorphism (or a homology equivalence) if it induces an isomorphism of homology groups
fe: Ho(Cy) — Hp(Dy)

in each degree n. In this case we can think of C, and D, as equivalent models for the common sequence of
homology groups.

An R-module M can be viewed as a chain complex given by M in degree 0, with zero modules in all other
degrees. Its boundary homomorphisms are then necessarily trivial. Let (Cy,d) be a non-negatively graded
chain complex, meaning that C,, = 0 for n < 0. A chain map

e: Co — M
can then be pictured as below:
C, 250,y o -2 0
0 0 0 M 0

More efficiently, we can picture this as an augmented chain complex
On )
i —Cp = Chy — . —CL 2 Cg - M — 0.

Lemma 4.9. The chain map €: C, — M is a quasi-isomorphism if and only if the augmented chain complex
is exact (at all points).

In the situation of the lemma, we may say that e: C, — M is a resolution of M. If each C, is free, then
we say that e: C, — M is a free resolution of M. We often say that C, is a (free) resolution, leaving the
augmentation e implicit.

Ezample 4.10. (1) When M is free, the very short exact sequence

0= M2 M0

is a free resolution, with Cy = M and C,, = 0 for n > 0.
(2) For R=7Z and M = Z/m with m > 1, the short exact sequence

027 —7Z/m—=0

is a free resolution, with Co = C; = Z and C,, = 0 for n > 1.
(3) For R = Z[x] and M = Z/m, the exact sequence
05R“ " Ror ) R M0
is a free resolution, with C,, = 0 for n > 2.
(4) When R is a free ideal ring the short exact sequence (4) is a free resolution of H,,(C.).
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Lemma 4.11. Fach R-module M admits a free resolution.

Proof. Let Cy be any free R-module with a surjection e: Cy — M. For example, we may take Cy = R{M}
equal to the free module on the underlying set of M, with ¢(m) = m for each m € M. Inductively, assume
that we have constructed an exact complex

C, 0 — . 0oy M 0.

Let Cp4+1 be any free R-module with a surjection €,41: Cpyr1 — ker(9,). For example, we may take
Cpn+1 = R{ker(9,)}. Let 05,41 be the composite

Cry1 ™8 ker(8,) C C,, .
Then im(dp,41) = ker(dy,), and this completes the inductive step. O

The free resolution e: C, — M obtained in the previous proof is sometimes called the canonical free
resolution (associated to the free—forgetful adjunction between sets and R-modules). It is functorial, in the
sense that for any homomorphism h: M — N, if e: D, — N is the canonical free resolution of N, then there
is a preferred chain map f: Cy, — D, covering h, and this construction is compatible with composition.

4.6. The comparison theorem. Free resolutions are not unique, so we need to compare different free reso-
lutions of the same R-module. This will be an application of the following fundamental result in homological
algebra.

Theorem 4.12 (Comparison Theorem). Let h: M — N be an R-module homomorphism, let F, and E, be
non-negatively graded chain complexes, let €: F, — M be a chain map with F, free, and let e: E, — N be a
quasi-isomorphism. Then there exists a chain map

f: F, — E,
covering h, in the sense that
F.—>M

\
fl h
v €

E,——N
commutes. Furthermore, f is well-defined up to chain homotopy, in the sense that if g: F, — E, is a second
chain map lifting h, then there is a chain homotopy P: F, — FE.11 from f to g.

Proof. We construct the components f,, of a chain map f covering h by induction on n > 0. To start, fj is
defined to be a lift in the diagram

E() 4E> N——0 5
and this lift exists because Fj is free and e is surjective. Next, f1 is taken to be a lift in the diagram
Iy

f1 e i
7 foO1

Ve
4

Ey “o ker(e) ——0.
Here fo0:1: E1 — Fy factors through ker(e) because €(fpd1) = hedy = h0 = 0, and 9; maps E; surjectively
to ker(e) by exactness of E, — N at Ey. We can also draw this step as follows.

F1i>FO—E>M

|
fil lfo lh
\ 2,

E14>E04€>N
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For n > 2 we suppose, by induction, that we have chosen f, 1 and f,,_o making the solid arrow part of the
following diagram commute.

On On—1
F,——F, 1 ——F, 3

I
fn I ifnl ifn2
v 19} On—1

E, — E, 1 ——FE, >

Then 0p—1fn—10n = fn—20n-10n = fn—20 = 0, so fu—10,: F,, — E,_1 factors through ker(9d,_1). By
exactness, this equals the image of 9,,: E,, — E,,_1, so we can define f,, as a lift in the following diagram.

F,
; -
n 7
- if‘nlan

e

=
E, ——=ker(0p—1) —=0.

This completes the inductive step, and proves the existence of a chain map f: F, — FE, covering h.
For uniqueness up to chain homotopy, suppose that g: F, — F, is second chain map covering h. We
construct a chain homotopy P: F, — E.4; with

8n+113n +P,_10p, = 9n — fn

for each n > 0.
To start, Py is defined to be a lift in the diagram

Fy

s
P() e
- g0—fo
s

Ey “o ker(e) ——0.

This works because €(go — fo) = he — he = 0.
Next, P; is defined to make the following diagram commute.
F
P, - g

I g1—f1—PoO1
7

+
Es Z%, ker(d;) ——0.

This is possible, because

01(g1 — f1 — Po01) = go01 — foO1 — (9o — fo)01 = 0.
For n > 2 we suppose that we have chosen P,_1: F,_1 — E, and P,_5: F,,_o — E,_q with 0,P,_1 +
Pn—Qan—l =09n—-1 — fn—l-

On On—1
Fn anl Fn72

7

p 7

n
7 gn—fn Pnli gn-1—fn-1 S
. n—2
g \L / \L
y

En—l

En+1 Onit En P

Then
871(977. - fn - Pnflan) = gnflanfl - fnflanfl - (anPnfl)an
= gnflanfl - fnflanfl - (gnfl - fnfl - Pn72an71)an
= gn—lan—l - fn—lan—l - gn—lan—l + fn—lﬁn—l + P,_20
=0.
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Hence we can define P, as the following lift, which exists because F, is free and im(9,41) = ker(9,,) in FE,,.

F,
P, -~
- ign_fn_Pnlan
e
P
By — ker(9,) — 0.
1

This leads to the following uniqueness result.

Corollary 4.13. Lete: Cy — M and e: D, — M be two free resolutions of the same R-module M. Then
there exists a chain map f: Cy — D, covering the identity of M, which is unique up to chain homotopy.

Furthermore, f admits a chain homotopy inverse g: D, — Ci. In particular, f is a chain homotopy
equivalence.

Proof. The comparison theorem applies with F, = C,, E, = D, and h = 1), since C, is free and D, —
M — 0 is exact. Hence there is a unique chain homotopy class of chain maps f: C, — D, covering 1.

The comparison theorem also applies with F, = D,, E, = C, and h = 1,;, since D, is free and
C. - M — 0 is exact. Hence there is a unique chain homotopy class of chain maps g: D, — C, covering
Las.

The composite gf: Cx — Cy is a chain map covering the identity of M. The identity map 1¢, : Cx — C
has the same property. By the comparison theorem, there is a chain homotopy P from gf to 1¢,.

Finally, the composite fg: D, — D, is a chain map covering the identity of M. The identity map
1p,: Dy — D, has the same property. Hence there is a chain homotopy @ from fg to 1p,. This shows that
f and g are chain homotopy inverses, so that f is a chain homotopy equivalence. (Il

5. SEPTEMBER 7TH LECTURE
5.1. The derived functors Tor and Ext.

Definition 5.1. Let G be a right R-module. For each left R-module M with canonical free resolu-
tion €: Cy — M and each ¢ > 0 let

Tors (G, M) = Hy(G ®r Cy,1® 0)
be the ¢-th homology group of the chain complex

-~'—>G®ch+1 1%16'@1{0‘11@;6?6'@30(],1—>...—>G®R011®—69G®RCQ—>O.

In other words, to calculate Tor*R (G, M) we replace M with C, in G ® g M, and compute the homology
of the resulting chain complex. Functoriality of the canonical free resolution proves that Toqu (G, M) is
functorial in M.

Definition 5.2. Let G be a left R-module. For each left R-module M with canonical free resolution e: C, —
M and each g > 0 let
Ext%(M,G) = HY(Hompg(C, G), Hom(9, 1))

be the g-th cohomology group of the cochain complex

0 — Homg(Cy, G) Hom(@:.1) Homg(Cy,G) —

... — Hompg(Cy-1,G) Honﬁf’l) Homp(Cy, G) Hom%I’l) Homp(Cy41,G) — ...
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In other words, to calculate Ext}, (M, G) we replace M with C, in Hompg (M, G), and compute the cohomol-
ogy of the resulting cochain complex. Functoriality of the canonical free resolution proves that Ext% (M, G)
is contravariantly functorial in M.

Lemma 5.3. There are natural isomorphisms

Torf (G, M) = G ®r M
and

Homp(M, G) = Ext%(G, M).

Proof. The exactness of

12 Cop = M =0
implies the exactness of

GorCi 2% GorCo 25 Gor M =0
and
0 — Hompr(M, G) Hom{e,) Homp(Co, G) Hom(@s,1) Homp(C1,G).

By definition, Toré?/ (G, M) is the cokernel of 1 ® 9y, which 1 ® € maps isomorphically to G ® g M. Likewise,
Ext% (G, M) is the kernel of Hom(d;, 1), which receives the isomorphism Hom(e, 1) from Homg(M,G). O

We call Torf(G7 —) the g-th left derived functor of G ®g (—), and call Ext% (G, —) the ¢-th right derived
functor of Hompg(—,G). By the uniqueness up to chain homotopy equivalence of free resolutions, we can
also use any other free resolution (other than the canonical one) to calculate these functors.

Proposition 5.4. Let €: D, — M be any free resolution of a left R-module M. There are canonical
isomorphisms

Torl (G, M) = Hy(G @ D)
and
Ext},(M,G) = HY(Homg(D,, G))
for each ¢ > 0.

Proof. There is a chain homotopy equivalence f: Cy — D, covering M, which is unique up to chain homo-
topy. Let g: D, — C, denote a chain homotopy inverse. The induced chain homomorphism

1 f:GerC, — G®g D,

is then a chain homotopy equivalence, with chain homotopy inverse 1 ® g. In particular, 1 ® f induces an
isomorphism

(1® f)e: Ho(G®g C) — H (G ®g D.)

and any two choices of f induce the same isomorphism. This is the first canonical isomorphism.
The induced chain homomorphism

Hom(f,1): Hompg(D.,G) — Hompg(C,,G)

is also a chain homotopy equivalence, with chain homotopy inverse Hom(g,1). In particular, Hom(f, 1)
induces an isomorphism

Hom(f,1)*: H*(Homg(D,,G)) — H*(Hompg(C,,G))

and any two choices of f induce the same isomorphism. This is the inverse of the second canonical isomor-
phism. O

Ezxample 5.5. (1) When M is free, the very short resolution C, = M with C, = 0 for ¢ > 0 shows that
Tory(G, M) = 0 and Ext%(M,G) = 0 for ¢ > 0.
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(2) For R=Z and M = Z/m with m > 1, the short exact resolution with Cy = C; = Z and C;, = 0 for
q > 1 shows that

Tor? (G, Z/m) = ker(m: G — Q)
and
Exty(Z/m, G) = cok(m: G — G),

while Tor?(G,Z/m) =0 and Ext?(Z/m,G) = 0 for all ¢ > 1.

(3) For R = Z[z] and M = Z/m, the resolution with Cp = Cy = R, C1 = R® R and Cy; = 0 for ¢ > 2
shows that Tory(Z/m,Z/m) = Z/m and Ext®(Z/m,Z/m) = Z/m, while Toqu(Z/m,M) =0 and
Ext%(Z/m, M) = 0 for ¢ > 2.

(4) When R is a free ideal ring the short exact sequence (4) is a free resolution of H,(C.). Hence, in
these cases Torf(G7 H,(C\)) =0 and Ext%(H,(Cy),G) =0 for all ¢ > 1.

Lemma 5.6. When F is a field, Torf(G,M) =0 and Ext%(M,G) =0 for all ¢ > 0.

Proof. Each module over a field is free. O

Lemma 5.7. When R is a free ideal ring, Toqu(G, M) =0 and ExtL(M,G) =0 for all ¢ > 1.

Proof. For these rings each R-module M admits a short exact resolution
0= D 2% Dy - M—0.

Here Dy can be any free R-module with a surjection € to M. We let D; = ker(¢), with d; the inclusion.
Hence D, is a submodule of a free module, which, by hypothesis, is always free. This proves that we can
calculate the groups Tor®(G, M) as the homology groups of the complex

0%G®RD1 1®—0>1 G@RDO—>O

concentrated in degrees 0 and 1. In particular, these groups vanish for ¢ > 1. Likewise, we can calculate the
groups Exty (M, G) as the cohomology groups of the complex

0 — Hompg(Dy, G) Honﬁf’l) Hompg(D1,G) — 0

concentrated in degrees 0 and 1. In particular, these groups vanish for ¢ > 1. ]

For these rings, which include PIDs, hence also the integers, we often simplify the notation and write
Tor (G, M) = Tor(G, M) and Extp(M,G) = Exth(M,G). When R = Z, or is otherwise implicitly
understood, we can simplify the notation further and write Tor(G, M) = Tor?(G, M) and Ext(M,G) =

Ext}(M,G). The former is sometimes called the torsion product, and denoted G * M. The latter classifies
extensions of M by G (up to a suitable notion of isomorphism).

Proof of Proposition 4.7. We can calculate Torf(G, H,(C\)) and Ext},(H,(C4),G) for ¢ € {0,1} using the
free resolution

0— B, * Z, ™ H,(C,) =0
of H,(C,), as explained in the proof of the previous lemma. |

5.2. Field coefficients.

Proposition 5.8. When F is a field, and C, is any chain complezx of F-modules (= F-vector spaces), the
natural homomorphism

h: H"(Homp(Cy, F)) — Homp(H,(C,), F)
is an isomorphism.

Proof. This is now a special case of Theorem 4.8. O



5.3. Integer coefficients. Let R = Z and consider an abelian group M. Let T C M be the torsion
subgroup, consisting of the elements of finite order. The quotient group F' = M/T is then torsion-free. If M
is finitely generated then T is a finite group, and F' is free. In this case the short exact sequence

0—-T —M-—F—=0
splits, so that M =T @® F.

Lemma 5.9. (1) If T is finite, then Hom(T,Z) =0 and Ext(T,Z) = T.
(2) If F is finitely generated and free, then Hom(F,Z) = F and Ext(F,Z) = 0.
3) f M=Ta®F, then Hom(M,Z) 2 F and Ext(M,Z) = T.

(This will be clear from the coming week’s homework.)

Proposition 5.10. Let C, be a chain complex of free abelian groups, with finitely generated homology groups
H,(Cy) form € {n —1,n}. Let T,,, C Hy,,(Cy) be the torsion subgroup, and let F,, = H,,(Cy)/T,, be the
(torsion-)free quotient group. Then

H"(C,) = H"(Hom(C\,Z2)) 2 T,,_1 ® F, .
Ezample 5.11. If H,(C,) =(Z,Z/2,0,Z,0,...) then H*(C,) = (Z,0,Z/2,Z,0, ...).
Similar results apply for R any principal ideal domain (PID), where T C M is taken to be the submodule
of R-torsion elements, i.e., the elements z € M with rx = 0 for some nonzero r € R.
5.4. Preservation.

Proposition 5.12. Let R be a free ideal ring, let (Cy,0) and (D, 0) be complexes of free R-modules, and
let f: Cy = Dy be a quasi-isomorphism. Then the induced homomorphisms

fo: Hy(Cu g G) — Hp(Dy ®r G)
and
[T H"(Hompg(D., G)) — H"(Hompg(Cy, G))
are isomorphisms, for every R-module G.

Proof. The short exact sequences in the universal coefficient theorem are natural, meaning that the diagrams

1®f*i: f*l Tor(l,f*)lﬂ

0 —> G ®g H,(D,) — H,(G®g D,) — Tor®(G, H,,_1(D.)) —= 0
and
0 — ExthL(H,_1(D,),G) — H"(Hompg(D.,G)) —> Hom(H,(D,),G) —= 0
Ext(f*,l)l: f*J/ Hom(f*,l)l:
0 — Exth(H,_1(C,),G) — H"(Hompg(C,,G)) — Hom(H,(C,),G) —= 0

commute. By assumption, f.: H,,(Cyx) — Hp(Dy) is an isomorphism for m € {n — 1,n}, which, by

functoriality, implies that 1 ® fi, Tor(1, f.), Hom(f,, 1) and Ext(f., 1) are isomorphisms. It follows, by a

special case of the Five Lemma, that f.: H,(G ®g Cy) — H,(G ®r D,) and f*: H"(Hompg(D.,G)) —

H"(Homp(Cy, G)) are isomorphisms. O
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6. SEPTEMBER 9TH LECTURE

6.1. Cohomology of spaces. ((ETC: See Hatcher, pages 197-204.))

For n > 0 let
A" ={(zo, ..., 2) |2 >0, x; =1}
i=0
be the standard n-simplex in @;_,R. This is the convex hull of the (n + 1) vertices vy, ...,v,, where v;
has coordinates (v;); = 1 and (v;); = 0 for i # j. We write A™ = [vg,. .., v,] for this convex hull. For any

space X, a singular n-simplex in X is a map
o: A" — X
and the singular n-chains is the free abelian group

Cpo(X)=Z{c: A" = X} = @Z

consisting of finite linear combinations o = )_  go0 of n-simplices, with integer coefficients g, € Z.
For each 0 < i < n we identify the face
[U07...,@,...7vn] CA”,
opposite to the i-th vertex, with A”~1 = [vg, ..., v,_1] by the unique affine linear isomorphism that preserves
the ordering of the vertices. In this way we view the restricted map
o|[vey - Viyeny Un]

as a singular (n — 1)-simplex in X, and form the boundary chain

n

00 = Z(—l)ioHvo, ey Uiy ey U

i=0
as the alternating sum. This definition extends to linear homomorphisms

o O (X) 2 O (X)) 2 Ol (X)L

and one can check that 0,0,41 = 0, since each term o|[vg, ..., 0;,...,0;,...,Unt1] appears twice, but with
opposite signs. This defines the singular chain complex (C.(X),d) of X.
For any abelian group G, we can form
Cu(X;G)=GeC.(X)=2 P G
o: A —X
consisting of finite linear combinations ) _ g,0, now with coefficients g, € G. The resulting chain complex

G0 (X)) G0 O (X) 2 G Cy(X) .

can also be written )
co Co1 (X3 G) 5 Cu(X5G) 25 Cul 1 (X5G) — .
By definition,

H, (X3 G) = Ho(G© Cu(X),100) = Hy(Co(X;G), )
is the n-th singular homology group of X with coefficients in G. This theory was discussed in Section 2.2 of
Hatcher’s book, on pages 153-155.

Likewise, for any abelian group G we can form
C"(X;G) =Hom(Co(X), )= [ &
o: A" —X
consisting of linear homomorphisms ¢: C,,(X) — G, or equivalently, of functions
p:{o: A" - X} — G.
We call ¢ an n-cochain on X with values in G. The induced coboundary map
5" CM(X;G) — C"THX; @)
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is Hom(9p41, 1), sending ¢: Cp,(X) — G to the composite

5" = $Dni1: Crpr (X) 25 Cr(X) -2 G

Explicitly,
n+1

(60)(0) = > _(=1)'é(0l[vo, -, T ., Unt1])
=0
for each singular (n + 1)-simplex o in X.

Lemma 6.1. §76" 1 = 0.

Proof. For each (n — 1)-cochain ¢, the composite

§"0" ' = $0p0n1: Cry1(X) oty Cu(X) 25 Cuaa (X) -5 G

is zero, since 0,0,4+1 = 0. O

Hence we obtain a cochain complex

- = Hom(C1(X), G) "% Hom(C, (%), ) "5 Y

which can also be written

s o) YD orxse) 2L ot X a) -

Hom(Cpst (X),G) — ...

By definition,
H"(X;G) = H"(Hom(C.(X),G),Hom(0,1)) = H"(C*(X;G),0)
is the n-th singular homology group of X with coefficients in G. More explicitly
ker(6": C™(X;G) — C""(X;@))
im(én—1: C"1(X;G) —» C"(X;@Q))

H"(X;G) =

The elements of
7"(X;G) =ker(0": C"(X;G) — C"T(X;@Q))
are called n-cocycles, and the elements of
B"(X;G) =im(0"': C"HX;G) = C"(X;@))
are called n-coboundaries. We have B"(X;G) C Z"(X;G) C C"(G;G) and Z"(X;G)/B"(X;G) =
H™(X;G). An n-cocycle is a homomorphism ¢: C,,(X) — G with §¢ = ¢d = 0, i.e., which vanishes
on the boundaries B, (X) C Cp(X). An n-coboundary is a homomorphism ¢: C,(X) — G of the form

¢ = 0¢ = ¢0 for some (n — 1)-cochain ¢: C,,_1(X) — G. In other words, this is a cochain whose value on
a simplex o only depends on its boundary Jo.

Ezample 6.2. H(x;G) 2 G and H"(x;G) = 0 for n # 0.
6.2. Functoriality. Let f: X — Y be a map of spaces. The induced chain map
fa: Cu(X) — C(Y)

is given in degree n by mapping o: A" — X to fo: A™ — Y. The dual cochain map

. C*(YV;G) — C*(X;G)
is given in degree n by mapping ¢: C,(Y) — G to ¢f: C,(X) — G. Note how the source and target are
interchanged. Passing to cohomology we obtain an induced homomorphism

o HY(Y;G) — H"(X; Q)
in each degree n. This makes H"(X;G) a contravariant functor in X, meaning that, if g: Y — Z is another
map, then

(9f)" = 19" H(Z;G) — H*(X;G)
and if f = 1x, then f* is the identity homomorphism.
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Proposition 6.3. Let X =[], X; be a coproduct of spaces, with structure maps ¢;: X; — X. The product

o

[Ia: 5 (X:6) = [[H"(X::G)

is an isomorphism, for each n and G.

Proof. Applying Hom(—, G) turns coproducts into products. Hence the chain isomorphism @, Ci(X;)
C.(X) induces a cochain isomorphism C*(X;G) = [[, C*(X;; G). Furthermore, forming the homology
complexes commutes with products (and coproducts).

o= e

6.3. Homotopy invariance.
Theorem 6.4. If f ~g: X =Y, then f*=g*: H*(Y;G) —» H"(X;G), for each n and G.

Proof. Write the prism [0,1] x A™ as the convex hull of points u; = (v;,0) and w; = (v;,1) in R x R*.
(Hatcher writes v; in place of w; here.) This is the union of the (n 4 1)-simplices

[0y -« vy Usy Wiy - ooy W]
for 0 < i < n, each of which is identified with

[Uo, e ,Un+1]

by the affine linear isomorphism that preserves the ordering of the vertices. Let

n

Po(A™) =Y (=1)'[ug, - .., iy wi, ..., wy]
=0
Let F': [0,1] x X — Y be a homotopy from f to g, so that F'(0,z) = f(z) and F(1,z) = g(x). The prism
operator P, : Cp(X) = Cpi1(Y) maps o: A™ — X to

n

P,(0) = Z(—l)iF(l X 0)|[wgy -y Uiy Wiy ey Wy
i=0

Here F(1 x 0): [0,1] x A™ — Y. Then
Ont1Pn 4+ Po10n = gn — fn
for all n. Let
P"! = Hom(P,,1): C""(V;G) — C"(X;G)
be the dual homomorphism, given by

n

P (¢)(0) = Z(—l)lgb(F(l X )| [ug,y - -+ Uiy Wiy .oy Wh])

=0
Then
Pn+16n 4 6n,—1Pn — gn _ fn

for all n, so that P#: C**1(Y;G) — C*(X; Q) is a cochain homotopy from g# to f#. It follows, as in the
case for homology, that the induced homomorphisms ¢g* and f* are equal. O

6.4. The universal coefficient theorem for spaces. Given any ring R, the chain complex C.(X; R) =
R ® C.(X) consists of free R-modules. For any R-module G there are natural isomorphisms

C.(X;G) =2 GEorCiX;R)
and
C*(X;G) 2 Homp(Cy(X; R),G).

Applying Theorem 4.8 to C,(X; R) we obtain the topological version of the universal coefficient theorem.
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Theorem 6.5 (Topological UCT). Let R be a free ideal ring, let X be any space, and let G be an R-module.
There are natural short exact sequences

0= G®r Hy(X;R) -5 Ho(X;G) — Tor’ (G, H,_1(X;R)) = 0
and
0 = Exth(H,_1(X;R),G) — H"(X;G) % Homg(H,(X; R),G) — 0.
Each of these admits a splitting.

Corollary 6.6. Let F' be a field, let X be any space, and let G be an F-module (= F-vector space). The
natural homomorphisms

i:Gep H(X;F) — H,(X;G)
and
h: H*(X;G) — Homp(H,(X; F),G)
are isomorphisms. In particular,
H"(X;F)~2Homp(H,(X;F),F)
is the functional dual of H,(X; F).

Ezample 6.7. H°(X;G) = Hom(Hy(X),G) = [Iy(x)G and HY(X;G) = Hom(H;(X),G). For path-
connected (X, o) this is isomorphic to Hom(m (X, 2o), G) in the category Gp.

6.5. Relative cohomology. By a pair (X, A) of spaces, we mean a space X and a subspace A C X. The
inclusion defines a chain map i: C.(A) — C.(X). We define the relative chain complex C, (X, A) as the
quotient complex, so that there is a short exact sequence of chain complexes

0 ——> Cry1(A) — > Cit (X) —L> Cr (X, 4) ——0
(9-,,,+1 8n+1 an-f—l

0> Op(A) — = O (X) — L= Cp(X, A) ——>0

00— Cp_1(A) —> Crr_1(X) —2> Cr_1 (X, A) —=0

We let C™"(X, A; G) = Hom(C), (X, A), G). Note that the free abelian group on the n-simplices in X that do

not lie in A is a subgroup of C,,(X) that maps isomorphically to C,,(X, A). Hence the latter group is free,

and each row in the diagram above admits a splitting, but the splittings do not form a chain map. It follows
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that applying Hom(—, G) to the diagram above gives a short exact sequence of cochain complexes

(5)

0——=C" X, 4;G) . C"YX;G) T C" Y A;G) ——=0

6n71 677.71 677.71

*

J

00— C™(X, A;G) C"(X;G) —s C™(A;G) ——= 0
& & &

0 — > O"(X, A;G) — = O"H(X;G) — = O" (A4, G) —— 0

Again, this splits in each degree n, but the splittings do not form a chain map. The left hand column is thus
a subcomplex of C*(X;G). Its cohomology of defines the relative cohomology groups

ker(6": C™"(X, A;G) — C"TH(X, 4;G))

HIX, A G) = HHCT X A4 6),0) = 4 5nmT 6 (X, 4G — On (X, A G))

Here the relative n-cocycles Z™(X, A;G) = ker(6": C"(X,4;G) — C"TY(X, A;Q)) are the n-cochains
¢: Cp(X) — G that vanish on boundaries and on chains in A. The relative n-coboundaries B"(X, 4; G) =
im(6"1: C"Y(X,A;G) — C"(X, A4;Q)) have the form ¢ = 9, where ¢: C,,_1(X) — G vanishes on
chains in A.

A map f: (X,A) — (Y, B) of pairs is a map f: X — Y such that f(A) C B. We may write f|[A: A — B
for the restricted map of subspaces. The chain map fu: C.(X) = C.(Y) takes C.(A) to C.(B) and induces
a chain map fx: C.(X,A) — C.(Y, B). Dually, we obtain a cochain map

[ CHY,B;G) — C*(X, A;G)
and induced homomorphisms
o HY(Y,B;G) — H"(X, A;G)
making the relative cohomology groups H"(X, A; G) contravariantly functorial in (X, A).

6.6. The long exact sequence of a pair. The long exact sequence in cohomology associated to
0 CH(X, A; Q) 25 0 (X Q) 5 0 (4:G) = 0
takes the form
s Y A) S HYXL A G) L HMXGG) D HY(A:G) s HPY(X, A G)

where the connecting homomorphism ¢ increases cohomological degree by 1. It maps the cohomology class [¢]
of an n-cocycle ¢: Cy,(A) — G to the class of YIp41: Cpy1(X) — G, where ¢: C,,(X) — G is any n-cochain
extending ¢ (so that ¢ = i = i*1)). Then 13,41 vanishes on chains in A, hence lies in C"*!(X, 4;G) C
C"t1(X;@). It is a relative cocycle, and its cohomology class is

6[¢] = [$On41] -

There is a variant of the universal coefficient theorem for relative (co-)homology, and the following com-
patibility result.
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Lemma 6.8. The square

HY(A;G) —— >~ H"™(X, A;G)

N

Hom(H,(A), G) —2— Hom(H, (X, A),G)
commutes.

((ETC: See Hatcher, pages 200-201 for a proof.))

6.7. Excision. The computability of (co-)homology largely comes from the following fact.
Proposition 6.9. For “good pairs” (X, A) the quotient map q: (X, A) — (X/A, %) induces isomorphisms
g« Ho(X, A) = Hy(X/A, %)
and
¢ : HY(X/A,%G) 2 H"(X, A;G)
for each n and G. Here * denotes the point A/A in X/A.

Here “good pairs” include the cases where X is a CW complex and A is a subcomplex of X, and, more
generally, for pairs satisfying the homotopy extension property (cf. pages 14-17 in Chapter 0). In combination
with the long exact sequence for the pair, this lets us reduce questions about X to questions about A and
X/A, which may be simpler spaces.

A closely related result is the excision theorem.

Theorem 6.10. Let Z C A C X, where the closure of Z is contained in the interior of X. Equivalently, with
B =X-—7, X is the union of the interior of A and the interior of B. Then the inclusion (X —Z,A—Z) —
(X, A) induces an isomorphism

exc: H"(X, A4; G) = HY(X - Z,A-Z;Q)
for each n and G.
The following is equivalent, with B = X — Z.

Theorem 6.11. Let A, B C X, where X is the union of the interior of A and the interior of B. Then the
inclusion (B, AN B) — (X, A) induces an isomorphism

exc: HY(X,A;G) — H"(B, AN B;G)
for each n and G.

Both statements follow from the corresponding statements in integral homology, using the naturality of
the universal coefficient theorem.

0 —— Ext(H,_1(X, A),G) H™(X,A;G) ——~ Hom(H, (X, A),G)

:i i :i

0 — Ext(H,_1(B,ANB),G) — H"(B, AN B;G) —> Hom(H,(B,AN B),G) —= 0

Proof of Proposition 6.9. For a pair (X, A), let the cone on A be
[0,1] x A
CA=""+"——
{0} x A
with vertex v. This is a contractible space. There is an embedding

1 A—CA
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taking a to (a,1). By the mapping cone of i: A — X we mean the pushout Ci = X Uy CA
A—1 X
CA——= XUy CA,

with X/A = (X Usq CA)/CA. The closure of {v} lies in the interior of C A within X Us C'A, so there is an
excision isomorphism

Ho(X Us CA— {v},CA— {v}) = H, (X Ua CA,CA),.

Furthermore, (X, A) is a deformation retract of (X Uy CA — {v},CA — {v}), so the inclusion induces an
isomorphism

Ho(X,A) =5 Hy(X Ug CA— {0}, CA— {v}).
If (X, A) has the homotopy extension property, then it follows formally that (X Us C A, CA) also has the
homotopy extension property. Since C'A is contractible, it follows (Hatcher, Proposition 0.17) that the

quotient map X Uy CA — X Uy CA/CA = X/A is a homotopy equivalence. This restricts to a homotopy
equivalence CA — CA/CA = A/A. Hence there is an isomorphism

H,(X Uy CA,CA) =5 H,(X/A, AJA).
The proof for cohomology follows the same lines. |

6.8. Reduced cohomology. For each space X we define an augmentation e: Cy(X) — Z by €(0) = 1 for
each O-simplex o: AY — X. For each 1-simplex 7: A — X we have 9 (1) = 7|[v1]—7|[v0], s0 €01 = 1—1 = 0.
Hence
o Oy(X) B (X)) 2 (X)) - Z =0
is a chain complex, with n-th homology the reduced homology group ﬁn(X ). When X = x is a point,
H,(X) = 0 for all n. For non-empty spaces X we have H,(X) = H,(X) when n # 0, and Hy(X) =
Hy(X) @ Z. For based spaces (X, xq) the composite H,(X) — H,(X) — H,(X,{xo}) is an isomorphism,
for all n.
Applying Hom(—, G) we obtain a cochain complex

0G5 x:q) 5 clx;6) 25 U X:G) = ...

where the coaugmentation 1 maps g € G to the 0-cocycle 7(g) given by o + g for each o: A° — X.
The n-th cohomology of this complex is the reduced cohomology group H "(X;G). When X = x is a
point, H"(X;G) = 0 for all n. For non-empty X we have H"(X;G) = H"(X;G) when n # 0, and
HY(X;G) =~ G ® H°(X;G). In the based case, the composite H"(X, {z0}; G) = H"(X;G) — H"(X; Q) is
an isomorphism.

The augmented chain complex e: C\(X) — Z is functorial in X, so the coaugmented cochain complex
n: G — C*(X; Q) is contravariantly functorial in X, and so are the reduced cohomology groups H "(X; Q).

There is a variant of the long exact sequence of a pair for reduced cohomology, inserting the row

0 0 0
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at the top of diagram (5). This replaces H(X; @) and H(A; Q) with H°(X; G) and H°(A; ), respectively,
but does not alter the other groups. The long exact sequence in reduced cohomology thus begins

0 HY(X, A;G) 25 BY(X;G) 5 A°(A4;G) -5 HY(X, A;G) — ... .
There is a variant of the universal coefficient theorem for reduced (co-)homology.
Proposition 6.12. For each “good pair” of spaces (X, A) there is a natural long exact sequence
s HVYAG) < HMXAG) L HMNXGG) - B4 G) < BN (XJAG) > .

6.9. The long exact sequence of a triple. By a triple (X, A, B) of spaces we mean a pair (X, A) with
another subspace B C A. There is a short exact sequence of chain complexes

0— Cu(A,B) - C.(X,B) L5 C.(X, A) = 0

and each C, (X, A) is free, so in each degree the short exact sequence of abelian groups is split. Hence the
sequence of cochain complexes

0= C*(X,A; Q) 255 OF(X, B;G) -5 C*(A, B; G) — 0
remains short exact. The associated long exact sequence in cohomology takes the following form.
o HYYA,B) S HM(X,A:G) L HY(X, By G) - HY(A, B G) -2 H"™ (X, A;G) — ...
Lemma 6.13. The connecting homomorphism
§: H'(A, B;G) — H" (X, A;G)
of the triple (X, A, B) factors as the composite
H™(A,B;G) 2 H™(A;G) -2 H™ (X, 4;G).

Proof. This is a consequence of naturality of the connecting homomorphism, for the following map of short
exact sequences.

0 ——> C*(X, 4;G) ——= C*(X, B; G) ——> C*(A, B; G) — 0

| | |

0 —— C*(X, 4;G) ——> C*(X; @) — " C*(A; @) —— 0

]

6.10. Cellular cohomology. For a CW complex X, with n-skeleton X™, the cellular n-chains are given by
Wo(X) = H, (X", X" 1),
which is a free abelian group generated by the set of n-cells in X. The cellular boundary
On: Wi(X) — W,_1(X)
is the connecting homomorphism in the long exact sequence in homology for the triple (X™, X"n~1 Xn=2),
There is an isomorphism
H,(W.(X),0) = H,(X)
for all n, which is natural for cellular (= skeleton-preserving) maps of CW-complexes.
Dually, the cellular n-cochains with coefficients in G are given by
W™(X;G) = H"(X", X" " G) — Hom(W,(X),G)
and the cellular coboundary 6"~!: W~ 1(X;G) — W"(X;@G) is the connecting homomorphism in the long
exact sequence in cohomology for (X™, X"~1 X"~2). This means that
W*(X;G) = Hom(W.(X), G)
as cochain complexes. The same proof as for homology shows that there is a natural isomorphism
HY(W*(X; G),6) = H"(X; G)
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for all n and G.

7. SEPTEMBER 14TH LECTURE

7.1. Simplicial cohomology. A A-complex X is a special kind of CW-complex, with n-cells (= n-simplices)
given by attaching copies of A"

A"_l 6An A

ba @,
@[3 i i

Xn—l Xn
in such a way that each restriction of the attaching map ¢, to each (n — 1)-face of OA™ is the characteristic
map ®3 of some (n — 1)-cell (= (n — 1)-simplex).
The cellular complex W, (X) of a A-complex is written A, (X). Dually, the cellular n-cochains W"(X; G)
are

A"(X;G) =Hom(A,(X),G)
and §: A"} X;G) — A™(X;G) is Hom(9,, 1).
The characteristic map ®: A™ — X™ C X of each n-cell in X is a singular n-simplex, which defines an
inclusion of chain complexes

0= AL(X) — Cu(X)
and this induces an isomorphism in homology:
H(X) = H,(X)

for each n. See Theorem 2.27 in Hatcher, where it is proved by induction on k that this is an isomorphism
when X is replaced by its k-skeleton X*. The conclusion then follows by passage to sequential colimits, since
the canonical homomorphisms colimy H2(X*) — H2(X) and colimy H,,(X*) — H, (X) are isomorphisms.
The last statement uses that each compact subspace of X lies in some X*.

Dually we can restrict each singular cochain to the cells in the A-complex structure, and obtain a projection
of cochain complexes

C*"(X;G) — A" (X;G) =0
which induces an isomorphism between singular and simplicial cohomology
H"(X;G) 2 HX(X;G)

for each n and G.
7.2. The cochain cup product. Let R be a ring and X a space. We introduce a cup product

U: CP(X;R) x C9(X;R) — CPT9(X; R)
satisfying the Leibniz rule

FT(PpUY) = Pp U + (—1)Po U 6%

The rule [¢p] U [¢)] = [¢ U 4] then defines a cohomology cup product

U: HP(X;R) x HY(X; R) — HP'9(X;R).

This makes C*(X; R) a differential graded ring. It also makes H*(X; R) a graded ring, called the cohomology
ring of X. If R is commutative, this is a graded-commutative R-algebra.
For any (p + q)-simplex o: APT4 — X let the front p-face be

ollvo, ..., vp): AP — X
and let the back ¢-face be
O|[Ups -y Upgql: AT — X .
Definition 7.1. Let ¢ € CP(X; R) and v € C?(X; R). The cup product ¢ U € CPT(X; R) is given by
(0 U) (o) = ¢(alvo, ..., vp]) - P(al[vp, - ., vp1q]) -
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For a A-complex X, this bilinear pairing descends to define a cup product of simplicial cochains:

CP(X;R) x C4(X; R) —2> CP*4(X; R)

| |

AP(X:R) x AY(X;R) —2> APT4(X; R).

Example 7.2. The torus X = T2 can be triangulated as follows:

The simplicial chain complex
0— Z{o,7} -5 Z{a, 8,7} S Z =0
has boundaries (o) = — v+ a, O(1) = a— v+ B and d(a) = 9(B) = 9(v) = 0.
Let ¢: A(T?) — Z be given by ¢(a) = 1, ¢(3) = 0 and ¢(y) = 1, and let : Ay (T?) — Z be given by
d(a) =0, ¢(8) =1 and ¢(v) = 1. These are both simplicial 1-cocycles.

By definition, ¢ U: Ay(T?) — Z is given by
(@UP)(0) = ¢(al[vo, v1]) - Y(ol[vr, v2]) = d(a) - ¥(B) =1-1=1
(@ U)(1) = o(7[vo, v1]) - (7 [v1, v2]) = ¢(B) - ¢p(a) =0-0=0.

On the other hand, ¥ U ¢: Ao(T?) — Z is given by
(U @)(o) = (oo, v1]) - ¢(ol[vr, v2]) = ¥ (@) - $(B) =0-0=0
(WU )(1) = p(7|[vo, v1]) - ¢(7|[v1, v2]) = ¥(B) - P(c)
Furthermore, ¢ U ¢: Ay (T?) — Z is given by
(¢ U ¢)(0) = ¢(al[vo, v1]) - ¢(al[v1, v2]) = B(e) - :
(9 U @)(7) = &(7[vo, v1]) - ¢(7[[v1, v2]) = ¢(B) - () =0-0 =
and ¥ U: Ay(T?) — Z is given by
(Y U)(0) = ¥(o][vo, v1]) - P(afvr, va]) = ¥(e) - (B) = 0 -
(Y U)(7) = (7][vo, v1]) - ¥(7[[v1, v2]) = ¥(B) - ¥(a) =1

Note that the cochain level cup product is not commutative.

Q
I
—
—
I
—

=

=
I
-
e}
I

Lemma 7.3. The cup product is associative and unital, with unit 1 € C°(X;R) corresponding to the
augmentation €: Co(X) = Z — R.

Proof. Let ¢ € CP(X;R), v € CYX;R) and § € C"(X;R). Then ((¢ Uyp)U#) and (¢ U (vp U 6)) both
evaluate to

o(ollvo, -, vp)) - Y(ol[vp, - - -, Vptgl) - (0| [Vptq, - - -, Uptgar])
on o: APTIT" — X, Similarly, ¢ U1 evaluates to
¢(al[vo, ..., vp]) - e(allvp]) = ¢(0)
on o: AP — X. The proof that 1 U = 1) is similar. |
Lemma 7.4 (Leibniz rule). Let ¢ € C?(X;R) and ¢ € C1(X;R). Then

SpUY) =dp Ut + (=1)PpU Y
in CPH1t1(X: R).
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Proof. Let o: APT4+1 — X be any (p + ¢ + 1)-simplex. Then
(0o U)(o) = (6¢)(al[vo, ., vpta]) - ¥(ol[vps1,- - - Vprgra])

= ¢(8(0|[U07 s 7vp+1])) : ¢(J|[Up+17 s 7’Up+q+1])
p+1
= Z(*l)id)((ﬂ[vo, s 7{)\1'7 s 7U;D+1]) ! ?/J(U\[Upﬂ, ey Up+q+1])

- Z(_l)igb(g“vo? TN 7U;D+1]) ’ 7/)(0‘['0;0-}-1, s aUp+q+1])

=0
(P00, s 0]) - 90ty Uprgia])
Similarly,
(@ UdY)(o) = ¢(allvo, - - -, vp)) - (6¢)(ol[vp, - - -, Vptqt1])
= (23(0‘[’00, e 7Up]) ) ¢(3(U|[Upv e 7Up+q+1]))
q+1 ‘
=D _(=Dé(allvo, ..., vp]) - ¥(ol[vp, .., Uprys - - - Vptgia])
=0
q+1
= Z(—l)j¢(0|[’007 s 7”?]) : w(o—H’UP? s 7@7 s vp+q+1])
j=1
+ é(ol[vo, - - -, vp]) - Y (o [vps1, - - - Vptgr1])
Hence
((M) U ¢)(0) + (_1>p(¢ U 61/})(0) = Z(_Digb(UHUO? ey Vi 7Up+1]) ’ w(UH’Uerl’ i 7Up+q+1])
=0
q+1
+Z p+]¢ (7| '7vp]) '¢(U|[vp’"'7@7"'”1’4'!14'1])

since the last two summands cancel. On the other hand,
p q+1

aU:Z(—l)iO’HUO,..., vp+q+1 +Z p+]0’|7}0,...,1};'\+j7...,’l)p+q+1

i=0
o)

(6(@U)) (0 )*(¢U¢)(30)

—Z ) (@UD)(allvo, .- Ty, Uprgra])
q+1
+Z p+] ¢U¢(UH’UO?'"7@7"'7vl7+q+1])

and this equals to expression above. O

Lemma 7.5. U: C?(X;R) x C4(X; R) — CPT4(X; R) restricts to pairings
ZP(X;R) x Z9(X; R) —s ZPT(X; R)
BP(X;R) x Z9(X;R) — BP*9(X;R)
ZP(X;R) x BY(X;R) — B"9(X;R).
Proof. The follows from the Leibniz rule. If ¢ and ¢ are cocycles, then §(¢ Uv) = dp Uy + (—1)Pyp U sy =
00Uy x4pU0=0,s0¢U1 is a cocycle.
If ¢ = ¢ is a coboundary and 1 is a cocycle, then §(EUv) = 66U+ (—1)P~LEUSY = pUp+(—1)P~LEU0 =

¢oUY+0=¢U1 is a coboundary. The third case is similar. |
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7.3. The cohomology cup product.
Definition 7.6. Let x = [¢] € HP(X; R) and y = [¢] € HY(X; R), where ¢ and ¢ are cocycles. Then
sUy = [pUy] € HTI(X:R).

This is well-defined by the previous lemma, and is clearly bilinear, associative and unital, since the cochain
level cup product has these properties.
When X is a A-complex, the cup product in singular cohomology descends to simplicial cohomology.

HP(X;R) x H1(X; R) —2> HP*(X; R)

:l lu

HR(X;R) x HL(X; R) —— HX™(X;R).

Ezample 7.7. Let X = T? as in the previous example. We have H{(T?) = Z, HA(T?) = 72 generated by
the classes [a] and [B], and HZ(T?) = Z generated by [0 — 7]. Note that [y] = [a] + [3].

It follows that HQ (T?%; R) = R is generated by the unit 1, HA (T?; R) = R? is generated by classes a = [¢)]
and b = [¢p]. The cup product ¢ U 1) evaluates to

(U)o —T)=1-0=1
on the generating 2-cycle. Hence a Ub = [¢ U )] evaluates to 1 on [0 — 7], and is therefore a generator of
H3(T?; R) = R. Hence
H*(T?%; R) = HA(T* R) = R{1,a,b,a U b}
with @ and b in degree 1. Furthermore, ¢ U ¢ and ¢ U evaluate to 0 on 0 — 7, s0 aUa =0 and bUb = 0.
Finally,

(U)o —7)=0-1=-1

so bU a is the negative of a U b.

It follows that if f: T2 — T2 induces f,: Z? = H,(T?) — H,(T?) = 72 with (2 x 2 integer) matrix A4, then
[ 7% = HY(T?) — HY(T?) = Z? has matrix A, and f*: H*(T?) — H*(T?) and f.: Ho(T?) — Ho(T?)
are given by multiplication by det(A). Hence f has (Hopf) degree det(A).

8. SEPTEMBER 16TH LECTURE
Example 8.1. The projective plane X = RP? can be triangulated as follows:

«@
-

4

R

B

E<x<——¢c

The simplicial chain complex
0— Z{o, 7} -5 Z{a, 8,7} -2 Z{v,w} — 0

has boundaries d(c) = —a+v, (1) =a— L+, 0(a) = I(B) = w —v and J(y) = 0. With R = Z/2
we get H5(RP2;Z/2) = 7/2 generated by [v] = [w], H®(RP?;,Z/2) = Z/2 generated by [y] = [a + 3], and
H% (RP?;7Z/2) = 7,2 generated by [0 + 7].
Let ¢: A;(RP?) — Z/2 be given by ¢(a) = 1, ¢(3) = 0 and ¢() = 1. Then ¢ is a simplicial 1-cocycle.
By definition ¢ U ¢: Ag(RP?) — Z/2 is given by

(@U@)(0) = ¢(al[vo, v1]) - p(ol[vr, v2]) = ¢(7) - #(8) =1-0=10
(@U)(1) = ¢(7l[vo, v1]) - B(Tl[v1,v2]) = ¢(7) - pla) =1 -1 =1.
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It follows that HR (RP?;7Z/2) = Z/2 is generated by the unit 1, and H} (RP?;7Z/2 is generated by a = [¢],
which evaluates to 1 on [y]. Furthermore, a Ua = [¢ U ¢] evaluates to 1 on [0 + 7]. Hence a U a generates
H3(RP?Z/2), so that

H*(RP?7Z/2) = HA(RP* 7Z/2) = Z/2{1,a,a®}
with a in degree 1.

8.1. Relative cup products. Consider a triple (X; A, B). If ¢ € CP(X; R) vanishes on simplices in A and
1 € C(X; R) vanishes on simplices in B, then ¢U1) € CPT9(X; R) is zero on simplices in A and on simplices
in B. Hence the cochain cup product restricts to a pairing

U: CP(X, A; R) x CY(X,B;R) — CP*9(X; A+ B; R)

where C*(X, A+ B; R) = Hom(C, (X, A+ B), R) with C,,(X, A+ B) = C.(X)/(C«(A) + C.(B)). We obtain
an induced birelative cup product in cohomology:

U: H?(X,A;R) x HY(X,B; R) — HP™(X; A+ B;R)
In many cases the inclusion C,(A) + C.(B) C C.(AU B) is a quasi-isomorphism. For instance, this follows
from the Excision Theorem if A and B are open in AU B. Then C.(X,A+ B) — C.(X,AU B) and
C*(X,AU B;R) —» C*(X,A + B;R) are quasi-isomorphisms, so that we can rewrite the birelative cup
product as
U: HP(X,A;R) x HY(X,B; R) — H?"%(X; AU B;R).
In particular, there are always relative cup products
HP(X,A;R) x H1(X; R) — HP"(X; A; R)
HP(X;R) x HY(X,B; R) — HP"9(X; B; R)
HP(X,A; R) x HY(X, A; R) — HPT(X; A; R).
8.2. Naturality.
Lemma 8.2. The cochain cup product is natural.

Proof. For any map f: X — Y and ring R, the assertion is that the following diagram commutes.

CP(Y;R) x C4(Y; R) —2> CPY9(Y; R)

f#Xf#J/ if#

CP(X;R) x C9(X; R) —= CPT4(X; R)
so that
FHoUd)=fFoufy.
This follows by direct computation, for any p + g-simplex ¢ in X:
FH@U)(o) = (9 UY)(fo)

= ¢(follvo, ..., vp]) - Y(flol[vps -, Vptql)

= (f7o)(olvo, - vp) - (FF ) (0[vps - -, Uprg])

= (fFou f*4)(0).
The following diagram may be equally clear.

AP

apply ¢
fm

Ap+q4">X4f>y

A4

apply ¢
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Proposition 8.3. The cohomology cup product is natural, so that
fflzuy)=fraufy

in H*(X;R) for f: X =Y and z,y € H*(Y; R).

Proof. The assertion is that the following diagram commutes.

H?(Y;R) x HY(Y; R) —~> H?t9(Y; R)

f#Xf#J/ lf#

HP(X;R) x HY(X; R) —> HP™(X;R).
This follows by passage to cohomology classes from the cochain statement. |

8.3. The Alexander—Whitney diagonal approximation. With good sign conventions, there is an
Alexander—Whitney chain map

AW: Cu(X) — Co(X) ® Co(X)

given on an n-simplex o by

AW (o) = > ol[ve,. .., 0p] @ 0|[vp, ..., Vpsyg] -

ptg=n

Under the Eilenberg—Zilber chain homotopy equivalence C,(X) ® Cy(X) ~ C.(X x X), this corresponds
to the chain map Ay: C(X) — Cu(X x X) induced by the diagonal A: X — X x X. Given cochains
¢: Cp(X) = R and ¢: Cy(X) — R we can then form the composite

Cora(X) 57 0,(X) 0 Cy(X) E8 RO R — R

and this defines ¢ U 1.
The cocommutativity of the diagonal is reflected in the graded cocommutativity of the cup product.

8.4. Graded commutativity. A 0-cocycle ¢: Ag(X) — R is the same as a function X — R. For another
0-cocycle 9 the cup product ¢ U equals the product of these two functions, since (¢ U ) (o) = ¢(o) - (o)
in this case. As for the rings of functions on spaces, this product is commutative when R is commutative.
We have seen in examples that the cup product of cocycles of higher degree needs not be commutative.
However, this problem disappears when we pass to cohomology classes.

Theorem 8.4. Let R be commutative. Then

rUy=(—1)PlyUx
in HPT9(X; R), for x € HP(X;R) and y € HY(X; R).
Proof. The permutation of {0,1,...,n} sending i to (n — i) has sign €, = (=1)""*1/2_ We note that
€p€q = (—1)P%€ptq. Let

p: Cr(X) — Cr(X)
be given by

p(o) = enol[vn, ..., v0].

Here o|[v, . . .,v9] denotes the composite

A" S5 A" T X
where the first affine linear isomorphism sends v; to v,,_; for each 0 <1i < n.

We first show that p: C\.(X) — C.(X) is a chain map. Then we construct a chain homotopy Q: Cy(X) —
Cy11(X) from p to the identity of C,(X). We obtain a chain map p*: C*(X; R) — C*(X; R) and a chain
homotopy Q* from p* to the identity of C*(X; R).
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For cocycles ¢ € CP(X; R) and ¢ € C(X; R) it then follows that ¢ U is cohomologous to p*(¢) U p*(¢).
Furthermore,

(p* () Up* () (o)

p* (@) (oo, -, vp]) - p* (W) (o l[vp, -, Vpta))
o(p(ol[vo, - - -, vp])) - ¥(p(o][vp, - - -, Vptq]))

p&(

DPeprqp(o|[vp, - -, vo]) - ¥(0][vpsg, - - - vp))

(-1)
(=1 eprq¥p(ol[vptq, - - - vp]) - @(o][vp, - .., v0])
(-1)
(-1)

g

[Vps -+ -5 v0]) - € (|[Vptqs - -5 Vp))

DPepyq(v U @) (0][vprgs - - - »v0])
Py U ¢)(p(a))
= (=D)"(p" (v Ug))(o).

Hence p*(¢) U p* () = (—=1)P2p*(¢p U @), which is cohomologous to (=1)P4p U ¢. If & = [¢] and y = [¢)] we
can conclude that

tUy=[pU¢] =[(-1)"YpUg] = (-1)"yUz,
as claimed.
To check that p is a chain map, we see for any n-simplex o that

n

Ap(0) =Y (=)' enolfon, - Ty, 0]
i=0
is equal to

P —En 12 O"Un,...,’@,...,vo}

since €, = (—1)"€,_1.
To check that p is chain homotopic to the identity, we use the twisted prism operator Q: C.(X) —
C*+1(X)7 given by

n

Qo = (1) 'en_im(l x 0)|[uo, .. ., Ui W, . .., wi]
i=0
where 7m: I x X — X is the projection. Direct calculation shows that 9Q + QJ = p — 1. See Hatcher, pages
211-212. O

8.5. The cohomology ring. We view the cohomology groups H"(X; G) for varying integers n as a graded
abelian group. This can be interpreted as a sequence

HY(X;G) = (H"(X;G))n

of abelian groups, with H™(X;G) in degree (or dimension) n. Alternatively, it can be considered as a single
abelian group

P E"(x;6)
together with the data specifying this sum decomposition, so that a general element a is given as a finite

sum
a= E an
n

with a, € H"(X;G). Sometimes it is more convenient to consider the single abelian group
[[2"(Xx:6)
n

together with the data specifying this product factorization, so that a general element « is given as sequence
(an)n or a formal sum
0= a,
n

with a,, € H"(X; G). Let us concentrate on the first point of view.
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For any ring R we can view each H"(X; R) as a left (or right) R-module. The cup products

U: HP(X;R) x HY(X; R) — HP*1(X;R)

are then R-bilinear, and factor through the tensor product
U: HP(X;R) ®r HY(X; R) — HPTI(X;R).
We define the tensor (= convolution) product of the two graded R-modules M* and N* to be the graded
abelian group M* @ g N* = (M ®@r N)* with
(M@rN)"= @ MP@rN?.
ptg=n

The cup product then corresponds to a homomorphism

U: H(X;R)®r H*(X;R) — H*(X; R)
given in degree n as the sum

u: € HP(X;R)®r H)(X;R) — H"(X;R)
ptg=n

of the cup products from degree p and ¢ to p+ q = n.
If R is commutative then these are R-modules and R-linear homomorphisms. The tensor product of
graded R-modules is then symmetric monoidal, in the sense that there are isomorphisms

RpM*2M"=2M"®QrR
T:M*"Qr N* = N*Qr M*

satisfying some standard coherence compatibilities, including the Mac Lane pentagon and hexagon. Here we
focus on the graded symmetric structure, where 7 is given by

Trey) =DMy

for z € MP and y € N9. We suppress the other two isomorphisms from the notation, treating them as
identities. We have shown that the following diagrams commute.

H*(X;R) @ H*(X;R) ®r H*(X; R) —2% H*(X;R) @ H*(X; R)

1@% i

H*(X;R)®pr H*(X; R) H*(X;R)

Rop H*(X; R) 2% H*(X:R) @ H*(X; R) <2 H*(X;R) ®r R

I

H*(X;R)

H*(X;R)®r H*(X; R) “(X;R) @r H*(X; R)

This shows that the cup product makes H*(X; R) a commutative monoid in the category of graded R-
modules, which is what we call a graded commutative R-algebra. Furthermore, this structure is natural
in X.
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9. SEPTEMBER 21ST LECTURE

Ezample 9.1. We will show that H*(RP*;Z/2) = Z/2[z] with = in degree 1, and H*(RP™;Z/2) =
Z/2[z]/(z™*1). These are the polynomial Z/2-algebra and truncated polynomial Z/2-algebra of height n+1,
respectively, on one generator x in degree 1.

Similarly, H*(CP>;Z) = Z[y] with y in degree 2, and H*(CP™,Z) = Z/2[y]/(y"*1). These are the
polynomial Z-algebra and truncated polynomial Z-algebra of height n + 1, respectively, on one generator in
degree 2.

Furthermore, H*(S™;Z) = Z[1,)/(12) = Az[tn] with ¢, in degree n. This is the exterior algebra on one
generator in degree n.

9.1. Tensor product of graded algebras. Let R be commutative. If A* and B* are graded R-algebra,
we define their tensor product to be A* @ p B* = (A ®p B)*, given in degree n by

(Aeg B)" = @ A?@r B?.

ptg=n
The multiplication on A* ® g B* is given by
(1 ®@y1) - (2 ®@y2) = (1) T 2120 @ Y12
where o € AP? and y; € B%. This is the composite homomorphism
A*®p B* @ A* @ B* '¥8' A* @5 A* @5 B* @ B* ©2% 4" @ B,
where now ¢: A* @ g A* — A* denotes the product in A*, and likewise for B*.
Ezxample 9.2. The tensor product
R[z1) ®r - ®r R[z,]) & Rlz1, ..., z,)

of n polynomial algebras on generators zi,...,x,, all in even degrees, is the polynomial algebra on n
generators. It has a basis given by the monomials

with ¢1,...,4, > 0. We shall see that there is an isomorphism of graded algebras
H*((RP®)YZ/2) 2 7Z/2[x1,. .. ,xy]
with each z; of degree 1, and an isomorphism

with each y; of degree 2.
The tensor product

AR[xl] QKR - QR AR[CCn] = AR[.I'l, . 7xn}
of n exterior algebras on generators x1,...,x,, all in odd degrees, is the exterior algebra on n generators. It
has a basis given by the 2" monomials
xil Coe gl
with 41,...,4, € {0,1}. Equivalently, these are the monomials
Tjy o Ty

with 1 < j; <--- < ji < n, for 0 < k <n. Note that 1"12 =0 and z;x; = —x;x;, for all ¢ and j. We shall see
that there is an isomorphism of graded algebras

H*(S™ x -+ x 8% 2 Aylea,, - ta,]
when each d; is odd.

Lemma 9.3. If A* and B* are graded commutative R-algebras, then so is A* @ B*.
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Proof. We need to check that
(21 @ 1) - (32 ®y2) = (=1)* T 2172 @ Y12
equals
(—1)PrFa)P2ta2) () @ ) - (21 @ yy) = (—1)PrHa)Petaz) ()P0 00 @ g9
= (—1) P ) (1) P (1), © gy,

which is clear. O

9.2. Tensor product of chain complexes. We make a quick survey of results of Section 3.B. Let R be a
commutative ring. If (A, 0) and (B, 0) are chain complexes of R-modules, we define their tensor product
(A ®p B, ) to be given in degree n by

(A ®Rr B)n = (A* QR B*)n = @ Ap QR Bq
ptg=n
with boundary 9: (A®pg B),, — (A®pr B)n—1 given by the Leibniz rule
0(a®b)=0a®b+ (—1)’a ® Ob

for a € Ay, b € B,;. Then 8% = 0, so this defines a chain complex.
If X and Y are CW complexes, then X x Y is a CW complex with n-skeleton

(X xy)"= ) XPxve.
p+g=n
We build (X x Y)” from (X x Y)"~! by attaching D? x D? along
O(D? x D) = 0DP x DTU DP x 9D1
for each p-cell e? in X and each g¢-cell e% in Y, where p 4+ g = n.
O(DP x D1) —— DP x D1
(i)QX@ﬁU@aX(bﬁl l‘l’axq’ﬁ
(X xY)" ! —= (X xY)".
We get an isomorphism of cellular chain complexes
X: Wo(X)@W, (Y)W, (X xY).
(Here R = Z.) In degree n this is
@ Z{p-cells in X} ® Z{g-cells in Y} = Z{n-cells in X x Y}
ptg=n
taking ek, and e to the cell €(,5) With characteristic map ®o x ®5. The boundary on the left hand side is

defined to correspond to the boﬁndary on the right hand side, so that this becomes an isomorphism of chain
complexes.

9.3. The algebraic Kiinneth formula. The universal coefficient theorem gave a split short exact sequence
0= G &g Hy(C,) = H, (G ® C,) — Tor®(G, Hu_1(C,)) — 0

for free ideal rings R, arbitrary R-modules G and free R-module complexes (C\, ).
A similar proof establishes the algebraic Kiinneth theorem.

Theorem 9.4. Let R be a free ideal ring, and let (A.,d) and (B, 0) be free R-module chain complezes.
There is a natural short exact sequence

0 P Hy(A) @ Hy(B.) — Ho(A, @ B.) — P Tor™(H,(AL), Hy(B.)) — 0
p+g=n p+q=n—1

in each degree n. Here i maps [x] ® [y] to [x ® y|, for cycles x € A, and y € B,. The sequence splits, but
not naturally.
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If the Tor-term vanishes we get a Kiinneth isomorphism. This always happens if R is a field.

Corollary 9.5. Let F be a field, and let (Ay,0) and (By,0) be F-module chain complexes. There is a
natural isomorphism

it Ho(A,) ®p Hy(B,) — H,(A, ®p B,).

9.4. The topological Kiinneth formula. Applying the algebraic theorem to cellular chain complexes
gives the following topological theorem.

Theorem 9.6. Let R be a free ideal ring, and let X and Y be CW complexes. There is a natural short exact
sequence

0= €P Hy(X;R)®r Hy(Y;R) = Ho(X xY;R) — @  Tor(H,(X;R), Hy(Y; R)) =0
pt+g=n p+q=n—1

in each degree n. The sequence splits, but not naturally.
We call x the homology cross product.

Corollary 9.7. Let F be a field, and let X andY be CW complexes. There is a natural isomorphism
x: H,(X;F)®p Hy(Y;F) — H (X x Y; F).

9.5. The Eilenberg—Zilber theorem. For singular homology, it is not true that C.(X) ® C,(Y) is iso-
morphic to C,(X x Y). However, each n-simplex in X x Y has the form

0=(o,7): A" — X xY
where 0 = m0: A" - X and 7 =7m0: A" - Y. Herem;: X XY — X and mo: X XY — Y are the projec-
tions, i.e., the structure maps of the product. We can define an Alexander—Whitney chain homomorphism

AW: C.(X X Y) — C4(X) @ C.(Y)

mapping Cp,(X xY) to
P cxec, )
ptg=n
by

AW(O) = > ollve,. - 0p] @ T|[vp, -, vpql

pt+q=n

We can also define an Eilenberg—Zilber (or Eilenberg—MacLane) chain homomorphism
EZ: CiX)C(Y) — Ci(X xY)

given by

EZ(c@71)=> (=1)"(0 x 7)lx

T

for o0: AP — X and 7: A? — Y. Here 7 ranges over the (p,q)-shuffles, which are the permutations of
1,2,...,n that preserve the ordering of 1,...,pand of p+1,...,p+ ¢ =n. We write (—1)™ for the sign of
this permutation. The notation ¢, refers to an affine linear map

et A" — AP x A1
and (o x 7)l;: A" — X x Y. As « varies the £, give the n-simplices of a A-complex structure on AP x A9,
Theorem 9.8 (Eilenberg—Zilber (1953)). AW and EZ are chain homotopy inverses, inducing isomorphisms
AW,: H (Co(X xY) 2 H, (CL.(X) R C(Y)): EZ, .

It follows that the topological Kiinneth formula applies to all spaces X and Y, not only CW complexes.
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Remark 9.9. For each prime p and natural number n, Jack Morava constructed a generalized homology
theory K (n).(—), called the n-th Morava K-theory, with coefficient ring K (n). = K(n).(point) = F,[v!],

n

where |v,| = 2(p™ — 1). The implicit prime p is not shown in the notation. This is a graded field, and the
Kiinneth isomorphism also holds for this theory:

X2 K(n).(X) @xcny. K(n).(Y) = K(n).(X x Y).

The corresponding cohomology theory is complex oriented, and has an associated formal group law of
height n. This is the origin of chromatic homotopy theory. As a consequence of the nilpotence theorem
of Ethan Devinatz, Mike Hopkins and Jeff Smith, these are essentially the only examples of homology
theories with a Kiinneth isomorphism for all spaces X and Y. Together with the ordinary homology theories
K(0).(X) = H.(X;Q) and K(00)+«(X) = H.(X;F,), these are the primes or points of a stable homotopy
theoretic “thickening”

Spec S «— SpecZ

of the algebraic prime ideal spectrum of the integers.

10. SEPTEMBER 23RD LECTURE

10.1. The cohomology cross product. Instead of working out the combinatorics of the Eilenberg—Zilber
shuffle pairing, we follow Hatcher’s Section 3.2 and give a proof of a Kiinneth theorem in cohomology that
emphasizes the axiomatic description of cohomology theories. This sidesteps some issues that would arise
from the (over-)simplified sign conventions we use for the coboundary § and the evaluation of tensor products
of cochains on tensor products of chains, i.e., §¢ = ¢ and (¢ @ ¥)(a ® 8) = ¢(a) ® P (S).

Let X and Y be spaces, and R any ring. Our aim is to analyze the cohomology of X x Y. We can use
the cup product in X x Y to create a cohomology cross product

x: HP(X;R) x HY(Y;R) — H?"9(X x Y} R).

Letting m1: X XY — X and m2: X XY — Y be the projections given by m(z,y) = « and ma(z,y) =y, this
is defined by the formula

zxy=mi(z)Umy(y).

Equivalently, this is the composite
HP(X;R) x HY(Y; R) "5 HP(X x Y; R) x HI(X x Y; R) % HP(X x Y;R).

More explicitly, for p + ¢ = n an n-simplex in X x Y has the form

(o,7): A" — X xY
with ¢ = m(0,7) and 7 = ma(o,7). For ¢ € CP(X;R) and ¢ € C4Y;R) the cochain cross product
¢ x 1 € CPTI(X x Y;R) is given by

((b X ¢)(07 T) = ¢(U|[U0a R 7UZJ]) ' w(THUPa s avp'i‘Q]) .

This can be illustrated as follows.

apply ¢

AP X
f& /
Arta Oy .y
=N
A4 Y
apply ¢

Since the cross product is R-bilinear, we can equally well give it as a homomorphism
x: HP(X;R) ®g HY(Y; R) — HP*9(X x Y; R)
and to combine these for p + ¢ = n to a homomorphism

x: H(X;R)®@r H*(Y; R) — H*(X xY; R)
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of graded abelian groups.

Lemma 10.1. When R is commutative,
x: H*(X;R)®p H*(Y;R) — H*(X x Y} R)
is a homomorphism of graded commutative R-algebras.
Proof. This follows by direct calculation from the definition of the product on H*(X; R) ® g H*(Y; R), and

the graded commutativity of the cup product in H*(X x Y; R). See page 216 in (the revised Section 3.2 of)
Hatcher. ]

10.2. The cohomology Kiinneth theorem.
Theorem 10.2. Let R be any ring and let X and'Y be CW complezes. Assume that H1(Y; R) is a finitely

generated and free R-module, for each q. Then
x: H(X;R)®@r H*(Y; R) — H*(X xY; R)
is an isomorphism.
This confirms the claims in Example 9.2. It suffices that H4(Y; R) is a finitely generated and projective
for each ¢, and it is not necessary that X and Y are CW complexes.
To prove this formula, we view Y as fixed, and view
h'(X)= @ H"(X:R)@r H'(Y;R)
pt+g=n
and
E"(X)=H"(X xY;R)
as contravariant functors in X. The cross product then defines a natural transformation
px: h"(X) — k"(X)

that we wish to show is an isomorphism. This is clear when X is a point. The plan is to proceed by induction
over the terms in the skeleton filtration of X. To facilitate the inductive step, it is best to formulate a relative
version of the result, for arbitrary CW pairs (X, A). Hence, let

WX, A)= @) HP(X,A;R)®r H'(Y;R)
ptg=n
and
(X, A) = H"(X xY,AxY;R).
Definition 10.3. A cohomology theory E* on CW pairs is a sequence of contravariant functors
E": (X,A)— E™"(X,A)
(with E™(X) = E™(X,0)) and natural transformations
Sx,a): E"(A) — E"TH(X, A)

satisfying homotopy invariance, excision, exactness and the sum axiom.

(1) If f~g: (X,A) — (Y, B) are homotopic maps then f* = g*: E*(Y,B) — E*(X, A).

(2) If X = AU B is a union of subcomplexes, then (B,AN B) — (X, A) induces an isomorphism

E*(X,A)~ E*(B,ANB).
(3) The sequence
ErHA) 2 Brx, A) 2 Brx) D Bra) <L ERY(X, A)

(with i: (A,0) — (X,0) and j: (X,0) — (X, A) the inclusions) is exact for all n.
(4) The inclusions X, — ][], X« induce an isomorphism

o

EX(J] Xa) = [] B*(Xa).
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Let

5:h"(A)= @ HP(A;R)@gr HU(Y;R) Dogt @ HTU(X, A R) @r HI(Y; R) = b (X, A)
p+qg=n ptg=n

be induced by the connecting homomorphisms §: HP(A; R) — HPT1(X, A; R) and let
§: H'(AXY;R) — H" "X xY,AxY;R).

be the connecting homomorphism of the pair (X x Y, A xY).

Proposition 10.4. A" and k™ are cohomology theories.

Proof. This is mostly straightforward; see pages 217-218 in Hatcher. The hypothesis on H*(Y; R) ensures
that

HP"\(4; R) @ HU(Y; R) "2 HP(X, A; R) ©r HY(Y; R) =% HP(X;R) ®©p HI(Y; R)
9L HP(A;R) @ HU(Y; R) °2 HP*1(X, A;R) @ HY(Y; R)
is exact, and that the canonical morphism

([T H?(Xa; R) ©r HI(Y; R) — [[ H(Xa: R) ©r HI(Y; R)

is an isomorphism. O
Definition 10.5. A morphism p: E* — F* of cohomology theories on CW pairs is a natural transformation
nex,a): B (X A) — FP(X, A)

that is compatible with the coboundaries, in the sense that the square
E™(A) —2> EntL(X, A)
NA\L B(x,A)
F(A) —>= FrHl(X, A)

commutes for each n.

The relative cross product
HP(X, A; R) @ HI(Y; R) ™25 HP(X x Y, Ax Y;R)®@r H/(X x Y, Ax Y;R)

L HPH(X x YV, AX Y;R)

defines a natural transformation

H(x,A): hn(X, A) — kn(X, A) .
Proposition 10.6. p: h* — k* is a morphism of cohomology theories.

Proof. This amounts to checking the commutativity of the following square.

H?(A; R) @ HY(Y; R) —>> HP"'(X, A; R) ©r HY(Y; R)

HP (A XY;R) — > HP*1(X x YV,A x Y R)

O

Proposition 10.7. If a morphism p: E* — F* of cohomology theories is an isomorphism for (X, A) =
(point, D), then it is an isomorphism for all CW pairs (X, A).
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Proof. By the diagram

L %

Er1(X) s Er1(A) s En(X, A) s Er(X) —C s En(A)

Mxl HA\L M(X,A)l Hxi HAl

Fr=1(X) s Fr=1(A) —2 s Fr(X, A) —L > F?(X) ——> F(A)

and the five lemma it suffices to prove this for A = . We next prove the case of m-dimensional CW
complexes X = X, by induction on m. By the diagram

En—l(xm—l) 4 En(Xm,Xm—l) J En(xm) i En(XnL—l) 4 En+1(Xm’Xm—1)

,uxm1l H(X7n,xwll)l Mxml /LXmll N(Xm,xml)i
*

anl(mel) 4 Fn(Xm’mel) J 5 Fn(Xm) i Fn(mel) J Fn+1(xm7Xm71)
and the five lemma it suffices to prove that u is an isomorphism for (X, A) = (X™, X™~1),
Let ®: [[,(D™,0D™) — (X™, X™" 1) be the characteristic maps of the m-cells in X. By excision and
the sum axiom, the horizontal arrows in the following diagram are isomorphisms.

Er(xX™, xm-1) 25 pn([] (D™, 0D™)) — [[,, E*(D™,6D™)

”i Ml iﬂa Iz
Fn(Xm,mel) L_ Fn(Ha(Dm, 3Dm)) . Ha F”(Dm,aDm)

Hence it suffices to verify that ypm spm) is an isomorphism. In the first diagram above, 4 is an isomorphism
by the inductive hypothesis for A = 9D™, and px is an isomorphism by homotopy invariance and the case
of a point for X = D™. The result then follows by the five lemma.

In the case E* = h* and F* = k*, this suffices to complete the proof, since h”(X) = h™(X™) and
EM(X) 2 E™(X™) for m > n.

In general, we use the Milnor lim-lim' sequence of Theorem 3F.8. This is a natural short exact sequence

0 — lim'E""1(X™) — E"(X) — lim E"(X™) = 0

for any cohomology theory E*. Since pxm: h™(X™) — k™(X™) is an isomorphism for all n and finite m,
it follows that lim,, A"~ (X™) — lim,, k"~'(X™) and lim,, h"(X™) — lim,, k*(X™) are isomorphisms.
Hence px: h™(X) — h™(X) is also an isomorphism. O

There are variants~of this Kiinneth theorem for relative cohomology, and for reduced cohomology. When
Y = S* is a sphere, H*(S*) is Z concentrated in degree k, and
A: HP(X) @ HF(S%) =5 HPF(X A SF)
is an isomorphism. This agrees with the k-fold (right) suspension isomorphism

of s B (X) =2 H Y (X ASY) = .. = R (X A SF).

11. SEPTEMBER 28TH LECTURE

11.1. Cohomology of projective spaces. The following calculation forms the basis for many other coho-
mology computations.

Theorem 11.1.
(1) H*(RP>;Z/2) = Z/2[x] and H*(RP™;Z/2) = 7/2[z]/(x™*1), where |z| = 1.
(2) H*(CP>)=Zly] and H*(CP") = Z[y)/(y"""), where |y| = 2.
(3) H*(HP>) =2 Z[z] and H*(HP™) = Z[2]/(2" 1), where |z| = 4.
(4) H*(OP™) = Z[w]/(w™T), where n € {0,1,2} and |w| = 8.
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Proof. We discuss the complex case. Recall the CW structure
CP"=e"Uelu...ue

where the 2n-cell is attached by the canonical map ¢: S?"~! — CP"~! taking a unit vector z = (2, ..., 2n_1)
in $27~1 C C" to the complex line L = Cz C C", viewed as a point in CP"~ 1.

SQn—l D2n

¢>i icb
Ccpr—! —sCPpP"

The long exact sequence of the pair (CP™, CP"~!) simplifies to isomorphisms
i+ H*(CP") = H*(CP™ ")
for k # 2n and an isomorphism
j*: Z = H>*(CP",CP""') = H*"(CP")

in the remaining degree.
The result is clear for n € {0,1}. Let n > 2 and suppose by induction that H*(CP"~1) = Z[y]/(y"™) with
ly| = 2. Choose y € H2(CP™) restricting by i* to the generator y € H2(CP"~!). Then

H*((C-Pn) - Z{layv"'ayn717yn}

except possibly in degree y". To finish the proof, we need only show that y™ generates H**(CP"™). For this,
it certainly suffices to show that the cup product y* Uy’ generates H2"(CP"), where 0 < i < n and i+j = n.

Roughly speaking, this will be established by expressing this cup product in cohomology as an intersection
product in homology. The submanifold CP? C CP" is dual to the cohomology class y?. Similarly, an
“opposite” submanifold CP7 is dual to %*. The intersection CP? N CP/ is a single point, dual to y™. Since
the class of a point generates Ho(CP"), it follows that y" generates H>"(CP™). As stated, this relies on the
Poincaré duality between homology and cohomology, and the fact that this duality takes the intersection
product to the cup product. We instead follow (Dold and) Hatcher and give a direct proof.

We view CP" as the space of complex lines in

ctl=CloCapC.

The lines in C*®©C @0 = C**! then define a subspace CP? C C"*!, and the lines in 0 CH C7 = C/*+! define

a subspace CPJ ¢ C™t!. The latter embedding is not the one from the skeleton filtration: The intersection

CP*NCP/ = {p} is the point given by the line 0 & C & 0 C C"*L. See the figure on page 220 of Hatcher.
Note that CP~1 N CP? = (). The inclusion

cp!' = cpr-cCp?

is a homotopy equivalence. To see this, construct a retraction sending

[20: - 2n] =C(z0y...,2n)
with (29,...,2i—1) # 0 to
[20: " :2-1:0:---:0=C(z20,-..,2-1,0,...,0).
This is a deformation retraction, in view of the homotopy given for ¢ € [0,1] by sending [z : - - - : 2] toO
[20 1 - zim1 1tz etz

When i = n and j = 0 this simplifies to the deformation retraction CP™ — ®(0) — CP"~! obtained by
radially deforming D?" — 0 to 0D?". It follows that

H*(CP",CP" — CP’) = H*(CP",CP'™)
is an isomorphism. In degree 2i, cellular cohomology tells us that

H¥(CP",cP~Y) = HY(CPY)
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is an isomorphism. Hence the upper vertical maps in the commutative diagram

H?(CP™) ® H% (CP™) = H2"(CP™)

|

H%(CP",CP" — CPY) @ H¥(CP",CP" — CP') —Ls H2"(CP",CP" — {p})

|

H2(Cm, (C' - 0) x C7) @ H% (C",C! x (CI — 0)) —=—= H2"(C",C" — {0})

* *
T QT
1 2
/

H2(CH,C — 0) @ HY (T, C7 - 0)

are isomorphisms. Restriction over C* = CP™ — CP"~! C CP" gives the middle vertical arrows. The lower
triangle is the definition of the relative cross product, which we know is an isomorphism by the Kiinneth
theorem for (X, A) = (C*,C*—0) and (Y, B) = (C/,C/ —0). The maps 7} and 7} are isomorphisms, because
C7 and C? are contractible. It remains to prove that the middle vertical maps are isomorphisms. At the
right hand side, this follows by the excision theorem for Z = CP"~! ¢ A = CP" — {p} C X = CP™. At the
left hand side, it follows from the commutative diagram

o

Hzi(CP”,(CPifl) H%((CPZ',(CPFl)

”T Tu

H?(CP",CP" — CPJ) — H?*(CP',CP! — {p})
H2(C™, (Ci — 0) x C) ——= H2(C!,Ci — 0)

It follows that U: H?(CP™)® H? (CP™) — H?*"(CP") is an isomorphism, so y*Uy’ generates H>"(CP").
The case of H*(CP>) follows, since H*(CP>) — H*(CP™) is an isomorphism for k < 2n + 2. O

Definition 11.2. A real division algebra is a real vector space V' with a bilinear pairing -: V' x V — V such
that  +— u - v is an isomorphism for each v # 0, and v — u - v is an isomorphism for each u # 0. If V is
finite-dimensional, then this is equivalent to the condition that w-v =0 only if u =0 or v = 0.

Ezample 11.3. The real numbers R, complex numbers C = R{1,i}, quaternions H = R{1,4,j,k} and
octonions O = R® are examples of real division algebras. Here i2 = —1 in C and

==k =—-1ij=k=—ji,jk=i=—kj,ki=j=—ik
in H.
Theorem 11.4 (Heinz Hopf, 1940). If R™ admits the structure of a real division algebra, then n = 2 for
some 1 > 0.
Proof. Let -: R™ x R™ — R" be a bilinear pairing, with u - v # 0 for v # 0 and v # 0. The restricted map
-+ (R —{0}) x (R" —{0}) — R" — {0}
then induces a map
h: RP" ! x RP"™' — RP" L.
Its restriction RP™™! x {q} — RP"! is a homeomorphism for each ¢ € RP"~!. Likewise, its restriction

{p} x RP""! — RP"! is a homeomorphism for each p € RP"~1.
RP™ ! x {q} —>RP" ' x RP* ! < [p} x RP"!

g
RP"!
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Using the Kiinneth theorem, we get a graded Z/2-algebra homomorphism

h*: Z/2[z](z") = H*(RP" 4 Z/2) — H*(RP"' x RP"1,7/2)

> H*(RP"1Z/2) ® H*(RP" Y 2/2) = 2/2[2](2") © Z/2[a](«") = L/2[x1, 22] /(2T , 25)
where 21 = 2®1 and 75 = 1®x. We can write h*(z) = c121+coxs for some ¢; € Z/2. The inclusion RP™~1 x
{¢} — RP" ! x RP"! induces 1 + z and x5 ~ 0, hence sends h*(z) to c;x. Since a homeomorphism
induces an isomorphism in cohomology, it follows that ¢,z generates H'(RP"~';7Z/2) = Z/2{x}, so ¢; = 1.
Similarly, co = 1. Hence
h(x) =21 + 22
From 2™ = 0 it follows that
n
* n * n n n n—
0=nh"(z") =h*(x)" = (21 + 2) zkz()(k)x’me k

in Z/2[x1, 2]/ (2}, 2%). Hence (}) =0 mod 2 for each 0 < k < n. This holds if and only if n is a power
of 2. ]

Lemma 11.5 (Edouard Lucas, 1878). For any prime p, we have

() =T1(5) o
where n =), n;p' and k = Do kip' are the p-adic expansions of n and k. Here 0 < n;, k; < p for all i.
Proof. In Z/p|x] we have (1 4+ 2)?' =1+ P for all i > 0. Hence
(I+2)" = (1+2)" (1 +27)" (1 +27)" ...

_ [i (Z‘))xkq : [i <Zi)ka] : [i (Zz)zsz].

0

ko=0 k1=0 ka=0
o o ni na2 ) k
Z[<k‘0) <k1>(k2> e
k
where k = ko + kip + kap? + ..., since there can be no cancellation of terms. O

12. SEPTEMBER 30TH LECTURE

12.1. Poincaré duality.

Definition 12.1. An n-dimensional manifold is a (second countable) Hausdorff space M that is locally
homeomorphic to R™. A closed n-manifold is an n-dimensional manifold that is compact.

Ezample 12.2. S™ and RP™ are n-manifolds, CP™ is a 2n-manifold, HP" is a 4n-manifold, and OP? is
a 16-manifold. The orthogonal group O(n) is an n(n — 1)/2-manifold, and the unitary group U(n) is an
n?-manifold. These examples are all closed.

The connected sum M#N of two n-manifolds is an n-manifold. The Cartesian product M x N of an
n-manifold and an m-manifold is an (n + m)-manifold. If M and N are closed, then so are M#N (when

defined) and M x N. Any open subset of an n-manifold is an n-manifold, which is usually not closed.

These are ‘manifolds without boundary’. We may consider manifolds with boundary later. Each finite
simplicial complex embedded in R” is a deformation retract of a suitable closed neighborhood that is a
compact n-manifold with boundary. Hence these realize a large variety of homotopy types.

Many closed n-manifolds M admit “dual” CW structures X and Y, such that the cellular cochain complex
W*(X) is isomorphic to the chain complex W,,_,(Y):

...*>Wk(X)*6>Wk+1(X)*>...

ul agi

oWk (V) ——= W1 (V) —— . ..
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Hence H*(M) = H*(X) is isomorphic to H, (Y) = H,_x(M). This is the Poincaré duality isomorphism:
H*(M) = H,_,(M).

Hence these closed manifolds only realize some rather special homotopy types. To clarify for which closed

manifolds M this isomorphism holds, we must discuss orientability of manifolds.

12.2. Orientations. The isomorphisms

Ho(D", 5" G) — 2 H, 1 (5"1G)

| |

H,(R",R" — {0};G) —2> H,_1(R"” — {0};G)

show that each of these groups is isomorphic to G. For G = Z we have a choice of two generators for
H, (R R™ — {0}). If
o= [vo,V1,...,0s]
is an affine n-simplex in R™, with 0 € int(¢), then o € C,,(R™,R™ — {0}) is an n-cycle. If the ordered basis
V1 —V0y-.-,Un — Vo

for R™ is positively oriented, then [0] = g,, is one of the generators for H, (R™ R™ —{0}), while if the basis is
negatively oriented, then [o] = —g,, is the other generator. Here ‘positively oriented’ can be interpreted to
say that the matrix with the standard coordinates of the given vectors as columns has positive determinant.
We can therefore view a choice of generator for H,(R"™,R™ — {0}) as a choice of orientation of R™ (at 0).
The homology cross product

H,(RP,RP — {0}) x H,(RP,RP — {0}) = H,(R",R" - {0})

for n = p + ¢ takes the positive orientations g, and g, to the positive orientation g, X g; = gn.
For any n-ball B C R™ (open or closed) and points x,y € B, the inclusions induce isomorphisms

H,(R"R" — {z}) +— H,(R",R" — B) — H,(R",R" — {y}).

Hence an orientation of R™ at z, i.e., a choice of generator pu, € H,(R™, R™ — {z}), uniquely determines an
orientation p,, € Hy,(R™,R"™ —{y}) of R at y, by the condition that p, and p, come from the same class in
H,(R",R" — B).

Each point x € M in an n-manifold has an open neighborhood U that is homeomorphic to R", sending x
to 0. By the excision theorem, we have isomorphisms

H, (M, M — {a}) < H,(U.U — {z}) = H,(R",R" — {0}).
Definition 12.3. Let M be an n-manifold. A local orientation of M at x is a choice of generator u, €
H,(M,M — {x}) 2 Z.
An orientation of M is a function x — . assigning to each x € M a local orientation p, of M at x. The
assignment is to be locally consistent, in the sense that each x € M has neighborhoods  €¢ B C U & R"

such that B corresponds to an open ball of finite radius in R”, and there is a class pp € H,(M,M — B)
mapping to p, for each y € B under the natural homomorphisms

H,(M,M - B)— H,(M,M —{y}).
Following Hatcher, we introduce the notation
Hy(X[A) = Hp(X, X — A)
for the local homology of X at any subspace A. By the excision theorem, Hy,(U|A) = H,(X|A) for any

U C X containing the closure of A in its interior, so the local homology at A only depends on how A sits in
a neighborhood in X. If A C B C X we refer to the homomorphism

Hy(X|B) — Hy(X|A)
induced by the inclusion (X, X — B) C (X, X — A) as the ‘restriction’ from the local homology at B to the

local homology at A. For B = X, this is a homomorphism H,(X) — H,(X|A).
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An orientation of M is then a choice of generator p, € H, (M|z) for each € X, such that x, corresponds
to . under the restriction isomorphisms

H,\(M|z) ¢~ Hy(M|B) = Hu(M]y)
for all y € B, where x € B C U corresponds to a point in an open ball in R™ under a homeomorphism

U=R"

12.3. The orientation cover.
Lemma 12.4. Fach n-manifold M has an orientable double covering space M — M.
Proof. Let

M = {p, | z € M, j, generates H, (M|z)}.

The rule p, — « defines a projection p: M — M. Consider any open ball B in a coordinate chart U C M,
and let up € H,(M|B) = Z be one of the two possible generators. Let

Ulpp) = {pe | pup restricts to p,} C M.

These form a basis for a topology on M such that p~1(B) = U(up)UU(—up), making p a covering projection.
We get a canonical orientation of M by assigning to u, € M the generator fi, mapping to u, under the
isomorphism

O

Proposition 12.5. Let M be connected. Then M is orientable if and only sz has two components. If M
s simply-connected, then M is orientable.

Proof. If M is oriented by p, then the rule x — p, defines a section pu: M — M with pu = 1. The opposite
orientation defines another section —p: M — M. Their images give the two connected components of M.
Conversely, if M = M U M, has two components, then p: M, — M is a homeomorphism, and M is
(canonically) oriented, so M is orientable.
If M is simply-connected, then any double cover has two components. |

12.4. The local homology sheaf. Let

My = ] Hn(M|z)
zeM

be the set of classes « € H,,(M|x) & Z, with € M. For any open ball B in a coordinate chart U C M and
class ap € H,(M|B) = Z let

U(ap) = {ay | ap restricts to a,} C Mg.
These form a basis for a topology on Mz, making p: Mz — M a covering space with fibers
p Hz) = H,(M|z) 2 Z.

In other words, this is a sheaf of abelian groups over M. For k > 0 let M), C Mz be the subspace of classes
ay, corresponding to +k times any generator of H,(M|z). Then My = M, M; = M, and multiplication by &
defines a homeomorphism M = M, for each k > 1. Hence

M:HngMuHJ\ZI
k>0 k>1

A map a: M — My with pa =1 is called a section of this covering space (or sheaf).
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12.5. R-orientations. Non-orientable manifolds are nonetheless orientable in a weaker sense, namely with
Z/2-coefficients. We therefore generalize the notion of an orientation to an R-orientation, where R is any
ring. The main examples will be R = Z (with the two generators 1 and —1) and R = Z/2 (with the unique
generator 1).

Let

Mg = H Hy,(M|z; R)
zeM
be the set of classes a« € H,(M|z;R) = R, with x € M. As before, there is a topology on My making
p: Mr — M a covering space with fibers
p Y(z) = H,(M|z;R) = R.
In other words, this is a sheaf of R-modules over M. Let
Tr(M) ={z+— a, €p *(z)}

be the R-module of sections to p: Mg — M. An R-orientation of M is a section pu: M — Mg such that
Hy generates Hy(M|x; R) as an R-module for each « € M. For any isomorphism H,, (M|z; R) = R, this is
equivalent to asking that u, corresponds to an invertible element, i.e., a unit, in R.
If R = Z/2, then the isomorphism H,(M|x;Z/2) = 7Z/2 is uniquely defined, so there is a well-defined
decomposition
My, 9 = Mo LI My

and a unique Z/2-orientation pu: M — M; C My, taking each x € M to the nonzero class pu, €
H,(M|x;Z/2) = Z/2. This is the (canonical and unique) Z/2-orientation of M.

12.6. The fundamental class. Let R be any ring.

Theorem 12.6. Let M be a closed, connected n-manifold. Then H;(M;R) = 0 for all i > n. If M is

R-orientable, then the restriction map
H,(M;R) — H,(M|z; R) 2R
is an isomorphism for each x € M. If x — u, is an R-orientation of M, then there is a unique class

[M] € H,(M; R) that restricts to u, for each x € M, and [M] generates H,(M; R) =2 R as an R-module.

We call [M] the fundamental class, or orientation class, of the closed, oriented n-manifold M.
To prove the theorem, it is better to work with a relative statement for pairs (M, A), to give some flexibility
in varying A.
Proposition 12.7. Let M be an n-manifold and let A C M be compact.
(1) Hi(M|A;R) =0 for all i > n.
(2) A class in Hy(M|A; R) is zero if (and only if) its restriction in H,(M|x; R) is zero for each x € A.
(3) Let © — ay be a section to p: Mp — M. Then there is a (unique) class oy € Hp(M|A; R) that
restricts to o for each x € A.

Proof of theorem. We apply the proposition with M = A. The vanishing for ¢ > n is then clear. Recall the
R-module I'g(M) of sections to p: Mr — M. We have an isomorphism

H,(M; R) = Tr(M)
sending « to the section & — «,, where a, is the restriction of o under
H,(M;R) — H,(M|z;R).

If 2 — p, is an R-orientation of M, then Mpr = M x R with r - u, corresponding to (z,7), for x € M and
r € R. Hence sections in Mz — M correspond to maps M — R. Since M is connected and R is discrete,
any such map is constant. It follows that evaluation at any one point z € R defines an isomorphism

Tr(M) —» R.

This is the isomorphism claimed in the theorem. ([
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13. OCTOBER 5TH LECTURE
To prove Proposition 12.7, we use the following lemma.
Lemma 13.1. If the proposition holds for compact subsets A, B and AN B C M, then it holds for AU B.

Proof. Let U =M — A and V = M — B. We work with coefficients in R, but omit them from the notation.
We have a long exact Mayer—Vietoris sequence in relative homology

e — HH_l(M,UUV)
L HMUNV) -2 H(M,U) & H;(M,V) ~% H,(M,UUV)
L H A(MUNV) = ... .

This uses that {U,V} is an excisive pair, so that the inclusion C,(U) + C(V) = C.(U+V) = C.,(UUV)
is a quasi-isomorphism. Rewritten in terms of local homology, we obtain

-2, H;(M|AU B) -2 H,(M|A) & H,(M|B) - H;(M|AN B)
2 H, \(M|[AUB) — ...
1) For ¢ > n, the assumption that H;(M|A) = 0, H;(M|B) = 0 and H;1(M|]A N B) = 0 implies that
H;(M|AU B) = 0 by exactness.
(2) For ¢ = n, we have an exact sequence
0— H,(M|AUB) — H,(M|A)® H,(M|B) — H,(M|AN B).

If @« € H,(M]A U B) restricts to zero for each x € AU B, then the restriction vy € H, (M|A) restricts to
zero for each z € A, and the restriction ap € H,(M|B) restricts to zero for each © € B. By the assumptions
for A and B it follows that oy = 0 and ap = 0, so ®(«) = 0, which implies o = 0 since P is injective.

(3) Let £ — a, be a section. By assumption there are classes g € H,(M|A), ap € H,(M|B) and
aanp € H,(M|AN B) that restrict to ay, for all x € A, x € B and x € AN B, respectively. This uniquely
determines these classes, by (2). It follows that a4 and ap restrict to aanp, so ¥ maps a4 and ap to
aanB — aanp = 0. By exactness, there is therefore a class aqup that restricts to as and ap. It then
restricts to «, for each x € A and each = € B, hence for each z € AU B. O

Sketch proof of Proposition 12.7. We first check that the result holds for M = R™ and A = [vy,...,v,] an
affine p-simplex. In this case M — A C M —{z} is a homotopy equivalence for each x € A, so each restriction
H;(M|A) — H;(M|z) is an isomorphism. The claims (1), (2) and (3) then readily follow.

Next, we use the lemma and induction to confirm the result for M = R™ and A a finite simplicial complex,
with linearly embedded simplices.

Next, we deduce the result for M = R™ and A any compact subset. For injectivity/uniqueness of a4 this
requires a chain level argument to reduce to the case of a suitable finite simplicial complex K containing A.
See case (4) on page 237 of Hatcher.

Finally, we deduce the result for arbitrary M, since any compact A can be written as a finite union of
compact subsets, each contained in some coordinate chart that is homeomorphic to R™. O

13.1. The cap product. Let ¢ € C?(X;R) and ¢ € C9(X; R) be cochains, and let o: APT? — X be a
singular simplex. Recall that the cup product ¢ U1 is defined by

(@ U) (o) = ¢(allvo, ..., vp]) - P(al[vp, - ., vptq) -
This expression can be calculated in two steps, as
(pUP)(o) =Y No)
where the ‘cap product’
YNo=olvg,..., v Y(o|[vp, ..., Vpiql)
= P(o|[vps -, Vptql) - ol[vos - -, 0y
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lies in Cp(X; R). We extend this R-linearly to R-chains a = ), r;0; € Cpiq(X; R), to obtain a homomor-
phism
PN —: Cppqg(X; R) — Cp(X; R).
Written in terms of the evaluation pairing
CP(X;R) ®r Cy(X; R) =3 R
¢ @ ar— ¢(a)
the cup product — U is adjoint to the cap product ¢ N —:
(pUh,a) =(d, 9 Na).
We get a left action of C*(X; R) on C\(X; R).
Lemma 13.2. For ¢ € CP(X;R), ¢ € C1(X; R) and a € Cp,(X; R) we have
pNWNa)=(pUv)Na
in Cp_p_q(X: R).
Proof. For all § € C"P~9(X; R) we have (6, pN(Na)) = (U@, YpNa) = (AUPUY, a) = (0, (¢UY)Na). O
The Leibniz rule takes the following form.
Lemma 13.3. For ¢ € CY(X;R) and o € Cpy4(X; R) we have
IpNa)=yYNda+ (-1)PdYNa
Proof. For all ¢ € CP~1(X; R),
(0p U, a) = (6¢, ¥ Na) = (¢,0(Y Na))
(0(pUY), a) = (U1, 0a) = (¢, ¥ N Ocx)
(pUd),a) = (), 09 Na).
Hence d¢ Up = §(p U ) 4+ (—1)Pp U 1) implies the lemma. O
We can therefore make the following definition.
Definition 13.4. The cap product
HY(X;R) ®r Hyyo(X; R) 5 H,(X; R)
is given by
[WIN[a] = [ Na]
for all g-cocycles ¢ and (p + g)-cycles a.
Lemma 13.5. For x € H?(X;R), y € HY(X;R), £ € Hypy4(X; R) and n € H,(X; R) we have
(zUy, &) = (x,yNE)
N (ynn) = (xUy)Nn
Proof. The evaluation pairing (—, —): H?(X; R) ®r Hp(X; R) — R is given by ([¢], [o]) = (¢, o) = ¢(cv), so
these formulas follow from the chain level statements. |

Example 13.6. We can explicitly calculate cap products in simplicial homology for A-complexes. Alterna-
tively, we can often extract the same information from earlier cup product calculations. When X = T2 with
Hy(X) =Z{a, B}, HY(X) = Z{a, b} with the ordered basis (a,b) being dual to the ordered basis (c, 8), and
H?(X) = Z{a U b}, we can choose a generator [X] € Hy(X) with (a Ub,[X]) = 1. Then bN [X] € Hy(X)
satisfies (a,b N [X]) = (@ Ub,[X]) = 1 and (b,b N [X]) = (bUb,[X]) = 0, so bN [X] = «. Similarly,
aN[X] € Hy(X) satisfies (a,aN[X]) = (aUa,[X]) =0 and (b,aN[X]) = (bUa,[X]) = —1,s0 aN[X] = —F.
Hence y — y N [X] is the isomorphism

HY(X) =5 Hy(X)
ar— —pf

b— «
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This example is typical for closed oriented manifolds.

Theorem 13.7 (Closed Poincaré duality). Let M be a closed R-oriented n-manifold, with fundamental class
[M] € H,(M; R). The homomorphism

D =Dy H*(M;R) =5 H,_(M;R)
defined by D(y) = y N [M] is an isomorphism for all k.
Remark 13.8. Hatcher’s definition of the cap product is a little different. If ours is a ‘left cap product’, then
his is a ‘right cap product’

Cptq(X;R)®r CP(X; R) — Cy(X; R)
given by

on ¢ = ¢(U‘[Uo, i 7U;D]) ' U|[UP7' . 7'Up+q} .
Using the chain map p from the proof of graded commutativity, the definitions are related by
p(No) = (=1)"p(o) N p(¥)
at the chain level, so that
yné=(-1"eny

in cohomology, where y € HY(X; R) and { € Hp4(X;R). We made this choice to emphasize the adjoint

role of — U and ¥ N —, but a reader wishing to keep track of signs in Hatcher’s proof of Poincaré duality
may find it easier to adhere to his conventions.

14. OCTOBER 7TH LECTURE

14.1. Relative cap products, and naturality. The proof of Poincaré duality will rely on an inductive
argument involving a relative statement for non-compact R-oriented manifolds. To make sense of this, we
will need a relative cap product.

Consider A, B C X. If ¢ € C(X, B; R) vanishes on chains in B, and o € Cpy,(A+ B; R) C Cp44(X; R)
is a sum of chains in A and in B, then ¢ Na € C,(A; R) C C,(X; R). Hence, if a € Cpiy(X, A+ B; R) then
PYNa e Cy(X,A; R) and we get relative cap products

N: CYX,B;R) ®p Cptq(X,A+ B;R) — Cp(X, A; R)
and
N: HY(X,B;R) ®r Hp+¢(X,A+ B;R) — H,(X,A;R).
When {4, B} is an excisive pair, so that H.(X, A+ B;R) = H.(X, AU B; R), then we can write this as
N: HY(X,B;R) ®r Hp1¢(X,AUB;R) — H,(X,A; R).

The excision hypothesis is satisfied if A and B are open in X, or are subcomplex of a CW complex X, or in
the following two cases.

N: HY(X, B; R) ®g H,44(X, B; R) — H,(X;R)
N: HY(X;R) ®g Hp+¢(X,A;R) — Hp(X, A;R).
The following naturality statement is sometimes known as Frobenius reciprocity, or the projection formula.
Lemma 14.1. For any map f: X — Y and classes y € HI(Y; R) and { € Hpy4(X; R) the relation
y N fu(&) = f(f (y) NE)

holds. In other words, f.: H.(X;R) = H.(Y; R) is a left H*(Y'; R)-module homomorphism, where H*(Y'; R)
acts via f*: H*(Y; R) — H*(X; R) and the cap product on H.(X), and via the cap product on H.(Y").

Proof. We prove this at the chain level. For ¢ € CP(Y; R), ¥ € C9(X;R) and a € Cpi4(X;R) we have
fF(@U) = f#(4) U f# (1), which implies that (f#(¢ Uv),a) = (9U D, fx(a)) = (6,9 N fg(a)) equals
(fH(O) U F7 (), a) = (F7(8), [ () N o) = (&, f#(f7 (1) N ). Hence

U0 fala) = f2(FF () Na).
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14.2. Directed colimits. For an n-manifold M with R-orientation = — pu,, and any compact subset
K C M, we showed that there is a unique class px € H,(M|K; R) = H,(M, M — K; R) that restricts to p,
for each x € K. Cap product with pux defines homomorphisms

—Nupg: HY(M,M — K; R) — H,_(M;R)
—Npg: H¥(M; R) — H,,_,(M,M — K; R)

We shall concentrate on the first of these, in the colimit as K expands over all compact subsets of M. This
leads to the notion

H¥(M;R) = colim H*(M,M — K; R)
of cohomology with compact supports. (The second cap product leads instead to consideration of a limit
H,L (M;R) =1lim H, (M, M ~ K; R)

sometimes known as locally finite homology.)

Let X be any space. As A ranges over the partially ordered set of compact subsets of X, the homology
groups H,(A; G) form a diagram of abelian groups, all mapping to H,(X;G). For each inclusion A C B of
compact subsets, the diagram contains the homomorphism H,(A; G) — H,(B;G) induced by this inclusion.
We shall see that the algebraic colimit of this diagram maps isomorphically to H,(X;G), so that

cogme(A; G) = Hy(X;G).

Note that for A C B C X the inclusion (X, X — B) C (X, X — A) induces a homomorphism
H*(X,X — A;G) — H*(X,X — B;G)
that we may refer to as ‘extension’ along A C B. If we write
H*"(X|A;G)=H"(X, X — A;G)

for the local cohomology of X at A, then extension from A to B is a homomorphism H*(X|A;G) —
H*(X|B;G). As A ranges over the compact subsets of X, the local cohomology groups H%(X|A;G) also
form a diagram of G-modules (or abelian groups), all mapping to H?(X;G). The algebraic colimit

HI(X;G) = coLiqu(X|A; QG)
of this diagram maps to H?(X; G), but this map may not be an isomorphism.

Definition 14.2. A nonempty partially ordered set (I, <) is ‘directed’ if for each pair a, 8 € I there is an
element v € I with a < v and 8 < . Equivalently, I is directed if each finite subset of I has an upper
bound.

An I-shaped diagram of abelian groups is a functor G: I — Ab. It associates to each a € I an abelian
group G, and for each pair (o, ) with a < J it associates a homomorphism f, g: Go — Gpg, such that
fa,a =1 and f3~fa,8 = fay for all o < g <y in I. The colimit

colim G = colim G,
I acl

is the initial abelian group H receiving compatible homomorphisms
lg: Gﬁ — H
for all 8 € I. Tt can be constructed as the quotient group
i - @6/
acl

where ~ is the equivalence relation identifying = € G, C @
I is directed we call this a directed colimit.

act Ga With fo g(x) € Gg C @D c; Go When
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Any element in colim,er G, is the equivalence class of a finite sum x4y +- - -+, with z; € G,,. When I is
directed, we can choose 8 with a1, ...,y < . Then x1+- - -+, is identified with fo, g(z1)+- -+ fa,,8(Tn)
in Gg. Hence each element in colimyer G, is in the image of some ¢g.

Conversely, if z,y € Gg have the same image in colimae; Go, then y — 2 € @, ; Go is a finite sum of
expressions fo, g, (x;) — x;. When I is directed we can choose v with «;, §;, 8 < 7, and then each expression
faupi(®i) — x; maps to zero in G,. Hence fz,(y — ) = 0, so « becomes equal to y under Gg — G for
some .

It follows that a directed colimit of abelian groups can be calculated at the level of underlying sets, since
the latter colimit has a canonical abelian group structure.

Lemma 14.3. Let G: I — Ab be a directed diagram. If each homomorphism fo5: Go — Gg is an
isomorphism, then each structure map tg: Gg — colimaer G @5 an isomorphism.

Example 14.4. Let X be any space. The set I of compact subsets A C X is partially ordered, with A < B
meaning that A C B. It is directed, because (the empty set is compact and) for any two compact subsets
A, B C X, their union AU B is compact, and A C AUB and BC AUB.

Proposition 14.5. If a space X = |J,c; Xqo is the union of a directed set of subspaces, with the property
that each compact subset of X is contained in some X, then the canonical map

colim Hy(Xa; G) =5 Hy(X; Q)
aec
is an isomorphism.

Proof. Each § € Hp(X;G) is the class of a p-cycle in Cp(X;G), which is a finite linear combination of
singular simplices. The union of the images of these simplices is compact, hence is contained in some X,.
Thus ¢ is in the image of H,(X,;G), and therefore also in the image of the canonical map displayed above.

If n € Hy(X,;G) maps to zero in Hy(X;G) then 7 is the class of some cycle in Cp,(X,; G), whose image
in Cp(X;G) is the boundary of some (p + 1)-chain. This chain is a finite linear combination of singular
simplices, and the union of their images is compact, hence is contained in some Xg. Choosing v greater than
a and B, it follows that n maps to zero in Hy,(X,; G), so that 7 represents zero in colimaer Hp(Xa; G). O

Remark 14.6. Many authors sloppily omit the condition that each compact subset of X is contained in
some X,, saying that homology commutes with directed (or filtered) colimits of spaces. This leads to
incorrect statements. For instance, if (X,d) is a metric space, and X, ranges over the closed, countable
subsets of X, then X has the topology of the union J, X, but no uncountable subset of X is contained in
one of the X,,. The case X = S! is representative. Here H;(X,) = 0 for each «, so that colim, H1(X,) = 0,
but H1(X) 27 # 0.

14.3. Cohomology with compact supports.

Definition 14.7. The g-th compactly supported cohomology group of a space X is given by the directed
colimit
HI(X;G) = coLiqu(X|A; QG)

where A ranges over the partially ordered set of compact subsets of X. The diagram consists of the extension
homomorphisms

HY(X|A;G) — HY(X|B; Q)
for compact A C B in X. The compatible homomorphisms j: H?(X|A4;G) — HY(X; ) induce a canonical
homomorphism HI(X;G) — H,(X;G).

Definition 14.8. A subset J of a directed set (I, <) is ‘cofinal’ if for each « € I there exists a 8 € J with
a < 8. (Mac Lane simply says that J is ‘final’ in I.)

Ezample 14.9. If I has a greatest element 3, then J = {8} is cofinal in I.
Lemma 14.10. If J C I is cofinal, then the canonical homomorphism
colim Gg =5 colim G,

BeJ a€cl
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is an isomorphism for any I-shaped diagram G (such that the left hand colimit exists). If I has a greatest
element 3, then tg: Gg — colimaer G4 @5 an isomorphism.

Ezample 14.11. HY(X;G) — H%4(X; Q) is an isomorphism if X is compact.
Lemma 14.12.

HIR™G) = G forg=n
€ ' " 10 otherwise.

Proof. The set J of closed balls B = B(0, k) of integer radius k > 1 centered at the origin is a cofinal subset
of the set I of compact subsets of R™. Hence

colim H(R"|By; G) =5 HY(R™;G)

is an isomorphism. Here H?(R"|By;G) = 0 for ¢ # n and H"(R"|By; G) = G for each k. Each inclusion
By, C Bjy1 induces an isomorphism H"(R"|By; G) — H™(R"™|Bg+1;G), so colimy H*"(R™|By;G) 2 G. O

Remark 14.13. We note that this implies that H4(X; G) is a homotopy invariant of X if X is compact, but not
for Euclidean spaces. A map f: X — Y does not in general induce a homomorphism H(Y;G) — H?(X; G),
but this holds if f is proper, i.e., if f~1(L) C X is compact for each compact L C Y. It follows that H?(X;G)
is a proper homotopy invariant, and that R™ and R" are not proper homotopy equivalent for n # m.

14.4. Poincaré duality for non-compact manifolds. Let M be an R-oriented n-manifold, possibly non-

compact. For each compact K C M we have an orientation class px € H,(M|K; R) that restricts to the local

orientation p, € Hy,(M|x; R) for each x € K. The cap product with px then defines the homomorphism
—Nup: H*(M|K; R) — H,_(M;R).

We claim that these are compatible as K varies through the directed set of compact subsets, partially ordered

by inclusions.

Lemma 14.14. Let K C L be an inclusion of compact subsets of M. Then the square

HN(M|K; R) ~™% H,_(M; R)

|

H*(M|L; R) =% H,,_,(M; R)
commautes.
Proof. The projection formula for the map i: (M, M — L) — (M, M — K) gives the relation

yNiw(pr) = (" (y) N pr)

for all y € H*(M|K;R). Here i*(y) N pur, is the image of y under the extension map to H*(M|L; R) and
the cap product to H,,_(K;R). Since i: M — M is the identity, the right hand i, is also the identity.
Furthermore, #,(uz) is the restriction of the orientation class pr to H,(M|K;R). Since its restriction to
H,(M|z;R) is p, for each x € K, it must be equal to pux. Hence we can rewrite the projection formula in
this special case as
yNpr =14"(y) N pr -
(]

Passing to directed colimits, as K varies of the partially ordered set of compact subsets, we obtain a
homomorphism

Dar: HE(M; R) = colim HY(M|K; R) “"™ ™" colim Hy,.(M; R) = Hy—(M; R).

This generalizes the duality isomorphism for compact M, since the left hand colimit is realized by H* (M;R) =
H¥(M|M; R) if M is compact.
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Theorem 14.15 (Poincaré duality). Let M be an R-oriented n-manifold. The homomorphism
D =Dy HY(M;R) =5 H,_(M;R)
defined by D(y) =y N ux fory € H*(M|K; R) — H¥(M; R) is an isomorphism for all k.

15. OCTOBER 12TH LECTURE

15.1. Directed colimits are exact. Let (I,<) be a directed set. Consider maps ¢ and j of I-shaped
diagrams of abelian groups

fa,B
@ Aﬁ

o

A
Ba B

ig
l]a l]ﬁ
C ha,p

« CB

9o,B

la

Lemma 15.1. Suppose that that im(i,) = ker(j,) for each a € I, so that Ay, — Bs — Cq is exact for
each a. Then the induced homomorphisms

colim A, s colim B, 4 colim Ca
satisfy im(i) = ker(j). Hence passage to directed colimits preserve exactness.
Proof. If a € colim, A, then a = 14(aq) for some o € I and aq € A,. Then ji(a) = ta(jata(a)) = 0, since
Jata = 0. Hence ji = 0.
Conversely, if b € colim, B, then b = 1,(b,) for some « € I and b, € B,. If j(b) = 0 then j,(b,) maps
to 0 in colim, Cy, so for some S > a we have h, gja(bo) = 0 in Cg. This equals jz(bg), where bg = g (ba)

in Bg. By exactness at B it follows that bg = ig(ag) for some ag € Ag. Then b = 15(bg) = tpiglag) =
ig(ag) = i(a), with a = tg(ag). Hence ker(j) = im(7). O

Corollary 15.2. Suppose that im(i,) C ker(j,). Then

o ker() | ker())
o im(i,)  im(4)

Hence passage to directed colimits preserves homology.
Proof. The exact sequences
0 — ker(ia) — Aq —=5 By
0 — ker(jo) — Ba ELN C,
for « € I give exact sequences

0 — colimker(iy) — A B

[e%

0 — colimker(j,) — B 2,0,

showing that colim,, ker(i,) = ker(7) and colim,, ker(j,) = ker(j). The exact sequences
Ay — im(iy) — 0
0 — im(in) — Ba
then give exact sequences
A— cogm im(ia) — 0

0 — colimim(i,) — B
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showing that colim, im(i,) = im(7). Finally, the exact sequences

give an exact sequence

showing that

k
im(i) — ker(j) — colim

ker(ja)

im(iy)

er(ja)

o im(iy)

im(i,) — ker(jo) —

colim l?er(?a) = l?er(?) .
o im(i, im(7)
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15.2. A gluing lemma. Let M be an R-oriented n-manifold. We omit R from the notation.

Lemma 15.3. If M = U UV with U and V open, then there is a diagram of long exact Mayer—Vietoris
sequences, commutative up to signs:

kal(M) Dum

HYUNV) Duov

HNU) @ HE(V) —22Pv

H (M) D

HAHUAV) —25Y o

Sketch proof. For compact K C U and L C V we have a diagram of vertical Mayer—Vietoris sequences and
horizontal excision isomorphisms and cap products.

H*'(M|K U L) Hoo 1 (M)
§ 14]
H*M|KNL) = HYUNV|IENL) —— 508 g (UNV)

H*(M|K) ® H*(M|L) ———~ H*(U|K) ® H*V|L) <2 g (U) & Hyo (V)

H*(M|K U L) —hwor

4

H*'M|KNL) ——— = H* (UNV|KNL) — K0
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An elaborate check of definitions confirms that each square commutes, up to signs. See Hatcher, pages
246-247. Taking this for granted, we can pass to directed colimits over K and L. As we saw in Lemma 15.1,
the directed colimit of an exact sequence is still exact. By definition, colimgx H*(U|K) = HF(U) and
colimy, H*(V|L) = H¥(V). By cofinality, colimg ;, H*(M|K U L) = H¥(M) and colimg ;, H*(M|K N L) =
HE(U NV). This leads to the diagram of the lemma. O

15.3. An exhaustion lemma.
Lemma 15.4. If M = |J, U; is the union of an increasing sequence
U cU;C...

of open subsets, and each Dy,: HE(U;) — H,_x(U;) is an isomorphism, then so is Dy H¥(M) —
Hn—k(M)'

Proof. We have commutative diagrams

k Du,
HE(U;) ——=— Hp1(Us)

|

Uit1

HE(Ui41) —= Hy— 1 (Uit1)

o

since each compact K C U; is also a compact K C U;11. Passing to sequential (hence directed) colimits
over ¢, we get an isomorphism

colim H*(U;) =5 colim H,,_,(U;) .
7 K3

Here the left hand side is H¥(M), and the right hand side is H,,_x(M), because each compact K C M is
contained in some U;. The composite isomorphism from H¥(M) to H,, (M) equals Dyy. O

15.4. Sketch proof of Theorem 14.15.
Proof. We first check that the theorem holds for M = R". For any closed ball B C R™ the structure map
H*R"|B) = HE(R")
is an isomorphism, so it suffices to check that
—Npg: HY(R"|B) — H,_(R")

is an isomorphism. This is trivial if k # n, and easy for k = n. We may even take B = {0}.

Next, the theorem holds for any open subset M C R™. We can write such an M as the union of a countable
collection of bounded, convex, open subsets V;, each of which is homeomorphic to R”. Let U; =V, U---UV;.
Then the theorem holds for each V;, hence for each U; by induction and the gluing result, and then for M
by the exhaustion result.

If M is second countable, it is the union of countably many open subsets, each homeomorphic to R™. The
conclusion then follows, first for finite unions by induction and the gluing result, and finally for countable
unions by the exhaustion result. O

15.5. Perfect pairings.

Definition 15.5. Let R be commutative. An R-bilinear pairing -: A x B — R (or A®gr B — R) is perfect
if the adjoint homomorphisms

A — Hompg(B, R)

a— (b—a-b)
and

B — Hompg(A, R)

b— (a—a-b)
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are isomorphisms. If R = F is a field and A = F{ay,...,as} and B = F{by,...,b,} are F-vector spaces,
this means that the m x n coefficient matrix

C = (ciy = ai-bj)i,
is invertible, so that m = n.

Suppose that M is a closed, R-oriented n-manifold, with fundamental class [M] € H,(M; R). The cup
product and evaluation define a pairing

H*(M;R) x H"*(M;R) — R
(a,b) — (a Ub,[M])

In the case R = Z, let HE_ (M) denote the torsion-free quotient of H*(M;Z) by its torsion subgroup.
Proposition 15.6. When R = F is a field, the cup pairing
H*(M;F) x H" *(M;F) — F
is perfect. When R =7, the induced pairing
HE (M) % HEZH(M) — Z
is perfect.
Proof. The composition

Hom(D,1)
—

H*(M; R) - Homp(H,(M;R), R) Homp(H" *(M;R),R)

sends x to the homomorphism y — (z, D(y)) = (x,y N [M]) = (x Uy, [M]), hence is the adjoint to the cup
pairing. Here D is an isomorphism by Poincaré duality. The homomorphism A is an isomorphism when R
is a field. When R = Z it is surjective, with kernel the torsion subgroup of H*(M;Z), so that
HE (M) - Hom(H,,(M),Z)
Hom(H!_*(M),Z) — Hom(H"*(M;Z),7)

free

are isomorphisms. This proves the first condition for the cup pairing to be perfect. The second condition
follows by graded commutativity of the cup product. (]

16. OCTOBER 14TH LECTURE
16.1. Projective spaces.
Proposition 16.1. H*(RP";Z/2) = 7Z/2[x]/(z" ) with |z| = 1.

Proof. We know that H*¥(RP";7Z/2) = 7Z/2 for 0 < k < n. Let + € H'(RP";7Z/2) be the generator, i.e.,
the nonzero element. By induction, we may assume that x* generates H*(RP";Z/2) = H*(RP"~';7/2) for
0 < k < n. It remains to prove that =™ generates H"(RP™;7Z/2). By Poincaré duality, the cup pairing

HY(RP";7Z/2) x H" Y (RP™;Z/2) — H"(RP™;Z/2) = Z/2
is perfect, hence not zero. It follows that Uz~ = 2™ cannot be zero, and must generate H"(RP";Z/2). O
Similar arguments prove that H*(CP™;Z) = Z[y]/(y" ') with |y| = 2, H*(HP™; Z) = Z[z]/(2"*!) with

|z] = 4 and H*(QOP?;Z) = Z[w]/(w?®) with |w| = 8, using that these are all closed orientable manifolds.
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16.2. 3-manifolds. Let M be a closed, connected 3-manifold with fundamental group =. Then Ho(M) = Z
and H;(M) = 7% = 7/[r,7]. Tt follows by the universal coefficient theorem that H°(M) = Z and H'(M) =
Hom(n,Z).

If M is orientable, then Poincaré duality implies that H3(M) = Z, H*(M) = 7%, H3(M) = Z and
Hy(M) = Hom(m,Z). Hence the fundamental group controls the homology and cohomology of M.

If M is not orientable, then Ho(M;Z/2) = Z/2 and H,(M;Z/2) = 7 ® Z/2. By the universal coefficient
theorem, H°(M;Z/2) = Z/2 and H'(M,Z/2) = Hom(n,Z/2). By Poincaré duality, H3(M;Z/2) = Z/2,
H?*(M;Z/2) = 7% @ Z/2, H3(M;Z/2) = Z/2 and Hy(M,Z/2) = Hom(nw,Z/2). Again, the fundamental
group controls the mod 2 homology and cohomology of M.

The case of integral (co-)homology for non-orientable M is a little more complex, but can be deduced
from that of the orientation cover M — M. ((ETC: Work this out?))

16.3. Simply-connected 4-manifolds. Let M be a closed and simply-connected 4-manifold. Then Ho(M) =
Z and Hy(M) = 0, so that H(M) = Z, H*(M) = 0 and H?(M) = Hom(Hy(M),Z) is torsion-free, by the
universal coefficient theorem. Any simply-connected manifold can be oriented, so Poincaré duality ap-
plies, giving H4(M) = Z, H*(M) = 0, Hy(M) = Z, H3(M) = 0 and H*(M) = Hy(M). Tt follows that
H?(M) = Z{z1,...,x,.} for some r > 0, and the cup pairing

H*(M) x H*(M) — H*M) =7
is perfect. This is known as the intersection form of M, and is given by a non-singular symmetric r x r
coefficient matrix with integer entries

C = (cij = (ziVaj, [M]))i; -

There are finitely many such for each r, up to the equivalence relation given by a change of basis in H?(M)
7.

o~

Proposition 16.2 (J.H.C. Whitehead (1949)). Two closed, simply-connected 4-manifold are homotopy
equivalent if and only if their intersection forms are equivalent.

It is a striking fact that if M is smooth, then the intersection forms that can arise are severely restricted.

Theorem 16.3 (Simon Donaldson (1982))). Let M be a closed, simply-connected smooth 4-manifold. If the
intersection form is positive definite, then it is diagonalizable.

Donaldson’s proof uses ‘instanton gauge theory’. The smooth structure lets one study a space of co-
variant derivations, or connections, in a vector bundle over M, modulo the symmetries given by the self-
isomorphisms, or gauge automorphisms, of that vector bundle. In physical terms, the connections correspond
to potentials for so-called instantons on M. In Donaldson’s case, this moduli space can be compactified by
adding a copy of M at the boundary, using work of Karen Uhlenbeck. Approaching a point on the bound-
ary corresponds to the situation where the curvature of the connection, or the energy distribution of the
instanton, becomes concentrated near a single point, and then ‘bubbles off” from that point. The result W
is almost a 5-manifold, except for some singular points with neighborhoods of the form C(CP?), i.e., cones
on CP?. Removing the open cones one obtains a cobordism from M to a disjoint union of copies of CP?2.
It follows that the intersection form of M is the direct sum of those for the copies of CP?, i.e., a diagonal
matrix with entries +1 or —1 (depending on orientations).

Part 3. Homotopy Theory

16.4. The Steenrod problem. Let X be a space and G an abelian group. The singular homology H,, (X; G)
of X with coefficients in G is constructed by considering maps ¢: A™ — X from standard simplices, forming
linear combinations a = ), g;o; with coefficients in G, and passing to n-cycles modulo n-boundaries.
Poincaré and Thom considered a variation of this idea, where the n-cycles « in X are replaced by closed
smooth n-manifolds
fiM—X
mapping to X, and n-boundaries are replaced by compact smooth (n + 1)-manifolds

F:W—X
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mapping to X. The sum of f: M — X and f': M’ — X is given by the disjoint union fU f': MUM' — X.
IfOoW =MUM', FIM = f and F|M' = f’ then we then set F|0W = f + f’ equal to zero. This defines the
unoriented bordism group A, (X) = MO, (X). There is a natural homomorphism

MO (X) — Ho(X;Z/2)

mapping f: M — X to the image f.[M] € H,(X;Z/2) of the unoriented fundamental class [M] €
H,(M;Z/2), and Thom (1954) proved that this is always surjective. More precisely, the homology the-
ory X — MO, (X) is represented by a spectrum MO, in the sense of algebraic topology, and MO is a wedge
sum of suspensions of the spectrum HZ/2 representing X — H,(X;Z/2).

To map to H, (X;Z) we consider oriented bordism, considering closed oriented smooth n-manifolds

fTM—X
mapping to X, and compact oriented smooth (n + 1)-manifolds
F:W—X

mapping to X. If OW = (—M) U M’, where —M denotes M with the opposite orientation, then we set
F|oW = —f + f’ equal to zero. Equivalently, we set f = f’. This defines the oriented bordism group
0,(X) = MSO,(X). There is a natural homomorphism
MSO,(X) — H,(X;Z)

mapping f: M — X to the image f.[M] € H,(X;Z) of the oriented fundamental class [M] € H, (M;Z).
Thom (1954) proved that this is surjective for n < 6, but not for n = 7. The Steenrod problem asks which
homology classes can be realized by oriented bordism classes. This amounts to a study of the spectrum
M SO representing X — MSO,(X). It was proved by C.T.C. Wall that, localized at 2, MSO(y) is a wedge
sum of suspensions of spectra HZ/2 and HZ), where the latter represents X ~— H,(X;Z)). Hence, for
each class z in H, (X;Z) there is some odd multiple (2k 4+ 1)z that is realized by an oriented n-manifold.

Variants of this for manifolds with singularities were then developed by Thom (1960s) and by Dennis
Sullivan (1971), see also the work by Nils Baas.

16.5. Homotopy groups. If we concentrate on the simplest closed n-manifold, namely the n-sphere M =
S™ and on the simplest cobordisms, namely the cylinders W = I x S™, where I = [0, 1] is an interval, then
we are led to consider the maps
f: 8" —X
modulo the equivalence relation that f ~ f’ if there is a map
F:Ix8"—X

such that F|{0} x S = f and F|{1} x S™ = f’. In other words, we consider homotopy classes of maps
S™ — X. To define a sum without referring to S™ LU S™, it is convenient to pass to the category of based
spaces and base-point preserving (= based) maps. In a sense, this means that we obtain a reduced theory,
whose value at the one-point space is trivial.

Definition 16.4 (Eduard Cech, 1932). Let S™ C R"*! be based at so = (1,0,...,0). Let
IxS"= ELT
I'x{so}
be the reduced cylinder. Two based maps f, f': S™ — X are based homotopic, written f ~ f’, if there is a
based map
F:Ix 8" — S"
with F'(0,s) = f(s) and F(1,s) = f/(s) for all s € ™. We let
(X, 20) ={f: 8" = X}/~
be the set of based homotopy classes of based maps S™ — X. We write
fl=Af:8" = X|f=~f}
for the equivalence class of f, i.e., its based homotopy class. Let [c] be the class of the constant map to x.
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More generally, for a space A and a based space (Y, yo) we call
AxY
Ax{yo}
the half-smash product of A and Y. For based spaces (X, zg) and (Y, 7o) the wedge sum is

X\/Y:XX{yo}U{Io}XY

AxY =

and the smash product is
X xY

XNY = .
XVY

The half-smash product can be written as
AXY =2 A, ANY
where A, denotes A with an additional, disjoint, basepoint.
16.6. Coordinates. For explicit constructions, it can be more convenient to use a model for S™ with simpler
coordinates than those of the unit sphere in R™*!. For this we let
I"=Ix---x1I

be the n-dimensional cube, with points (s1,...,s,) where 0 < s; < 1 for each 1 <i < n. Its boundary 9I™
consists of those points where s; € {0, 1} for some i. We fix a homeomorphism

I'n//817l % S'n/
for each n > 0. A based map f: S™ — X then corresponds to a map g: I — X with g(0I"™) C {zo}. In
other words, g is a map of pairs (I",0I"™) — (X, o), where zg is short for {z¢}.
A based homotopy F': I x S™ — X then corresponds to a map G: I x I" — X with G(I x 0I™) C {x¢}.
This is then a homotopy G: g ~ ¢’ from g = G|{0} x I" to ¢’ = G|{1} x I", which are maps g,¢': (I",0I™) —
(X, x0). Here we identify {0} x I and {1} x I™ with I™ in the evident way.

Lemma 16.5.
T (X, m0) = {g: (I",0I") — (X, x0)}/~
with [c] the class of the constant map to xg.
17. OCTOBER 19TH LECTURE

17.1. Group structure. When n = 0, 7, (X, xo) is the set of path components of X, with the component
of 2o as a preferred base element [¢]. When n = 1, m1(X,z¢) is the fundamental group of X, with unit
element [¢]. The definition of the group structure generalizes to all n > 1.

Definition 17.1. Let n > 1. For maps f,g: (I",0I") — (X, zo) let f+g: (I",0I") — (X, o) be the map

f(2s1,82,...,8n) for 0 < 51 <1/2,
g(2s1 — 1,89,...,8,) for1/2<s <1.

(f+g><sl,52,...,sn>_{

In particular, (f + ¢)(s) = xo if s = (s1,...,8,) € OI", or if 51 = 1/2.

Lemma 17.2. If F: f ~ f' and G: g ~ ¢’ then there is a based homotopy F + G: f + g~ f' +¢'. Hence
there is a well-defined pairing

+: (X, 20) X (X, o) — m (X, 20)
given by
f1+1gl=1f+4

When n = 1 this is the pairing we usually denote [f] x [g]. For n > 2 it is commutative, which justifies
the notation [f] + [g]. We also write 0 for [c].

Lemma 17.3. [¢| + [f] = [f] = [f] + [

Lemma 17.4. Ifn > 2, then [f] + [g] = [9] + [f] in 7 (X, x0).
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Proof. For the duration of this proof, define a second pairing
o Trn(X’ IO) X 7T7L(X7 xo) — 7Tn(X, Io)
by [f] o [g9] = [f o g] where

2589, ... for 0 < s9<1/2
(fog)(ShSQ,...,Sn): {f(Sh o ’Sn) o= / ’

g(s1,280 —1,...,8,) for 1/2 < sy < 1.
Then check that
fHg=(foc)+(cog)=(f+c)o(ct+g)=(ct+flo(g+c)=(cog)+(foc)=g+f.

Definition 17.5. Let n > 1. For f: (I",0I™) — (X, o) let —f: (I",0I™) — (X, zg) be the map
(—f)(s1,82y-+-y8n) = (1 — 51,82, ...,8n).
Lemma 17.6. If F: f ~ [/ then —F: — f ~ —f'. Hence
—: (X, o) — (X, 20)

can be defined by —[f] = [—f].

When n = 1, we usually write f for —f.
Lemma 17.7. —[f] +[f] =[] = [f] = [f].
Proposition 17.8. m,(X,x9) is a group for n > 1, which is abelian for n > 2.

17.2. Dependence on base point. If g: I — X is a path from x¢ to x1, then there is a preferred isomor-
phism

Bg: '/Tn(val) — ﬂ—n(Xv SCo)
for each n > 0. Hence 7, (X, z() only depends, up to non-canonical isomorphism, on the class of ¢ in m(X).
If X is path connected, this is no choice. If X is also simply connected, then any two paths g and ¢’ from
xo to 1 are homotopic, so B, = By and m, (X, z¢) is independent of ¢ up to canonical isomorphism.

Definition 17.9. For n > 0 we say that X is n-connected if m;(X,2z9) = 0 for all 0 < ¢ < n. Hence
0-connected means path connected, and 1-connected means (path and) simply connected.

17.3. Functoriality.
Definition 17.10. For any based map ¢: (X, z) — (Y, y0) let
Gu: (X, o) — T (Y, y)
be given by ¢.[f] = [¢f].
(1", 01") L (X, 20) < (Y,00)
Lemma 17.11. If F: f ~ f' then ¢F: ¢f ~ ¢f’, so ¢, is well-defined.

Lemma 17.12. Forn =0, n =1 and n > 2 the rules (X, z9) — m(X,z0) and ¢ — ¢, define functors
from the category T of based spaces to the categories of based sets, groups and abelian groups, respectively.

Proof. Tt 4: (Y,y0) = (Z, 20), then (¢ f) = (1) f implies that 1.d. = (o). O

Lemma 17.13. If ®: ¢ ~ ¢’ is a based homotopy of maps (X,x9) — (Y,yo), then ¢. = ¢, are equal as
functions 7, (X, x0) — (Y, y0)-

Proof. ®f defines a based homotopy from ¢f to ¢'f. |
Lemma 17.14. If ¢: X — Y is a based homotopy equivalence, then
Gu: 71—n()(a xO) — Wn(}/a yO)

is a bijection for n =0, and an isomorphism of groups for n > 1.
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Proof. A based homotopy inverse ©: Y — X induces an inverse 9, : m,(Y,y0) = 7, (X, o) to ¢, for each
n > 0. O

Definition 17.15. A map ¢: X — Y of path connected spaces is called a weak homotopy equivalence if it
induces isomorphisms 7, (X, zg) = 7, (Y, yo) for all n > 1.

For n > 0 we say that a map ¢: X — Y of path connected spaces is n-connected if ¢, : m; (X, zo) —
(Y, y0) is an isomorphism for 0 < i < n and is surjective for i = n.

17.4. Covering spaces and products.

Proposition 17.16. If p: (X, %) — (X,x0) is a covering space projection, then
Po: (X, o) — mn (X, 20)

is injective for n =1 and an isomorphism for n > 2.

Proof. Let n > 1. If g,¢': S — X are such that there exists a homotopy F: pg ~ pg’: S — X, then
by the covering homotopy property there is a homotopy F:ig~g covering F. We must have g = ¢’ by
uniqueness of lifts, since S™ is path connected. Hence p, is injective.

Let n > 2. Then 7;(S™) = 0, so for any f: S™ — X the image of f.: m1(S™) — m(X) is the trivial
subgroup. This is contained in the image of p,: m1(Xo) — m1(X). Since S™ is connected and locally path
connected, there exists a lift f: S — X of f. Hence p.[f] = [f], and p, is surjective. O

Let M, and Nj, be the orientable and non-orientable surfaces obtained by taking the connected sum of g
copies of T? = S' x S' and h copies of RP?, respectively.

Corollary 17.17.
n(S1) = {Z forn =1,

0 forn>2;
ra(M,) — (a1,b1,...,a9,bq | [a1,b1]---[ag,bg] =€) forn=1,
0 forg>1andn>2;

(V) (a1,...,ap | a}---a} =e) forn=1,
TT. =
At 0 for h >2 andn > 2.

Proof. We take the statements for n = 1 as known. There are universal covering projections R — S!,
R? — M, and R2? — N,,, with contractible total spaces, except for My = S? = Ny and N; = RP2. Clearly
mo(RY) =0 and 7, (R?) =0 for n > 2. O

Proposition 17.18. For any product [, Xo the projection maps induce isomorphisms

Hproz*5 ﬂ'n(HXa) i 7Tn()(oz)

for allm > 0. In particular
T (X XY) = m,(X) X m (V).

Proof. Maps f: S™ — [], Xa correspond bijectively to collections of maps (fo: S™ = Xa)a, With fo = prof,
and homotopies F': IxS™ — [[, X, correspond bijectively to collections of homotopies (Fy: IxS™ = X4 )a,
with F, = pro F. O

Let TF = S x - -+ x St be the k-dimensional torus.

Corollary 17.19.
o (TH) = ZF  forn =1,
0 forn2>2.
In other words, S* ~ K(Z, 1) and T* ~ K(Z*, 1) are Eilenberg-Mac Lane spaces of type (Z, 1) and (Z*, 1),

respectively.
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18. OCTOBER 21ST LECTURE

18.1. The Hurewicz homomorphism. Consider n > 1, and let [S"] € H,,(S™) denote the fundamental
class. To each map f: S™ — X we can associate the class

f<([S"]) € Hn(X).

If f ~ f’ then f. = f., so this element in H,(X) only depends on the homotopy class of f.
Proposition 18.1. [f] — f.([S™]) defines a group homomorphism

s 0 (X, 20) — Hn (X)),
called the Hurewicz homomorphism.

For a proof, see Hatcher’s Proposition 4.36.

Lemma 18.2. When X = S™ the Hurewicz homomorphism

hp: m(S™) — Hp(S™) 2 Z
is surjective. Hence m,(S™) has infinite order.

Proof. For f =1: 5™ — S™ the identity map, h,, takes [f] to the generator [S"] of H,(S™). More generally,
if f has degree d then h,([f]) = d[S"]. O

18.2. Cell attachment. Consider n > 1. Let X Uy e” = X Uy D™ be obtained by attaching a based n-cell
to X along a based map f: S"~! = D" — X. This is the pushout

Snfl D

.

X —— XUy D",
If F: f~ f’ then we can construct a homotopy equivalence
F: XUy D" = X Up D™,

This implies that the homotopy type of X Uy D™ only depends on the homotopy class [f] € mp,—1(X, zo).
Here F is the identity on X, traces out the homotopy F on a reduced cylinder I x S"~! C D", and identifies
the remainder of D™ in the source with the copy of D™ in the target. The homotopy inverse is G, likewise
associated to G = F': f' ~ f. See page 13 and Proposition 0.18 in Hatcher’s book. It follows that 7,1 (X, z¢)
accounts for all the possible ways of building a new homotopy type by attaching an n-cell to X.

If : X — Y is a based homotopy equivalence, and f: S"~! — X is as above, then there is a homotopy
equivalence

¢UL: XUy D" =Y Uy D™
Hence the question of which homotopy types can be obtained by attaching a cell to X only depends on

the homotopy type of X. In particular, this interpretation of m,_1 (X, z¢) is preserved by the isomorphism
(725* : Wn—l(Xa 1'0) = ’/Tn—l(Y; yO)

18.3. The Hopf invariant. We now make use of the cup product in cohomology to detect some nontrivial
higher homotopy groups that are not seen by the Hurewicz homomorphism to homology. See Hatcher’s
Section 4.B. Consider the diagram

st x L xuppr L
where 7 is the structural inclusion and ¢ is the quotient map to

(Xu; D")/X = p"/S" "t = gn,
We obtain an exact sequence in cohomology

HN(X) 5 Ao (sm) 5 BY (X Uy DM) - 5HH(X) L B smy.
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If the cohomology homomorphism f*: H*(X) — H*(S" 1) = H*+1(S™) is zero, then this is an extension
A (S™) S5 H*(X Up D) 55 H*(X)

of graded commutative rings, with respect to the cup product. In other words, i* is a ring surjection with
kernel isomorphic, via ¢*, to Z concentrated in degree x = n.

Definition 18.3. The Hopf invariant H(f) of f: S""! — X is the isomorphism class of the (graded
commutative) ring extension above.

This is an invariant of the homotopy class of f.

Lemma 18.4. If f ~ f' then H(f) = H(f').

Proof. The homotopy equivalence F induces a degree 1 map S™ — S™ and an isomorphism of algebra
extensions

~ -

(5"~ H*(X Up D)~ H(X)
i: l . l_
H*(S") —"= H*(X Uy D") — H*(X)
|

When X = S™ is itself a sphere, the algebra extension can only be nontrivial for n = 2m. We are
considering

g2m-1 L, gm i, gmy, pm 4, g2m
For m > 2, f*: H*(S™) — H*(5%"~1) is zero, so we get an extension
H(S*™) L5 H* (™ Uy D*™) 55 H* (™).
The iterated suspension isomorphisms
HO(S%) = A™(S™) = H>™(S*™)
specify generators o™ € H™(S™) and o?™ € H?>™(S?™). We let
a€ H™(S™ Uy D*™)
B € H*™(S™U; D*™)

be the unique classes with i*(a) = 0™ and 8 = ¢*(0?™). With this notation, the extension above has the
form

248} 5 H(S™ Uy D*™) <5 Z[a)/(0?).
Since the cup product in H*(S™ Uy D?™) is unital, it is completely specified by the bilinear pairing
U: H™(S™ Uy D*™) x H™(S™ Uy D*™) — H*™ (5™ Uy D*™),
which in turn is given by the coefficient H(f) € Z in the formula o U« = H(f)p.
Definition 18.5. The Hopf invariant H(f) € Z of f: S?™~1 — §™ is the integer such that
o = H(f)B
in H*(S™ Uy D).
Proposition 18.6. [f] — H(f) defines a group homomorphism

H: 7T2m_1(Sm) — 7.
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18.4. The Hopf fibrations.
Definition 18.7. The complex Hopf fibration n: S — S2 is the composite
s L CpPl = 52
where p maps a unit vector v € C? to the class of the complex line Cv. It is the attaching map of the 4-cell
in CP? =CP'u, D
The quaternionic Hopf fibration v: S7 — S* is the composite
ST Ly Hp! = 5t
where p maps a unit vector v € H? to the class of the quaternionic line Hv. It is the attaching map of the
8-cell in HP? = HP' U, D8.
The octonionic Hopf fibration o: S5 — S8 is a composite
s15 Ly opt = S8,
It is the attaching map of the 16-cell in OP? = QP! U, DS,

We use the same notation for the homotopy classes of these maps.

Proposition 18.8. H(n) = 1, H(v) = 1, H(o) = 1, so n € 73(S?), v € 77(S*) and 0 € m5(S®) are
nontrivial classes of infinite order.

Proof. We do the complex case, with S? U, D* = CP?. The extension
ai(sty - mH(Ccp?) s H*(CPY)
has the form
Z{5} 2 7Z{1,a,a*} 2= Z{1,a}.
Here 3 = +a? by our cup product calculation, or Poincaré duality, so H(n) = £1. (To get the correct sign,

a comparison of orientations and suspension isomorphisms is needed.) O

18.5. The Whitehead product. The product S™ x S™ admits a CW structure with m-skeleton S™ Vv S™,
and a single 2m-cell attached by a map
w: STl 8y ST
For example, when m = 1 this is the commutator [a,b] = a*bxaxb. (This can be generalized by considering
the attaching map S™*"=1 — S™ v §" of the top cell in S™ x S™.) Composition with w defines a pairing
[—, =] T (X) X T (X) — mom—1(X)
called the Whitehead product, taking the homotopy classes of a: S™ — X and b: S™ — X to the homotopy
class of the composite
[a,b]: §2m—1 2y gmy gm 8 X
In the special case a = b =1: S™ — 8™, the map 1V 1: S™V 8™ — S§™ is the fold map, also denoted V.
(It is in a sense dual to the diagonal map A.)

Writing ¢,,: S™ — S™ for the identity map, we thus have [t,,, t,,] = Vw: S?™~1 — S™ and map of cell
attachment diagrams

S2m—1 w Sm o\ gm i Sm o §m q SQm
A
Smel Vw gm i gm Ut D2m q S2m .

Here ¢ identifies the two m-cells in S™ x S™ to one.
Proposition 18.9. The Whitehead product [t,,,tm]: S*™ 1 — S™ has Hopf invariant

2 form > 2 even,
0 form>1 odd.
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It follows that the homotopy groups ma,,—1(S™) have infinite order for all even m > 2. Jean—Pierre Serre
(1951) proved that 7, (S™) and 741, _1(5*) are the only homotopy groups of spheres that are of infinite order.
In fact, each of these has rank 1.

Proof. Consider m > 2. Passing to cohomology we obtain a map of ring extensions

If]2m (S2m) 4q H* (Sm U D2m) i o* (Sm>

o

A2 (52m) L (Sm x §m) — e [ (Sm Y 5™

Recall the generators o, 8 € H*(S™ Uy, D*™), with i*(a) = 0™ and 8 = ¢*(c?™). We need to express o
as a multiple of 8 in H*(S™ Uy, D?™). This can be done by comparison with the cup product structure in
H*(S™ x S™).

By the Kiinneth theorem, H*(S™ x S™) = Z{1,a,b,ab} where |a| = |b] = m, a®> = 0, b> = 0 and
ba = (71)m2ab = (—1)™ab. The restriction i* sends ab to 0, so ¢* maps o*™ to +ab. We fix orientation so
that ¢*(0?™) = ab. We then have the following map of ring extensions:

2{8} — L~ 2{1,0, 8} —" = 2{1,0}
Lk |-
Z{8} — > Z{1,a,b,ab} —> Z{1,a,b} .
The map V* takes 0™ to a+bin H™(S™V S™), since Viny; = 1 = Ving implies injV* = 1 = in5V*. Hence

¢* (o) =a+band ¢*(B) = ab in H*(S™ x S™).
Since ¢* is a ring homomorphism, we can calculate

2ab f
¢*(a2)(a+b)2a2+ab+ba+b2{a or m even,

0 for m odd.
Since ¢* is injective, it follows that
2 _ {Zﬁ for m even,
0  for m odd.
This proves that H(Vw) = 2 for m even and 0 for m odd. O

This leads to the question, for which m > 2 does there exist a map f: $?™~! — S™ of Hopf invariant
one? Frank Adams (1960) proved that this only happens in the dimensions associated to the projective
planes over real division algebras, i.e., for m = 2, m = 4 and m = 8. Using Steenrod operations and the
Adem relations it is easy to see that only powers of 2 are possible, but to eliminate all possibilities m = 2°
for 4 > 4, further machinery such as the Adams spectral sequence is required. It follows that S°, S', S3 and
S7 are the only spheres that are H-spaces, i.e., which admit a pairing

e Sm—l % Sm—l — Sm—l

that is unital and associative up to homotopy. Such spaces were studied by Hopf as generalizations of Lie
groups, hence the ‘H’.

18.6. Cylinders, cones and suspensions. We work in based spaces. Recall that I = [0, 1], with 0 as the
base point, and that the reduced cylinder on (X, xz¢) is I+ AX. Fort € I, let i;: X — I AX be the inclusion
x> tAz. Amap F: I AN X — Y is a based homotopy from fy = Fig: X - Y to fi=Fi;: X - Y. In
the case fo = c is the constant map, we call F' a null-homotopy (of or) to fi. Let

I, NX
{0} A X
be the quotient space, with the standard inclusion i: X — CX induced by 4;. A map F: CX — Y is

essentially the same as a null-homotopy to f = Fi: X — Y.
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The map i1: X — I4 A X is a (Hurewicz) cofibration, i.e., has the homotopy extension property. These
are “good” inclusions in a homotopical sense. It follows that i: X — CX is a cofibration, since the homotopy
extension property essentially only depends on a neighborhood of X in C X, which is homeomorphic to the
neighborhood in I, A X. Hence it is homotopically meaningful to consider the quotient space of CX given
by collapsing X 2 i(X) to a point.

Recall that we have fixed an identification /01 2 S'. Let
INX
oI NX
be the reduced suspension of X. Let us write [t, ] for the image of (t,2) € I x X in CX or ¥X. We write
ymX = N(X"1X) for the m-fold iterated suspension. The homeomorphisms

I'™)OI™ A T™ )OI = '™+ Jorm+n

VX =S'AX = =C0X/X

correspond to homeomorphisms

Sm A Sn o Sm—i—n
In particular, £.5™ & §1+7 and ™5™ = §™+7 - Alternatively, if we identify S™ = R™ U {co} as a one-point
compactification, then S™ A S™ =2 §*+" extends the linear homeomorphism R x R" = R™*",

19. OCTOBER 28TH LECTURE

See Hatcher’s Section 4.3, especially the proof of Theorem 4.58, for a discussion with similar aims as the
following.

19.1. Mapping cylinders. Any map f: X — Y can be factored as a cofibration ¢: X — M f followed by
a homotopy equivalence d: M f ~ Y. Let the reduced mapping cylinder
Mf=YUx I+ NX)
of f be defined by the left hand pushout square in the following diagram.
X

ig
X-—To L AX—Pox
fl

l /
d
Y ——=Mf—2 >y

Note the structure maps I+ A X — M f and Y — M f. The inclusion ig: X — I A X is a cofibration, and
so is the composite
c: X I ANX — Mf,
since a neighborhood of X in M f is homeomorphic to a suitable neighborhood in Iy A X.
The cylinder projection p: I A X — X is a deformation retraction relative to X = {1} A X, hence
induces a deformation retraction
d:Mf—YUx X2Y
relative to Y. In particular, d is a homotopy equivalence. Then f = dc: X — Y gives the claimed
factorization.

19.2. Mapping cones. Let the reduced mapping cone
Cf=YUx(CX=YU;CX
of f: X =Y be the pushout in the following diagram.

X 0oXx

|

Yy —~Cf
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The homeomorphism CX = I, A X/X, where X is included by ig: X — CX, induces a homeomorphism
Cf=Mf/X,

where X is included by the cofibration ¢: X — M f. We also call C'f the homotopy cofiber of f. The
diagram

x Ly Sof
is called the canonical homotopy cofiber sequence of f.

Ezample 19.1. We can identify the cone on S”~! with D™. Then the mapping cone of a map f: S" ! — X
is the same as the space obtained by attaching an n-cell to X along f:

Cf=XuUyD".
The construction of homotopy cofibers thus generalizes cell attachment.
Ezxample 19.2. Let * be a one-point space. The mapping cone of X — * is the suspension ¥X.
The mapping cone is a homotopy invariant construction.

Proposition 19.3. Given a commutative square

X$-Y

of |

Xl fH Y/

where ¢ and 1 are homotopy equivalences, the induced map
0=9pUCo: Cf — Cf
is a homotopy equivalence.

19.3. Homotopy cofiber sequences. Consider maps f: X — Y and g: Y — Z. To extend g over C'f (to a
map §: C'f — Z with gi = g) is equivalent to extending gf: X — Z over CX, i.e., to give a null-homotopy F
to gf.

X —scCx

|

Yy —sCf

A diagram

x Ly %z

together with a choice of null-homotopy F' to gf: X — Z is called a homotopy cofiber sequence if the induced
map C'f — Z is a homotopy equivalence. In this case the commutative diagram

X—f>Y—i>C'f

A

X1y 2.7

exhibits a homotopy equivalence from the canonical homotopy cofiber sequence for f to the one given by f,
g and F'. The canonical homotopy cofiber sequence is a homotopy cofiber sequence, in this sense, by way of
the null-homotopy to if: X — Cf given by the structure map CX — Cf.

Recall Hatcher’s Proposition 0.17:

Proposition 19.4. If i: A — X is a cofibration (satisfies the homotopy extension property) and A is
contractible, then the quotient map q: X — X /A is a homotopy equivalence.
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This implies that for cofibrations the homotopy cofiber and the cofiber are homotopy equivalent.
Corollary 19.5. If f: X — Y s a cofibration, then the quotient map
Cf=YUxCX = Y/X
from the homotopy cofiber of f to the cofiber of f is a homotopy equivalence. Hence
x Ly Syx

is a homotopy cofiber sequence (with respect to the constant nullhomotopy to ¢ = gf ).
Proof. If f: X — Y is a cofibration, then so is f: CX — Cf. This follows formally from the pushout square

X ——CX

1]

Yy s cf

Since CX is contractible, the quotient map ¢: C'f — Cf/CX is an equivalence, by the previous proposition.
Here Cf/CX =2 Y/X is the pushout in the following square.

X —— %
|
y —Lsv/x
|
19.4. Exact and coexact sequences. For general based spaces Y and Z let 7(Y, Z) denote the set of
homotopy classes [g] of maps g: Y — Z. This has a preferred base point, given by the homotopy class [c]
of the constant map. (We shall reserve the notation [Y, Z] for n(Y¢, Z) where Y is a CW complex that is
weakly homotopy equivalent to Y. When Y has the homotopy type of a CW complex, this is the same as
(Y, 2).)
For maps f: X — Y and h: Z — W we get natural functions
ffor(¥V,2) — (X, 2)
he: (Y, Z) — w(Y, W)

given by f*([g]) = [9f] and h.([g]) = [hg].
xLy Lz w

These only depend on the homotopy classes of f and h, respectively. If f is a homotopy equivalence, then
f* is a bijection. Likewise, if h is a homotopy equivalence, then h, is a bijection.
We say that a diagram

x-Ly %z
is exact if the induced diagram
(T, X) L5 n(T,Y) 25 n(T, Z)
is exact for each based space T, in the sense that the image of f, is equal to the kernel of g,, meaning the
preimage for g, of the base point. Dually, we say that the diagram is coexact if the induced diagram
7(2,T) % 7y, T) L5 n(X, T)

is exact for each based space T, now meaning that the image of g* is equal to the kernel of f*, i.e., the
preimage for f* of the base point.

Lemma 19.6 (Puppe (1958)). Fach homotopy cofiber sequence is coexact.
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Proof. Tt suffices to prove that
m(Cf,T) -5 7(v,T) L5 7(X,T)
is exact. A class [g] € n(Y,T) is in the kernel of f* if and only if f*[g] = [c], meaning that there is a

null-homotopy F': ¢ ~ gf. This is equivalent to the existence of an extension g: C'f — T of g over i, i.e., to
saying that [g] is in the image of i*. a

Remark 19.7. Later we shall consider the dual problem, constructing homotopy fiber sequences
Fg Xy 2z
that are exact in the sense that
(T, Fg) 2% 7(T,Y) L5 =(T, Z)
is exact for each T'. Taking T' = S™, this asserts that
Tn(Fg) 25 1 (V) 25 7,(2)

is exact for each n > 0. When (Z,Y) is a pair, 7, (Fg) will thus play the role of a relative homotopy group
Tnt1(Z,Y), with p, the connecting homomorphism.

19.5. Co-H-spaces and co-H-groups. The loop sum
ing *ing: ST —s Stv 81
pinches two points to one. It corepresents the group operation in each fundamental group m(Z), and induces
a pinch map
P:EX =S'AX — (S'TVSHAX 2EXVEX
for any based space X. More precisely, ¢: XX — X V XX and e: XX — x satisfy associativity and
unitality properties, up to homotopy, which make XX a co-H-space. There is also a map XX — XX giving

an inverse, up to homotopy, making ¥ X a co-H-group.
The pinch map corepresents a pairing

+: 72X, 2) xn(EX,2) — n(2X,2)

that gives (Y, Z) a group structure whenever Y = XX is a suspension. This is natural in X and Z. For
each homotopy cofiber sequence the suspended diagram

vx 2oy 2 vy

(with the suspended null-homotopy) is a again a homotopy cofiber sequence, and

~(22,T) 2% 2y, T) 25 (=X, T)

is now an exact sequence of groups.
There are also pinch maps CX — XX VCX and Cf — XX V Cf, with the latter inducing an action

(XX, T) x n(Cf,T) — =n(Cf,T)

by the group (XX, T) on the set 7(Cf,T), for any T.
The proof that m,(X) is commutative for n > 2 generalizes to show that 7(X2X,T) is commutative for
any X and T.

19.6. Iterated homotopy cofibers. Consider a based map f: X — Y, with mapping cone C'f. The
inclusion i: Y — C'f is a cofibration, with cofiber

q¢:Cf —Cf/]Y =Y UxCX))Y =2CX/X 2¥XX,
and we can form its mapping cone
Ci=CfuyCY=CfU,CY.
The inclusion j: C'f — C'1 is again a cofibration, with cofiber
Ci/Cf = (Cf Uy CY)/Cf = CY/Y = XY,
and we can form its mapping cone

Cj=CiUgs CCf =Ciu,; CCY.
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Let k: C'i — Cj denote the inclusion.

Cf —L=ci—t sy
N
vx —Lyy
Lemma 19.8. The collapse map
Ci=CXUxCY = CX/X 23X
is a homotopy equivalence, with a homotopy inverse
TX — Ci
given by
<t<
o] = {Eiﬂ Do) iy

Proof. Since i: Y — Cf is a cofibration, so is the inclusion CY — (', and since C'Y is contractible, the
collapse map Ci — Ci/CY is a homotopy equivalence. The displayed map sends [t,z] € ¥X to [2¢,z] in
CX C Cifort<1/2,and to [2(1 —t), f(z)] in CY C Ci. Its composite with the collapse map is

it o] s {[Qt,x] for 0 <t <1/2,
[1,2] for1/2<t<1,
where [1, ] equals the base point in XX, and this is homotopic to the identity map. O
Lemma 19.9. The collapse map
Cj=CY Uy C(Cf) = CY)Y =XY
is a homotopy equivalence. The composite
X Soi o Sy
is homotopic to =X f: XX — XY, given by
[t 2] — [ =t f(z)].

Proof. Since j: Cf — Ci is a cofibration, so is the inclusion C(Cf) — Cj, and since C(C'f) is contractible,
the collapse map Cj — Cj/C(Cf) is a homotopy equivalence. The displayed composite is

[1, f(x)] for0<t<1/2,
2] — {[2(1 —0), f(z)] for1/2<t<1,

where [1, f(x)] equals the base point in Y, and this is homotopic to —X f. O
19.7. The coexact Puppe sequence. Repeating the process, we obtain the diagram
. _ vy _ 2
x Ly Lo Leax Hyy Hyof Xyrx 2lv2y
known as the (coexact) Puppe (homotopy cofiber) sequence.

Proposition 19.10. Fach pair of composable maps in the Puppe sequence is a homotopy cofiber sequence.
Hence there is an exact sequence
2 px ok e g
o r(B2Y,T) S (22X, T) S 2(SCF,T) S 2(SY,T) = r(3X,T)

* *

o (Cf,T) S w(y,T) LS m(x, 1)



for each based space T, where the upper row consists of groups and group homomorphisms. Two elements in
w(Cf,T) have the same image in 7(Y,T) if and only if they are in the same orbit for the action by 7(XX,T)
onw(Cf,T),

Proof. The equivalence C'i — XX exhibits
Yy S of L vex
as a homotopy cofiber sequence. The equivalence C'j — XY exhibits
Ccf L Ci— Y
as a homotopy cofiber sequence, which in turn is equivalent to
cf Lex Hyy.
This pattern continues. O

Remark 19.11. When f: X — Y is the inclusion in a pair (Y, X), this sequence should be reminiscent of the
long exact sequence in reduced cohomology

o HYX) L HMYY, X)) — YY) — HY(X) — ... .

Indeed, excision gives an isomorphism H*(Y, X) = H*(Y Ux CX) = H*(Cf) such that H"(Y, X) — H"(Y)
corresponds to i*, and §: H" 1(X) — H™(Y,X) corresponds to £Xf* via the suspension isomorphism
o: H"(X) = H*(XX). We will see later that the Puppe sequence for the Eilenberg-Mac Lane space
T = K(Z,n) recovers the cohomology long exact sequence, up to degree n.

19.8. Whitehead’s theorem. Here is a version of Hatcher’s Theorem 4.5.

Theorem 19.12. Let ¢: X — Y be a weak homotopy equivalence (of based, path connected spaces). Then
o1 (W, X) = (WY
is a bijection for each based CW complex W .

Proof. Let W™ denote the n-skeleton of W. We may assume W9 is a point. We prove that
bt T(SEWT, X) =5 m(SFWY)
is a bijection for each k > 0, by induction on n. Let

fvr=\/s" —wn

be the attaching map for the (n + 1)-cells in W, so that C'f = W"*!. Mapping the Puppe sequence for f to
X and to Y gives us a map of exact sequences

A(EW,X) e r(zvr, X)L n (WL X) e (W, X) L 1(V7, X)

d)*lﬁ mi: ¢*J/ ¢*lﬁ ¢*l2

N * i *

A(EWY) Lo rzvrY) L r (WL Y) e (W, Y) L (v, Y)
The maps in the second and fifth column are products over « of ¢, : mp41(X) = 71 (Y) and ¢y : 7, (X) —
mn(Y'), respectively, which we assume are bijections. The maps in the first and fourth column are bijections
by the inductive hypothesis. By (a variant of) the five lemma, the middle map is a bijection. This verifies
the inductive hypothesis for £ = 0. The general case follows in the same way from the Puppe sequence for
¥ f. The extension from finite-dimensional to general W follows by a passage to limits, using the Milnor
lim-Rlim short exact sequence

0 —» Rlim7(EW", X) — 7#(W, X) — limn(W",X) - 0
n

n
and its variant for Y. O
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20. NOVEMBER 2ND LECTURE
Corollary 20.1. A weak homotopy equivalence of CW complexes is a homotopy equivalence.
Proof. Let ¢: X — Y be a weak homotopy equivalence of CW complexes. Since
v 7(Y, X) = 7(Y,Y)
is surjective, there is a map ¢: ¥ — X such that ¢op ~1: Y — Y. Since
¢r: (X, X) = 7(X,Y)
is injective, ¢ ~ 1: X — X follows from ¢1p¢ ~ ¢. Hence 1 is a homotopy inverse to ¢. (]

Ezample 20.2. Let S = colimy, S* be the unit sphere in R>, where the colimit is formed over the equatorial
inclusion maps i: S¥ — S¥*1 By compactness, each map f: S” — S factors through some S*, hence also
through the upper hemisphere Diﬂ C S**1 which is contractible. It follows that if: S™ — S**1 is null-
homotopic, so [f] = 0 in 7,(S°°). Thus S — * is a weak homotopy equivalence between CW complexes,
and is therefore also a homotopy equivalence. Hence S is contractible.

Corollary 20.3. If X and Y are homotopy equivalent to CW complexes, and ¢: X — Y is a weak homotopy
equivalence, then ¢ is a homotopy equivalence

Proof. Let X¢ — X and Y¢ — Y be homotopy equivalences, where X¢ and Y¢ are CW complexes. Then
b X X Ly vy

is a composite of weak homotopy equivalences, hence is a weak homotopy equivalence between CW com-
plexes. It follows that ¢ is a homotopy equivalence, and that ¢ is homotopic to the composite of homotopy

equivalences

X~xe Bye~y,

hence is itself a homotopy equivalence. O
20.1. Cellular approximation of maps.

Definition 20.4. A map f: X — Y of CW complexes is cellular if it preserves the skeleton filtration, i.e.,
if f(X™) C Y™ for each n > 0.

Here is a version of Hatcher’s Theorem 4.8.

Theorem 20.5 (Cellular approximation). Let X and Y be CW complexes. Every map f: X — Y is
homotopic to a cellular map. If A C X is a subcomplex and f|A is cellular, then the homotopy may be taken
to be stationary on A.

Sketch proof. By induction we may assume that f is cellular on X® ! U A, and we need to find a homotopy
of f on X™ U A, relative to X"~ ! U A, to a cellular map. Hence, for each n-cell with characteristic map
d: " — X™ we must deform f&: I" — Y relative to 91", so as to take values in Y. By induction we may
assume that f® has been deformed into Y*, for k > n, and we need to compress it further into Y*~1. Here
we may also assume that Y* = Yk=1 U I*,

o ——— I

/
/ lq;.
/
/
/ J{f
%

kal . kal U Ik
An argument (Lemma 4.10 in Hatcher’s book) using the linear structure in I™ and I* shows that the
continuous map f® can be deformed, relative to the preimage of Y*~! to a map f; that is piecewise linear
in the preimage of a simplex. More precisely, there is a linear k-simplex A C I*¥ such that
YA =P U---UPyCI"
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is a finite union of convex polyhedra, and on each P; the map f; equals the restriction of a linear map
L;: R® — RF. Shrinking A we may assume that it avoids the image of those L; that are not surjective,
which means that we may also assume that each L; is surjective.

When k > n there are no such surjections, so fl_l(A) is empty. Taking a point y € A, we see that f;
factors through Y*~1uU (I* — {y}), which deformation retracts to Y*~! by means of a deformation retraction
of I* — {y} to OI*~!. This shows that f® and f; can be deformed, relative to dI", to map into Y*~1. 0O

Theorem 20.6. 7,(S*) =0 forn < k.

Proof. Let S™ and S* have the minimal CW structures. Any cellular map S™ — S* is constant, so each
map S™ — S* is homotopic to the constant map. O

Corollary 20.7. m,(RP*) =0 for 1 <n <k.

Proof. The covering space p: S* — RP* induces isomorphisms of all higher homotopy groups. |

Ezxample 20.8. For k = oo,
7.]2 f =1
T (RP>) = /2 forn=1,
0 otherwise.
Hence RP>* ~ K(Z/2,1) is an Eilenberg-Mac Lane space of type (Z/2,1).

21. NOVEMBER 4TH LECTURE
21.1. CW approximation of spaces. The following is a special case of Hatcher’s Proposition 4.13.
Proposition 21.1. For any space X there exists a CW complex W and a weak equivalence f: W — X.

We call W a CW approximation to X.

Proof. We may assume that X is path connected. We construct the skeleta W™ of W by induction. Let
WY be a point, and let f: W° — X map to the base point. For n > 0 we inductively assume that we have
constructed f: W™ — X to be n-connected, in the sense that f. = m(f): mp(W™) — 7 (X) is a bijection
for 0 < k < n and a surjection for k = n. We shall then first attach (n 4 1)-cells to W™ to make m,(f) an
isomorphism, and then we attach more (n + 1)-cells to make 7,11 (f) a surjection.

Choose cellular maps ¢, : S™ — W™ representing generators of the kernel of 7, (f). Attach (n + 1)-cells
to W™ along these maps, and call the resulting CW complex V"', We can extend f over W" C V"1,
since f¢q: S™ — X is null-homotopic for each index a.

Vo §" —=V, D!

LN

wr v - X
f

The extended homomorphism my(g): 7 (V") — m(X) is then injective for each k < n, because any class
in its kernel is represented by a map S¥ — V"*+1. This is homotopic to a cellular map, by the cellular
approximation theorem, which factors through the n-skeleton W™ of V™! and represents a class in the
kernel of ¢ (f). Since we attached cells representing generators of this kernel (for k = n), it follows that the
map S* — V" *+1 is nullhomotopic. The extended homomorphism is also surjective for k < n, since m(f) is
surjective in this range. Hence 74 (g) is a bijection for 0 < k < n.

Next, choose cellular maps 15: S"™! — X representing generators for m,1(X). Let

WnJrl — Vn+1 V. \/ Sn+1
B
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and extend g over V"1 C W™*! to a map f: W™ — X using 15 on S’ZH.

n—+1
vﬁ Sﬂ

i

Vn+1 Wn+1 7 X

g

The inclusion Sg“ — WnT! then represents a class in 7,41 (W"*1) that gets sent by m,11(f) to the relevant
generator of m,1(X), which shows that m,.1(f) is surjective. Injectivity of m(f): 7 (W"T1) — 7 (X) for
k < n follows from the injectivity of 74 (g) by cellular approximation, since any cellular map S* — Wn+!
factors through V"*1. Surjectivity of 7 (f) for k¥ < n follows algebraically from that of m(g). Hence
f:Wntt — X is (n + 1)-connected.

Let W =, W". Then

colim 7, (W™) = i (W) = i (X)
n
is an isomorphism for all k£ > 0, since the colimit system consists of isomorphisms for all n > k + 1. (|

21.2. Compactly generated weak Hausdorff spaces. Let A, X and Y be sets, and let Y4 be the set
of functions A — Y. There is then a bijection

{functions A x X — Y} = {functions X — Y4}

taking a function f: A x X — Y to the function g: X — Y4 given by
fla,z) = g(z)(a).

This bijection is natural in X and Y, hence is called an adjunction between the functors X — A x X and
Y — Y4 from sets to sets.

Next, let A, X and Y be unbased spaces, and let Y# denote the space of maps A — Y, with the compact-
open topology. If A is locally compact and Hausdorff, then the bijection above restricts to a bijection

{maps A x X — Y} = {maps X — Y4},

Again, this is natural in X and Y, and defines an adjunction between the functors X — Ax X and Y — Y4
from spaces to spaces. Hence we can express a homotopy F: I x X — Y as amap G: X — Y to the space
YT of maps I — Y. We call Y/ the ‘free path space’ of Y, where ‘free’ refers to the absence of any base
point condition.

This works fine, because A = I is (locally) compact and Hausdorff, but to avoid pathology in more general
cases we hereafter restrict attention to a class of topological spaces that is intermediate between the locally
compact Hausdorff spaces and general sets with topologies.

A first ‘convenient category’ CGH, of compactly generated Hausdorff spaces, was introduced by J. L. Kel-
ley (1955) and developed by Norman Steenrod (1967). This category was slightly extended to the class
CGWH, of compactly generated weak Hausdorff spaces, by John Moore, see M. C. McCord (1969). Other
references include an appendix to Gaunce Lewis’ PhD thesis (1978), Chapter 5 of May’s “A Concise Course
in Algebraic Topology” (1999), notes by Neil Strickland (2009) and Appendix A of Stefan Schwede’s book
“Global Homotopy Theory” from 2018.

Definition 21.2. Let K range over all compact Hausdorff spaces. A space X is weak Hausdorff if for each
map g: K — X the image g(K) is closed in X. A subset A C X is compactly closed if for each map
g: K — X the preimage g~ 1(A) is closed in K. The space X is compactly generated if each compactly
closed subset is closed. Following May we let % be the category of compactly generated weak Hausdorff
spaces.

Ezxample 21.3. All locally compact Hausdorff spaces, and all metric spaces, are compactly generated weak
Hausdorff.
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21.3. The exponential law. We can form products A x X and mapping spaces Y4 within the category %,
refining the usual topologies by setting the compactly closed subsets to be the ‘new’ closed subsets. Then
the correspondence f <> g defines a bijection

{maps A x X — Y} = {maps X — Y4}
for all CGWH spaces A, X and Y. Moreover, this bijection is a homeomorphism
YAXX o~ (YA)X

when we give both sets of maps the mapping space topologies. This is sometimes called the exponential law.
In other words, % is a closed symmetric monoidal category.

Also following May, let .7 be the category of based compactly generated weak Hausdorff spaces. When
A, X and Y are based CGWH spaces, we can form the smash product

Ax X
AV X

ANX =

and the based mapping space
Map(A,Y) = {based maps A =Y} C V4.
The correspondence f <+ g then defines a natural bijection

{based maps ANX — Y} = {based maps X — Map(A4,Y)}
which refines to a natural homeomorphism
Map(A A X,Y) = Map(X,Map(A4,Y)).

Hence 7 is also a closed symmetric monoidal category. This is the category in which point set topological
constructions are made in modern algebraic topology.

21.4. Free and based path fibrations, loop spaces. See Hatcher’s pages 375 and 405-409 for a discussion
similar to the following.
When A =14, let
Y! = Map(I,,Y)
be the free path space of Y, based at the constant path. The adjunction
Map(I x X,Y) = Map(I; A X,Y) = Map(X, Map(I;,Y)) = Map(X,Y’)
shows that homotopies F: I x X — Y can equally well be expressed as maps G: X — Y!. Here G maps
x € X to the path
G(x): t— G(z)(t) = F(t, )
in Y. By evaluating a path at time ¢t € I, we get a projection
pe: Y — Y
sending n: I — Y to p;(n) = n(t). In particular, py sends a path to its starting point and p; sends a path to
its end point.
When A =1 = [0, 1], based at 0, let
PY =Map(I,Y)
be the path space of Y. The elements of PY are paths n: I — Y with n(0) = yo, the base point in Y. The
end point projection p; restricts to a map p: PY — Y sending 7 to n(1) € Y. We call this the path space
fibration. The adjunction

Map(CX,Y) = Map(I A X,Y) = Map(X,Map(1,Y)) = Map(X, PY)
shows that a nullhomotopy F: CX — Y to amap f = Fi: X — Y is equivalent to a map G: X — PY
with f = pG.

The maps p1: Y! — Y and p: PY — Y are (Hurewicz) fibrations, i.e., have the homotopy lifting property.
These are “good” projections in a homotopical sense. Hence it is homotopically meaningful to consider the
preimage in PY of the base point in Y. Let

QY = Map(S*,Y) = Map(I/9I,Y) = p~'(y) C Map(I,Y) = PY
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be the loop space of Y. It is the space of loops n7: I — Y in Y, starting and ending at yg.
Recall that we identify A = S! with I/0I. The adjunction

Map(XX,Y) = Map(S* A X,Y) = Map(X,Map(S*,Y)) = Map(X, QY

exhibits the suspension functor X — XX as the left adjoint of the loop space functor Y — QY. We write
Q™Y = Q(Q™1Y) for the m-fold iterated loop space.

Lemma 21.4. There are natural bijections mp+m(Y) = 7, (Q™Y) for alln,m > 0. In particular, m,41(Y) =
T (QY) and 7, (Y) =2 mo(Q"Y).

21.5. H-spaces and H-groups. Hopf considered the following generalization of a Lie group. Let * denote
the one-point space.

Definition 21.5. An H-space is a space X with a pairing ¢: X x X — X and a unit map n: * — X such
that

Xx X xX 2L xxx

1o ¢ |+

X xX X

and
nx1 1xn
*X X ——= X XxX=<=—X xx

S

X
commute up to homotopy. An H-group is an H-space with a map x: X — X such that the diagram

e (x:1) X x X (1,%) e

Lk

* X *

commutes up to homotopy.

Ezxample 21.6. A topological group G, with the multiplication ¢: G — G — G, the inclusion of the unit
element 7: {e} C G, and the group inverse map x: G — G, gives an example of an H-group.

Ezample 21.7. A loop space X = QY with the loop multiplication ¢: QY x QY — QY sending (f,g) to
[ * g, the inclusion of the constant loop 7: {c} C QY and the reverse loop map x: QY — QY sending f to
f, exhibit QY as an H-group.

H-groups represent group valued functors. The product map ¢ represents a pairing
+:7(T, X)) xn(T, X) — n(T, X)

that gives m(7T, X) a natural group structure, for any space T'. In particular 7 (7, 2Y") is naturally a group,
for any loop space QY. The natural bijection

T(EX,Y) = n(X,QY)

takes the group structure on the left, obtained from the co-H-space structure ¢: XX — XX VXX on XX,
to the group structure on the right, obtained from the H-space structure ¢: QY x QY — QY on QY.
There are also pairings *x: Q27 x PZ — PZ and Q2Z x Fg — Fg, with the latter inducing an action

m(T,QZ) x n(T, Fg) — 7w (T, Fg)

by the group «(T,QZ) on the set ©(T, Fg), for any T.
The proof that 7,(X) is commutative for n > 2 generalizes to show that 7(3?7,Y) = #(3T,QY) =
7(T,Q%Y) is commutative for any 7" and Y.
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21.6. Path fibrations. Any map g: Y — Z can be factored as a homotopy equivalence e: Y ~ FEg followed
by a fibration q: Fg — Z. Let the path fiber space

Eg=Y xz 7!
of g be defined by the lower pullback square in the following diagram.

y 2 .7

el~ Si\
Eg—>ZIi>Z

-

y 2 .7

A point in Fg is thus a pair (y,(), with y € Y and ¢: I — Z, such that g(y) = ((1). The structure maps
Eg —Y and Eg — Z remember y and , respectively. The composite

q:Eg—)ZIAZ

sends (y,¢) to ¢(0) and has the homotopy lifting property, hence is a (Hurewicz) fibration. The constant
path section s: Z — Z! takes z € Z to s(z) with s(z,t) = z for all t € I. It lifts to a map e: Y — Eg,
with e(y) = (v, s(g9(y))). The projection py: Z! — Z is a deformation retraction relative to Z = s(Z), hence
induces a deformation retraction Fg — Z relative to Y 22 e(Y). In particular, e is a homotopy equivalence.
Then g = ge: Y — Z gives the claimed factorization.

21.7. Homotopy fibers. Let the homotopy fiber
Fg=Y x4z PZ
of g: Y — Z be the pullback in the following diagram

Fg—— PZ
.
y 2 .7

A point in Fg is thus a pair (y,() where y € Y and ¢: I — Z is a path from the base point {(0) = 2o to
¢(1) = g(y). The inclusion PZ = p;*(29) C Z! pulls back to an inclusion

Fg=q"(20) C Eg.
The diagram
Fg-%y 242
is called the canonical homotopy fiber sequence of g.
Example 21.8. The homotopy fiber of x — Z is the loop space Q7.
The homotopy fiber is a homotopy invariant construction.

Proposition 21.9. Given a commutative square

y 2.7

o))

v 27!
where ¢ and 1 are homotopy equivalences, the induced map
0=¢x PyY: Fg— Fg

is a homotopy equivalence.
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21.8. Homotopy f{ber sequences. Consider maps f: X — Y and g: Y — Z. To lift f over Fg (to a map
f+ X — Fg with pf = f) is equivalent to lifting gf: X — Z over PZ, i.e., to give a nullhomotopy G to gf.

Y——7
A diagram
x-Ly %z
together with a choice of nullhomotopy G to gf: X — Z is called a homotopy fiber sequence if the induced
map X — Fg is a homotopy equivalence. In this case the commutative diagram

f g

X—Y —7
R
Fg—Ltsy 257
exhibits a homotopy equivalence from the given homotopy fiber sequence to the canonical homotopy fiber
sequence for g.
Lemma 21.10. Fach homotopy fiber sequence is exact.

Proof. It suffices to check that

(T, Fg) 2% 7n(T,Y) L5 =(T, Z)
is exact. A class [f] € n(T,Y) is in the kernel of g. if and only if ¢.[f] = [¢], meaning that there is a
null-homotopy F': ¢ ~ gf. This is equivalent to the existence of a lift f : T — Fg of f over p, i.e., to saying
that [f] is in the image of p,. a

22. NOVEMBER 9TH LECTURE

Remark 22.1. At this point we have two equivalent interpretations of a nullhomotopy to gf. One is a lift f
of f over p: Fg — Y. The other is an extension g over g over i: ¥ — C'f.

cr

22.1. Fibers and homotopy fibers. The following is dual to Hatcher’s Proposition 0.17. Let by € B
denote the base point.

Proposition 22.2. Ifp: E — B is a fibration (satisfies the homotopy lifting property) and B is contractible,
then the fiber inclusion j: F = p~Y(by) — E is a homotopy equivalence.

Proof. Let G: I x B — B be a contraction of B, i.e., a homotopy from ¢ to 1g. Let H: I x E — FE be a
homotopy to 1g lifting G(1 X p).

1p
E /7E
I
11 - p
IxFE IxB B
G



We have pH(t,e) = G(t,p(e)) = by for all e € p~(by), so H restricts to a homotopy H: I x F — F to 1p.

IKFLF

-

IxE——F
H

We also have pH(0,e) = G(0,p(e)) = by for all e € E, so Hiy: E — E factors as jk for a map k: E — F.

Hig

.

E

J

<"

Hig

It follows that kj = Hig, since Jkj = Higj = jﬁ[io and j is injective, so both triangles commute in the
diagram above. It follows that j and k are homotopy inverses, since H gives a homotopy from jk to 1x and
H gives a homotopy from kj to 1p. O

Corollary 22.3. Ifg: Y — Z is a fibration, then the inclusion
F=g'(20) = Fg
of the fiber of g (over the base point of Z) to the homotopy fiber of g is a homotopy equivalence. Hence
FLy %7
is a homotopy fiber sequence (with respect to the constant nullhomotopy to ¢ = gf ).

Proof. If g: Y — Z is a fibration, then so is the pullback §: F'g — PZ. Here PZ is contractible, so the fiber
of Fg — PZ is homeomorphic to F' = g~!(2g) and is homotopy equivalent to Fg. ([l

This corollary is also part of Hatcher’s Proposition 4.65.

22.2. Iterated homotopy fibers. Consider a based map ¢g: Y — Z, with homotopy fiber F'g. The projec-
tion p: Fg — Y is a fibration, with fiber

j: QZ =p(20) Zp~ (y) — Fg.
We can form the repeated homotopy fiber
Fp=Fgxy PY.

A point in Fp is a triple (y,(,n), where y € Y, (: I — Z is a path from 2 to g(y), and n: I — Y is a path
from yq to y.
The projection q: Fp — Fg is again a fibration, with fiber

¢ (yo,c) = QY
consisting of triples (yo, ¢,n), where n is any loop in (Y, yg). We can form its iterated homotopy fiber
Fq=Fpxpy P(Fg).
Let r: Fqg — Fp denote the projection.

oy —2% az

| AN

Fg—"sFp—tsrg-Lsy o7
0z
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Lemma 22.4. The fiber inclusion QZ =y Fpisa homotopy equivalence, with homotopy inverse Fp — QZ
given by

(¥, Cm) — Cx g
Proof. p is a fibration. O

Lemma 22.5. The fiber inclusion QY —» Fq is a homotopy equivalence. The composite
QY = Fq-— Fp = QZ
is homotopic to —Qg: QY — QZ.

Proof. qis a fibration. The calculation of the composite is very similar to that in the proof of Lemma 19.9. O

23. NOVEMBER 11TH LECTURE
23.1. The exact Puppe sequence. Repeating the process, we obtain the diagram
sy 4027 M apg M ay “Maz Iy pg Py S 7
known as the (exact) Puppe (homotopy fiber) sequence.
Proposition 23.1. Each pair of composable maps in the Puppe sequence is a homotopy fiber sequence.
Hence there is an exact sequence
(T 02Y) Y (T, 022) <Y (T, QFg) “ % (T, v) 2% =(T,02)
25 #1(T, Fg) 2 (T, Y) 25 (T, Z)

for each based space T, where the upper row consists of groups and homomorphisms. Two elements in
(T, Fg) have the same image in w(T,Y) if and only if they are in the same orbit for the action of ©(T,QZ)
on w(T,Fg).

Proof. The equivalence 0Z — F'p exhibits
0z L Fg 2y
as a homotopy fiber sequence. The equivalence QY — Fq exhibits
QV — Fp -4 Fyg
as a homotopy fiber sequence, which in turn is equivalent to
av ¥az L py.
This pattern continues. O

Theorem 23.2. For any map g: Y — Z of based spaces, there is a long exact sequence of homotopy groups
and sets

o ma(Fg) 25 (V) 25 1 (2) L5 i (Fg) — ..
ending with
o m(Z) L5 mo(Fg) 25 mo(YV) 25 mo(2)
Two elements in wo(Fg) have the same image in wo(Y) if and only if they are in the same orbit for the

action of m1(Z) on wo(Fg).

Proof. This is the long exact Puppe sequence for g: Y — Z, in the case T = S, where we use the identifi-
cations
(S, Q" X) =2 (8™, X) = m,(X)
forn>0and X = Fg,Y and Z. |
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23.2. Long exact sequences for a fibration. When ¢g: Y — 7 is a fibration, we can replace its homotopy
fiber by its fiber.

Theorem 23.3. For any fibration p: E — B, with fiber F = p~'(by), there is a long evact sequence of
homotopy groups and sets
o Tu(F) 25 1 (B) 25 10(B) -5 w1 (F) —> ...
ending with
o m(B) -L mo(F) =5 10(E) 25 mo(B).

Here i: F — E denotes the fiber inclusion. Two elements in mo(F) have the same image in 7o(E) if and
only if they are in the same orbit for the action of w1(B).

Proof. This follows directly from the long exact homotopy sequence for Fp — F — B and the homotopy
equivalence F' ~ F'p. A direct proof is given on page 376 in Hatcher’s book, as Theorem 4.41. O

23.3. Fiber bundles.

Definition 23.4. A fiber bundle with base B, total space E and fiber F' is a map p: E — B that is locally
trivial, in the sense that B is covered by open subsets U such that there exist homeomorphisms h making
the triangles

~

commute. We call h a local trivialization of p over U. Note that h induces homeomorphisms p~1(bh) =
{b} x F= F for each b € U.

Theorem 23.5 (Huebsch (1955), Hurewicz (1955)). A fiber bundle over a paracompact base space is a
(Hurewicz) fibration.

Proposition 23.6 (Hatcher’s Proposition 4.48). Any fiber bundle is a Serre fibration, i.e., has the homotopy
lifting property with respect to maps from CW complezes.

Theorem 23.7. For any fiber bundle p: E — B with fiber F', there is a long exact sequence of homotopy
groups and sets
o Tu(F) -5 1 (B) 25 10(B) -5 w1 (F) — ...
ending with
. — m(B) -5 mo(F) 25 mo(E) 22 mo(B) .
Here i: F — E denotes the fiber inclusion. Two elements in wo(F) have the same image in mo(F) if and
only if they are in the same orbit for the action of w1(B).

Ezample 23.8. The projection ¢: S?**1 — CP* is a fiber bundle with fiber S'. Since 7, (S') = 0 for n # 1,
the long exact sequence in homotopy gives isomorphisms
q: (S = 7, (CPY)
for n > 3, and an exact sequence
0 — m(S%F ) — o (CP*) — m(SY) — 11 (S — 1 (CP*) — 0.

For k& > 1 we have m(S%¢*1) = m3(S?*1) = 0, so CP* is 1-connected with mo(CP*) = 7,(S!) = Z.
Furthermore, 7, (CP¥) = 0 for 2 < n < 2k.
For k = 1, we get isomorphisms
Qv Tn(S?) = 7 (S%)
for all n > 3.
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For k = oo, the projection ¢: S°° — CP has contractible total space. Hence

Z f =2
7 (CP®) 2 or n 2
0 otherwise.

In other words, CP> ~ K(Z,2) is an Eilenberg-Mac Lane space of type (Z,2).

Ezample 23.9. The projection q: S**3 — HP* is a fiber bundle with fiber S% = Sp(1). Since 7, (S*+3) = 0
for n < 4k + 2, the long exact sequence in homotopy gives isomorphisms

o

d: mp (HP*) — 7,_1(S?)
for n < 4k + 2.
For k =1 we get isomorphisms
9: mp(8Y) = 11 (S°)
for n < 6.

For k = co we get isomorphisms 7, (HP>) = 71, _1(S3) for all n, but these are generally nonzero for
most n, so HP> is far from being an Eilenberg-Mac Lane space.

23.4. Relative homotopy groups. When g: Y — Z is the inclusion of a subspace, we can rewrite the
homotopy groups of Fg are relative homotopy groups for the pair (Z,Y). See pages 343-344 in Hatcher’s
book.

Let J* C O(I x I™) C I x I"™ be the subspace

J" = (I x dI") U ({0} x I™).

Then
d ;I "~ ooy = csn
and
w > (1) % I7 {1} % 01" 2 {1} x S™.

The inclusion (I x I"™) C I x I"™ corresponds to the standard inclusion i: S™ C C'S™ induced by ;.
Definition 23.10. Let (X, A) be a pair of spaces, based at xg € A C X. For n > 0 let
1 (X, Ayzo) = {f: (I x I, 0(I x I"),J") = (X, A, z0)}/~

be the set of homotopy classes of maps f: I x I"™ — X taking the boundary d(I x I") to A and the subspace
J™ to the base point. The homotopies are required to preserve these conditions.

For n > 1 we can define a group structure on m,11(X, A, x¢), taking f,g: (I x I",0(I x I™),J") —
(X, A, zg) to f + g defined by

72 9 goevy fo OS S127
(f+9)(s0,81,---,8n) = {f(SO 81,52 Sn) r 81 /

9(s0,281 — 1,89,...,8,) for1/2<s; <1.
Proposition 23.11. Leti: A — X be an inclusion, with homotopy fiber Fi. There is a natural bijection
Tni1(X, A) 2 7, (F1)
which is compatible with the group structures for n > 1.

Proof. The bijection takes the homotopy class of
frIxI™0Ix1I"),J") — (X, A, x0)
to the homotopy class of
g: (I",0I") — (Fi,(xg,¢))
where g(s1,...,5,) = (a,§) € Fiis given by a = f(0,1,...,5,) and (¢) = f(¢,51,...,5,). Notethata € A
and ¢ is a path in X from a to zg. If (s1,...,8,) € I™ then g(s1,...,$,) = (zo, ) is the base point of Fi.

Compatibility with the group structure follows directly from the definitions.
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Equivalently, the bijection takes the homotopy class of
f (s s — (X, A)
to the homotopy class of
g: 8" — Fi
where ¢(s) = (a,§) € F; is given by a = f(0,s) and £(t) = f(t,s) for s € S™ and t € I. O
Definition 23.12. Let j: m,+1(X, 20) — mp41(X, A, 20) take the homotopy class of a map
fr(IxI"0(Ix1I")— (X, x0)
to the homotopy class of the same map, viewed as a map
J): I xI™0(I xI"),J") — (X, A, xp) .
Let 0: mpy1(X, A, 20) — 7, (A, x9) take the homotopy class of a map
fr I xI™0Ix1I"),J") — (X, A, x0)
to the homotopy class of its restriction to I™ = {1} x I", viewed as a map
o(f): (I",0I") — (A, xp) .

Here (I"™,0I™) = ({1} x I, {1} x 0I™) C (O( x I"™),J™).
Lemma 23.13. The diagram

i1 (X, 20) —L= 011 (X, A, 20) —2= 7 (A, 70)
T 1(X, 0) —== T (P, (10, ) —= 7 (A, 0)
commutes.
Proof. This follows directly from the definitions of j and 0, and of the maps j: QA — Fiandp: Fi— X. O

Theorem 23.14 (Long exact sequence in homotopy for a pair). For any pair (X, A) of based spaces, there
is a long exact sequence of homotopy groups and sets
e Tt (X, A) D 1 (A) =5 1 (X) — ma (X, A) — ..
ending with
o m(X) L (X, A) <D m(A) -5 mo(X).
Two elements in m (X, A) have the same image in mo(A) if and only if they are in the same orbit for the

action of m1(X) on m (X, A).

Proof. This is isomorphic to the long exact sequence for i: A — X. A direct proof is given on pages 344-345
in Hatcher’s book (as Theorem 4.3). O

23.5. Suspension and stable stems. Let X be a based space. In the pair (CX, X), the homotopy groups
T (CX) = 0 are trivial, so the connecting homomorphism

9: i1 (CX, X) — 1 (X)
is an isomorphism for all n > 0. The collapse map ¢: (CX, X) — (XX, ) induces a homomorphism
Ge: Tp+1(CX, X) — mp11(BX, %) = 141 (BX) .
Lemma 23.15. The composite
E=q0 " 1,(X) — 1,41(2X)
is the suspension homomorphism (= “Einhdngung”) taking the homotopy class of f: S™ — X to the homotopy
class of

DIFEECHAEE=D LI 3) &
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Proof. Let Cf: CS™ — CX = I A X be given by Cf(t,x) = (¢, f(x)) for t € I and € X. Then 0 maps
the homotopy class of Cf: (CS™,S™) — (CX, X) to [f], and g. maps it to [Zf]. O

Unlike the case of homology, the collapse map ¢. and suspension E are not generally isomorphisms, even
for well-behaved spaces X. However, Hans Freudenthal proved that they are isomorphisms in a “stable
range” that is about twice as large as the connectivity of X. If X is (k — 1)-connected, then ¢, and E are
isomorphisms for n < 2k — 1, and surjections for n = 2k — 1. This is the Freudenthal stability theorem,
which we shall prove later. As an example, this proves that

E: 1, (S%) — w1 (SFY
is an isomorphism for n < 2k — 1 and a surjection for n = 2k — 1. This, in turn, implies that for each ¢ € Z
the colimit system
E ) k E ) k—+1 E
...*}ﬂ'z_;,_k-(s )4)71'1_;'_]6_;'_1(8 )*}
consists of isomorphisms for k > i 4+ 2. The stable value,

72 =m(S) = co}cimerk(Sk)

is called the i-th stable stem, or the i-th stable homotopy group of spheres. We have proved that m;(S) = 0
for i < 0, and the Brouwer degree gave us a surjective homomorphism m(S) — Z, which we will later see is
an isomorphism. Serre’s theorem about the finiteness of 7, (S*) (except for n = k and n = 2k — 1, with k
even in the latter case) shows that m;(5) is a finite abelian group for each i > 0.

) ‘ 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14
mi(9) ‘ Z 7J)2 ZJ2 ZJ/24 0 0 Z/2 Z/240 (Z/2)*> (Z/2)* Z/6 Z/504 O Z/3 (Z]2)?
Serre’s class theory, or the later localization theories of Sullivan, Bousfield and Kan, allow us to focus on
the p-components (= p-Sylow subgroups) of these groups, for one prime p at a time.

i 0o 1 2 3 45 6 7 8 9 10 11 12 13 14
(S | Zey Z/2 ZJ2 Z/8 0 0 Z/2 Z/16 (Z/2)? (Z/2)® Z/2 Z/8 0 0 (Z/2)
i 0 12 3 456 7 89 10 11 12 13 14 15 16 17 18

7i(S)s) | Z@ 0 0 Z/3 0 0 0 Z/3 0 0 Z/3 Z/9 0 Z/3 0 Z/3 0 0 0
i 0 123456 7 89 10 11 12 13 14 15 16 17 18 19 20
7(S)s) | Zs 00 0000 Z/5 00 0 0 0 0 0 Z/5 0 0 0 0 0
i 0 123456 7 89 10 11 12 13 14 15 16 17 18 19 20
7(S)my [ Zem 0 00 00 0000 0 Z/7 0 0 0 0 0 0 0 0 0

23.6. The Hurewicz—Strgm homotopy category.

Definition 23.16. A map f: X — Y is a homotopy equivalence if there exists a map ¢g: Y — X such that
gf ~1x and fg ~ 1y. We then say that g is a homotopy inverse to f, and any two homotopy inverses are
homotopic.

Definition 23.17. A map i: A — X is a Hurewicz cofibration (or h-cofibration) if it has the homotopy
extension property (HEP) with respect to any space T, i.e., if given any commutative diagram with solid
arrows, the dashed arrow can be filled in.

AT A4

X o AX

\x\;\
T
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Using the mapping cylinder Mi = X Uy I+ A A, the diagram can be redrawn as follows.
Mi———T
7
l 7 .
I, NX

Hencei: A — X is a Hurewicz cofibration if and only if Mi — I, A X admits a retraction. By the exponential
isomorphism, it is equivalent to ask for a lift in the following diagram.

A——>T1
7
il // lpo
v
X——T

Definition 23.18. A map p: E — B is a Hurewicz fibration (or h-fibration) if it has the homotopy lifting
property (HLP) with respect to any space T, i.e., if given any commutative diagram with solid arrows, the
dashed arrow can be filled in.

T ——F

7
s
s p
s
s

I.ANT—=B

By the exponential isomorphism, this is equivalent to filling in the dashed arrow in the following diagram.

El—=FE

2

Bl — o
Po

Using the path fibration Ep = E x g B', the diagram can be redrawn as follows.
EI

4
7
7
Ve

T —— Ep

Hence p: E — B is a Hurewicz fibration if and only if EY — Ep admits a section.

24. NOVEMBER 16TH LECTURE

24.1. Model categories. We now seem to have the choice of working with homotopy equivalences or weak
homotopy equivalences, CW pairs or (Hurewicz) cofibrations, fiber bundles, (Hurewicz) fibrations or Serre
fibrations. Quillen’s theory of (closed) model categories clarifies the relationship between these notions.

Definition 24.1. A model category is a category %, with all limits and colimits, together with three
subcategories whose morphisms are called weak equivalences, cofibrations and fibrations, respectively. A
cofibration that is also a weak equivalence is called a trivial cofibration, and a fibration that is also a weak
equivalence is called a trivial fibration. These are assumed to satisfy the following axioms.
(1) 2Qout of 3) If f: X - Y and ¢g: Y — Z are morphisms in %, and two of f, g and gf are weak
equivalences, then so is the third.
(2) (Retracts) If f: X — Y is a retract of f': X’ — Y’ and f’ is a weak equivalence, cofibration or
fibration, then f is a weak equivalence, cofibration or fibration, respectively.
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(3) (Lifting) Given a commutative square of solid arrows

A——F

7
i 7 e
/

X —B,

the dashed lift exists if (a) i: A — X is a trivial cofibration and p: E — B is a fibration, or (b)
i: A — X is a cofibration and p: E — B is a trivial fibration.

(4) (Factorization) Any morphism f: X — Y can be factored (a) as f = pj where j is a trivial cofibration
and p is a fibration, and (b) as f = ¢gi where i is a cofibration and ¢ is a trivial fibration.

In axiom (2), f is a retract of f’ if there is commutative diagram

X— X ——X

1)
Yy —Y ——Y

where the horizontal composites X —+ X’ — X and Y — Y’ — Y are both the identities. In particular, X
and Y are then retracts of X’ and Y’, respectively.

See Dwyer—Spalinski (1995) for an introduction to model categories, and Hovey (1999) and Hirschhorn
(2003) for more detailed studies. Some authors refer to acyclic (co-)fibrations in place of trivial (co-)fibrations.

Theorem 24.2 (Arne Strgm (1972)). The category of topological spaces, with the subcategories of homotopy
equivalences, Hurewicz cofibrations and Hurewicz fibrations, is a model category.

24.2. The homotopy category. A model category provides a model for the homotopy category of %, i.e.,
the localization €' [# ~!] of ¢ where each weak equivalence has been inverted to become an isomorphism. See
Section 1.2 of Hovey’s book “Model Categories”. The original reference is Quillen’s “Homotopical Algebra”.

Let 0 and 1 be the initial and terminal objects in . The factorization axiom applied to the initial map
0 — X gives a factorization

0— X — X
where 0 — X¢ is a cofibration (we then say that X¢ is cofibrant) and X°¢ — X is (a fibration and) a weak
equivalence. We then call X¢ a cofibrant replacement of X. The factorization axiom applied to the terminal
map Y — 1 gives a factorization

Yy — Y/ —1

where Y/ — 1 is a fibration (we then say that Y/ is fibrant) and Y — Y/ is (a cofibration and) a weak
equivalence. We then call Y7 a fibrant replacement of Y. A cylinder object IX for X is a factorization
XUX —IX —X

of the fold map V: X UX — X, where X UX — IX is a cofibration and IX — X is (a fibration and) a
weak equivalence. Two maps f,g: X — Y are (left) homotopic if there exists a map IX — Y extending
fUg: XUX =Y. Welet

(X, Y)={X ->Y}/~

be the set of equivalence classes of morphisms X — Y with respect to (left) homotopy. If X is cofibrant and
Y is fibrant, this defines an equivalence relation that is compatible with composition. We let

Ho(%)(X,Y) =m(X, V) ={X° > YT}/~
be the set of morphisms from X to Y in the homotopy category Ho(%"). The objects of Ho(%) are the same
as the objects of €. Composition of maps in ¥ induces a pairing
o: Ho(¥)(Y,Z) x Ho(¥)(X,Y) — Ho(¥)(X, Z)
that makes Ho(%) a category. There is a canonical functor

€ — Ho(¥)
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that exhibits Ho(%) as the localization of € away from the weak equivalences. This is initial among the
functors ¥ — Z that send the weak equivalences to isomorphisms. Moreover, the maps in 4 that become
isomorphisms in Ho(%) are precisely the weak equivalences.

Example 24.3. In the category 7 of based spaces, the one-point space * is both initial and terminal. The
inclusion * — X is a Hurewicz cofibration and the projection X — x is a Hurewicz fibration, so each space is
both cofibrant and fibrant. The reduced cylinder I x X is a cylinder object for X, so Hop (7 )(X,Y) = n(X,Y)
is the usual set of homotopy classes of maps X — Y. Hence Hop(.7) is the usual (Hurewicz) homotopy
category.

24.3. The Serre—Quillen homotopy category. The subcategory of weak homotopy equivalences is also
part of a model structure.

Definition 24.4. A map i: F — B is a Serre fibration (or ¢-fibration) if it has the homotopy lifting property
with respect to D™ for each n > 0, i.e., given any commutative diagram with solid arrows, the dashed arrow
can be filled in.

Dt —F

1
e
e
e
I, AND"——B
Each Hurewicz fibration is a Serre fibration. Curiously (Steinberger—West, Cauty), each Serre fibration
between CW complexes is a Hurewicz fibration. We mentioned earlier that each fiber bundle is a Serre
fibration.
A relative cell complex (X, A) is a (possibly transfinite) composition
A= =2 Xg—= X1 — = X

where for each [ there is a pushout square

oD" ——— D"

|

Xg— Xpi1.

In particular, each relative CW complex is a relative cell complex. Even more particularly, each pair (X, A)
with X a CW complex and A a subcomplex is a relative cell complex.

Definition 24.5. A map i: A — X is a Serre cofibration (or g-cofibration) if it is a retract of a map
i': A — X', where (X', A’) is a relative cell complex.

Theorem 24.6. Quillen (1967) The category of topological spaces, with the subcategories of weak homotopy
equivalences, Serre cofibrations and Serre fibrations, is a model category.

The tricky thing to prove is the lifting property when i: A — X is a cell complex and p: E — B is a
Serre fibration and a weak homotopy equivalence.

The direct proof of the long exact sequence in homotopy for a Hurewicz fibration only uses the homotopy
lifting property with respect to CW complexes, which holds for all Serre fibrations.

Theorem 24.7. For any Serre fibration p: E — B, with fiber F = p~1(by), there is a long exact sequence
of homotopy groups and sets
o Tp(F) 255 1 (B) 25 10(B) -5 1 (F) —> ...
ending with
. — m(B) -% mo(F) 25 mo(E) 22 m0(B) .

Here i: F — E denotes the fiber inclusion. Two elements in mo(F) have the same image in 7o(E) if and
only if they are in the same orbit for the action of w1(B).
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24.4. The weak homotopy category. In the Serre—Quillen model structure, retracts of cell complexes are
cofibrant and all spaces are fibrant. In particular, CW complexes are cofibrant, so any CW approximation

~

x> W=X°—X

is a cofibrant replacement of X, while no fibrant replacement is necessary, meaning that we can take Y = Y/,
The reduced cylinder I x X¢ is a cylinder object for X¢, so the morphisms in the weak homotopy category
are the homotopy classes
Ho,(X,Y) = [X,Y] =7(X°Y)
of maps from the CW approximation X¢ to Y. These are the morphisms from X to Y in the weak homotopy
category Ho,(.7). Composition of maps induces a pairing
o: [V, Z]® [X,Y] — [X, Z]

that makes Ho,(7) a category. This is initial among functors .7 — 2 that send the weak homotopy
equivalences to isomorphisms. The maps in .7 that become isomorphisms in Ho,(.7) are precisely the weak

homotopy equivalences.

The homotopy groups of spaces are thus most 1nf0rmat1ve when viewed as a functor from the homotopy
category formed with respect to the Serre-Quillen model structure.

HOh

24.5. Chain complexes. Let R be a ring, and let Ch(R) be the category of (unbounded = integer graded)
chain complexes (M., d) of R-modules. The morphisms in Ch(R) are the degree-preserving chain maps.

The homotopy category of R-module chain complexes, denoted K(R), has the same objects as Ch(R),
but the morphisms from M, to N, are the chain homotopy classes of chain maps

K(R)(M., N,) = {chain maps f: M, — N,}/~.
The isomorphisms in K (R) are the chain homotopy equivalences. The canonical functor
Ch(R) — K(R)

inverts precisely the chain homotopy equivalences. There is a Hurewicz model structure on Ch(R): following
Klaus Heiner Kamps (1978), a chain map f: M, — N, is a Hurewicz cofibration if fy: My — Ny is split
injective for each k, and it is a Hurewicz fibration if fi: My — Ny is split surjective for each k.

Theorem 24.8. (Marek Golasinski og Grzegorz Gromadzki (1982)) The category Ch(R) of chain complezes,
with the subcategories of chain homotopy equivalences, Hurewicz cofibrations and Hurewicz fibrations, is a
model category.

Each object is both cofibrant and fibrant, so the homotopy category of this model structure is the usual
homotopy category K (R).

24.6. The derived category. A chain map f: M, — N, is a quasi-isomorphism if it induces an iso-
morphism in homology. For the purpose of homological algebra, where a chain complex is principally a
carrier of its homology groups, it is more natural to consider two complexes to be equivalent if they are
quasi-isomorphic (or linked by a chain of quasi-isomorphisms) than to ask that they be chain homotopy
equivalent. The localization
Ch(R) — D(R)
of Ch(R) that inverts all quasi-isomorphisms is called the derived category of R. This can be realized as the
canonical functor to the homotopy category of a model structure on Ch(R), with the quasi-isomorphisms as
the weak equivalences. Mark Hovey specified one such model structure in Section 2.3 of his book “Model
Categories” (1999).
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The projective cofibrant objects are defined in terms of cell objects. This is not completely explicit, but
each cofibrant chain complex P, is projective in each degree. Conversely, each bounded below and degreewise
projective chain complex is cofibrant. A chain map fj: My — Ny is defined to be a projective cofibration if
it is a Hurewicz cofibration (split injective in each degree) with cofibrant cokernel

0= M LN, — P 0.
A chain map f: M, — N, is a projective fibration if fi: My — Ny is surjective for each k.

Theorem 24.9 (Hovey—Palmieri-Strickland (1997), Schwede-Shipley (1998), Mark Hovey (1999)). The
category Ch(R) of chain complexes of R-modules, with the subcategories of quasi-isomorphisms, projective
cofibration and projective fibrations, is a model category.

Each chain complex is projectively fibrant. The morphisms in the homotopy category D(R) = Ho(Ch(R))
from M, to N, are thus the chain homotopy classes of maps

D(R)(M,,N,) = {P. — N,}/~

where 0 — P, = M, is a cofibrant complex that is quasi-isomorphic to M,. If M, = M is concentrated in
degree 0, P, — M is a projective resolution, and N, = N[s] is concentrated in degree s, then

D(R)(M,, N,) = Ext3,(M, N).

25. NOVEMBER 18TH LECTURE

25.1. Connectivity of spaces and maps. Let n > 0. Recall that a space X is n-connected if 73 (X) =0
forall 0 <k <mn. Amap f: X =Y is n-connected if f,: mx(X) — m(Y) is an isomorphism for 0 < k < n
and a surjection for k = n. For n > 1, this is equivalent to asking that the homotopy fiber Ff is (n — 1)-
connected. We say that a pair (X, A) is n-connected if the inclusion i: A — X is n-connected. This is
equivalent to asking that mi(X,A) = 0 for all 0 < k < n, where we define mo(X, A) to be the cofiber of
FQ(A) — 7T0(X).

25.2. The homotopy excision theorem. Consider a CW complex X, with subcomplexes A and B such
that AUB = X. Let C = AN B.
C A

B——X

R

Note that A/C = X/B. By the excision theorem in homology, we have the following square of isomorphisms.

H,(A,C) —= H,(X,B)
H,(A/C) — H,(X/B)
By functoriality of relative homotopy groups, there is also a homomorphism
mx(4,C) — 7 (X, B)
(for any choice of base point 2y € C'), but this is not in general an isomorphism.

Ezample 25.1. Let X = D? Ug1 D? & §2. Then 73(D?, S') = 15(S1) = 0 while 73(5?, D?) = 73(5?) maps
onto Z by the Hopf invariant. Hence 73(D?, S*) — m3(S?%, D?) is not an isomorphism.

However, there is a partial excision result for relative homotopy groups, valid in a “stable range” up to
the degree where the Hopf invariant is defined. (The so-called EHP-sequence makes this more precise.)
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Theorem 25.2 (Homotopy excision, Theorem 4.23 in Hatcher). Let X = AU B be a CW complex given as
the union of two subcomplexes, with connected intersection C = AN B. If (A, C) is m-connected and (B, C')
is n-connected, where m,n > 0, then the map

(A, C) — 7 (X, B)
is an isomorphism for 0 < k < m+n and is surjective for k =m + n.
Sketch proof. See Hatcher’s pages 361-363 for a full proof. The argument is due to Michael Boardman,
according to the historical notes in Switzer’s book “Algebraic Topology — Homology and Homotopy”, where
this result appears as Lemma 6.20 and Theorem 6.21.

We concentrate on the key inductive step, where A = C U I"™*! and B = C U I"*! are obtained by
attaching single (m + 1)- and (n 4 1)-cells, respectively. Hence

X=curttymrmtt.
We discuss surjectivity of
mx(4,C) — 7 (X, B)
for k < m + n. Hence we start with a map
f:(IxI*tark =Y — (X, B, x0)

and need to argue that we can deform it to a map into (A4,C,z0). f p€ A—C = int "t and g€ B—-C =
int /" are interior points in the attached cells, then A C X — {¢}, B C X — {p} and C C X — {p, ¢} are
deformation retracts, so we have the following commutative diagram with vertical isomorphisms.

Wk(A,C) Wk(X,B)

:i i:

(X —{a}, X —{p,q}) — m(X, X — {p})
Hence it will suffice to show that
fo (I x 1*7H a1k g1 — (X, X — {p},=0)
can be deformed to a map into (X — {q}, X — {p, ¢}). We thus wish to pull f away from ¢, while keeping its
restriction to 1 x I*~! = =1 away from p.
Deforming f and choosing p and ¢ is an application of the piecewise linear approximation Lemma 4.10 in

Hatcher. Considering f as a map to X = B U I™*! we can deform f to f; relative to f~!(B) so that there
is a linear simplex A™*! C I+ with

A =P U-- U Py

a finite union of convex polyhedra, such that each fi|P; — A™*! is the restriction of a linear surjection
R* — R™+1, Next we view (the deformed map) f; as a map to X = AU I"*!, and deform it to f, relative
to fi '(A) so that there is a linear simplex A"+ C I"*! with

A =Q1U---UQy

a finite union of convex polyhedra, such that each fo|@Q; — A™*! is the restriction of a linear surjection
RF — R™+!. This did not change f1 on f; *(A™*1) C f5 1(A), so fo is now piecewise-linear on the preimages
of both A™+1 and An+1,

For any p € A™*! ¢ A — C the preimage f{l(p) is a subcomplex of I* of dimension < k —m — 1, which
is < n since k < m + n.

Likewise, for any ¢ € A" € B — C the preimage f; '(¢) is a subcomplex of dimension < k —n — 1.
These are disjoint, but we need to deform f; ' (¢) horizontally in I* = I x I*~', to the face 1 x I*~1 = [*—1,
without meeting f; '(p). Hence let 7: I* — I*~! be projection to the last (k — 1) coordinates, so that

T=n"tnf"Yq) cI”
is a subcomplex of dimension < k — n. We claim that for a generic p € A™! we have f~1(p)NT = 0.
This is equivalent to p ¢ f(T). Since f, is piecewise-linear on f; *(A™*+1), and piecewise-linear maps cannot
increase dimension, the part A™ 1 N fo(T) € I"™*! of its image is a subcomplex of dimension < k — n. By
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the assumption that k < m + n, this dimension is < m. Hence almost every point p € A™*! does not meet
f2(T), as claimed.

Since 7 f;y ! (p) and 7 f5 ! (q) = n(T) are closed and disjoint in I*~! we can separate them by open neigh-
borhoods, and find a function ¢: I*=1 — I with f, *(p) to the left and f;'(¢) to the right of the (sideways)
graph

L= {(d(51,-s85-1),81,---,86-1) C I x IF71,
We then precompose fo with the maps
(80,815 -y 8k—1) = (L =t +td(s1,-..,8%-1))80, 81, -+, Sk—1)
for 0 <t < 1. For ¢t = 0 this is the identity map, and for t = 1 it is given by

(80, S1yennsy Sk—l) — (qb(sl, ey Sk—l)SOa S1yenny Sk—l) .
This way we get a homotopy from f5 to a map f3 with image on and to the left of I'. The homotopy is through
maps taking dI* to X — {p}, since f, *(p) lies to the left of T'. Furthermore, f3 takes values in X — {q},
since f; '(q) lies to the right of T'. Thus [f] = [f3] is in the image from 74 (A4, C) = (X — {¢}, X — {p, q}),
proving surjectivity.
The proof of injectivity for k < m + n is similar. Suppose given maps
f?g: (Ik78[ka Jk_l) — (A707 370)
and a homotopy
F:(IxI*1xoI*IxJ ) — (X,B,x)

between if and ig, where i: (4,C) — (X, B) denotes the inclusion. By deformation to a generic piecewise-

linear situation, using the hypothesis that k + 1 < m + n, we can deform F relative to f and g to avoid an
interior point ¢ € B — C, and thus give a homotopy F3 between f and g. 0

25.3. Freudenthal’s suspension theorem. We recall how the suspension isomorphism in homology follows
from the excision isomorphism. For any CW complex X, we can decompose its suspension as a union of two
cones:

YX=0,XuUx(C_X.
The suspension isomorphism is the composite
H.(X) ¢~ H,(1(C4 X, X) — Ho 1 (SX,C_X) — H,1(SX)

where the left and right isomorphisms follow from the long exact sequence in homology and the contractibility
of C1 X and C_X, respectively, while the middle arrow is the excision isomorphism.
For homotopy groups, the suspension map

E: m(X) — me1(BX)
can be factored as the composite
Tr(X) ¢ Tpp1(C1 X, X) — ms1 (BX, C_X) — mpp1(X)

taking the homotopy class of f: S¥ — X via the class of (Cf,f): (CS*, S*) — (CX,X) to that of
Cf/f: CS¥/Sk - CX/X and Xf: ©S* — ©X.

The example X = S, k = 2 shows that E is not generally an isomorphism. However, in the range of the
homotopy excision theorem, we get the following “Suspension Theorem” of Hans Freudenthal.

Theorem 25.3 (Freudenthal (1938)). Let X be an (n — 1)-connected CW complex. Then
E: 7Tk<X) — 7Tk+1(ZX)
is an isomorphism for k < 2n — 2 and is surjective for k = 2n — 1.

Proof. We may assume n > 1, so X is connected. The homotopy excision theorem for XX = C;L X UC_X
with C4 X N C_X = X shows that

Th+1 (C+X, X) — Tk+1 (Z){7 C_X)

is an isomorphism for k + 1 < n 4+ n and is surjective for k +1 =n + n. |
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Corollary 25.4. The suspension homomorphism
E: Wk(Sn) — 7Tk+1(Sn+1)
is an isomorphism for k < 2n — 2 and is surjective for k =2n — 1.

Note that this corollary only depends on the special case of the homotopy excision theorem that we
discussed, with X = S™*! the union of A = D' =2 §" U I"*! and B = D™*' = ™ U I"*! meeting along
C =5

Theorem 25.5. The Hurewicz homomorphism

Bt Tn(S™) — Hp(S™)

1%

7
is an isomorphism for each n > 1.

Proof. We have commutative squares

T (8™) — s 1 (S™F1)

hnl ithrl

H,(S™) —> Hyp1 (™)

for all n > 1. When n = 1 we know that h; is an isomorphism, and Freudenthal’s suspension theorem tells
us that E: m(S!) — m2(S?) is surjective. By the suspension isomorphism in homology it follows that E is
also injective, so all four maps in the diagram are isomorphisms.

For n > 2 the suspension theorem tells us that E: 7,(S™) — 7,11(S™*!) is an isomorphism. We know
by induction that h,, is an isomorphism, so again the suspension isomorphism in homology tells us that all
four maps in the diagram are isomorphisms. O

This proves that the stable O-stem mo(S) = colim,, 7, (S™) is isomorphic to Z, via the Brouwer degree of
a map S — S™.
26. NOVEMBER 23TH LECTURE
26.1. The complex Hopf fibration.

Corollary 26.1. The Hopf invariant
H: m3(5%) =7z
is an isomorphism.
Proof. The (complex Hopf) fiber bundle
St — 5% 1y 52
induces a long exact sequence in homotopy, with
m3(S) — m3(S%) = m3(S?) — ma(S").

Since 71,(St) = 0 for k > 2, it follows that n induces an isomorphism from m3(S%) =2 Z generated by the
identity map to m3(S?), which therefore must be isomorphic to Z and generated by the homotopy class of .
Since H(n) = 1, it follows that the Hopf invariant is an isomorphism in this case. O

Corollary 26.2. The suspension homomorphism

E: 7 41(S™) = map2(S™Th
is a surjection (from w3(S?) = Z) for n = 2 and an isomorphism for n > 3.
Corollary 26.3. The suspension homomorphism

E: Tpio(S™) = muyps(S™Th)

is a surjection (from 75(S®)) for n =3 and an isomorphism for n > 4.
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26.2. The J-homomorphism. Let SO(n) denote the rotation group of orientation-preserving isometries
of R™. In particular, SO(2) is the circle group and SO(3) = RP3. The rule that to an isometry A: R" — R"
associates the induced map of one-point compactifications S™ — S™, gives a map

Jn: SO(n) — Q" S™ = Map(S™, S™).
The induced homomorphism
7k (Jn): m(SO(n)) — 7 (Q"S™) = w1 (S™)

was introduced by George Whitehead (1942), as a generalization of the Hopf construction. Around 1958 it
was usually called the J-homomorphism, e.g., by John Milnor. Note that we take the identity map of S™ as
the base point in 2"S™, not the constant map, but this does not affect the higher homotopy groups, since
the different path components of Q2"S™ are homotopy equivalent.

For n =2 and k£ = 1, the homomorphism

7T1(J2)Z 7T1(SO(2)) — 7T1(QZSQ) = 7T3(52)
is an isomorphism, taking the simple loop in SO(2) to the class of Hopf’s fiber bundle 7.

There is an inclusion SO(n) — SO(n + 1) that takes a matrix A to the block matrix (81 ?) Similarly,
there is a stabilization map E: Q?S™ — QnT1Sn+1 taking f: S™ — S™ to its suspension X f: STt — gntl,
These are compatible under the J-homomorphism, and the latter induces the Freudenthal suspension. In
other words, the following diagram commutes.

Tk Jr,,,
T (SO(m)) — s (57

| |
Th(Jnt1)

m(SO(n + 1)) = Tpsnp1 (S")

We consider the following particular case.

1 (50(2)) 8L (82

b

1 (J:
m(S0(3)) = 1, (53
Since SO(3) = RP? has S3 as a double covering space, 71 (SO(3)) = Z/2, which proves that 2- En = 0 in
7T4(S3).

We need another invariant to detect that En is nontrivial. One such is the Hopf-Steenrod invariant,
which extends the Hopf invariant to a stable invariant, using Steenrod’s power operations in place of the
cohomology cup product. Granting this, we can deduce that m,1(S™) = Z/2 is generated by E"~2p for all
n > 3, and that m4(S?) = Z/2 is generated by n o En. Hence 71(S) = colim,, 7,11(S™) = Z/2, with the
stable class of the Hopf fibration n as the only nonzero element.

m(S™) | n=1 2 3 4 5 6
k=1 Z 0 0 0 0 O
2 0 Z 0 0 0 0
3 0 Z Z 0 0 0
4 0 Z]2 Z]2 Z 0 0
5 0 (z/2) (Z/2) Z/2 Z O
6 0 (Z/12) (z/12) (Z)2) Z/2 %
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26.3. The Hurewicz theorem.

Definition 26.4. Let G be an abelian group and n > 2. A Moore space of type (G, n) is a simply-connected
CW complex M(G,n) with homology groups

G for k =n,

0 otherwise.

H,(M(G,n)) = {

Any two Moore spaces of type (G,n) are homotopy equivalent. See Hatcher’s Example 4.34. It follows
that there is a homotopy equivalence

YM(G,n) ~ M(G,n+1)
inducing the identity isomorphism
G =H,(M(G,n)) = H, 1 (XM(G,n)) = Hyy (M(G,n+1) =G
Theorem 26.5 (Hurewicz). Let X be an (n — 1)-connected CW complex, with n > 2. Then the Hurewicz
homomorphism
Byt p(X) — Hp(X)

is an isomorphism.

Proof. Let G = mp(X). We must show that H,(X) = G, and that the Hurewicz homomorphism induces
this isomorphism. Choose a resolution

0-@Pz-5Pz-6-0
B «

of G by free abelian groups. Let W™ =\/_ S™. The Hurewicz homomorphism

o

hp: mp (W) — Hp,(W™) 2 @Z

is an isomorphism, by a variation of Theorem 25.5. Choose a map

fowr=\/s"— X

inducing the surjection € on 7,. Also choose a map

¢: \/ ST — W
B

inducing the injection d on m,. The composite ¢f induces €0 = 0, hence is null-homotopic. Use ¢ as
attaching maps for (n + 1)-cells in a CW complex

vt =c¢=(\/S") U, C(\/ S™)
a B

and use the null-homotopy to extend f to a map g: V™! — X. Here V"*! is a simply-connected CW
complex with a single homology group:
(V) = G for k =mn,
0 else.

Hence V"1 = M(G,n) is a Moore space of type (G, n). By cellular approximation we know that
Tn(g): (V) = (X)) 2 G

is an isomorphism.
We claim that H,,(g): G = H, (V") — H,(X) is also an isomorphism, so that it suffices to verify that
hr, is an isomorphism for the Moore space V*t!. To see this, choose a map

g\ S — X

5
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inducing a surjection on 7,1, let
Wn+1 _ Vn+1 vV \/Sn+1
¥

and let f = gV : Wt — X, Then mp(f): me(W™!) — 7 (X) is an isomorphism for ¥ < n and a
surjection for k = n + 1. Note that H, (V") = H,(W"*!). Finally, extend W"t! — X to a weak
homotopy equivalence W — X, by attaching cells of dimension > n + 2. This does not affect the cellular
homology in degree n, so H,(W"*!) =~ H, (X). By Whitehead’s theorem W is homotopy equivalent to X.
Hence we have the following commutative diagram with horizontal isomorphisms.

~

(VL) =, T (WnTh) =, (W) —— 7, (X)

| | .

H, (V') —= Hy (W) —= H, (W) — H,(X)
Having reduced to the case of V"1, we use the following commutative diagram.

ma(Vy 57 2 () T2 (v

hni& hnlu \Lhn

Hn(9) Hr (f)
Hn(\/ﬁ S™) ——= H,(W") — H, (V")
Both m,(f) and H,(f)h, are surjections. The image of m,(¢) is contained in the kernel of 7, (f), which
is contained in the kernel of H, (f)h,, which equals the image of m,(¢). Hence these are all equal, and
hp: mn (V) — H, (V™) must be an isomorphism. O

Corollary 26.6. Let X be a 1-connected CW complex, and let n > 1. Then X is n-connected if and only if
Hi(X) =0 for all k < n.

Proof. This follows by induction on n > 1. When n = 1, we know that Ho(X) = H;(X) = 0. For n > 2

~

we may assume that X is (n — 1)-connected, and then 7, (X) = H,(X), so X is n-connected if and only if
H,(X)=0. O

Theorem 26.7 (Whitehead). Let f: X — Y be a map of 1-connected CW complexes. Then f is a (weak)
homotopy equivalence if and only if f.: Ho(X) — H.(Y) is an isomorphism.

Proof. Replacing Y by the mapping cylinder M f, we may instead consider a CW pair (Y, X). We suppose
that H,(Y, X) = 0, and must show that 7, (Y, X) = 0 for all n > 1. This is clear when n = 1 from the long
exact sequence in homotopy for the pair (Y, X), since m1(Y) = mo(X) = 0.

Suppose that (Y, X) is n-connected, for some n > 1. The pair (CX, X) is 2-connected, so by the homotopy
excision theorem for Y U C'X the homomorphism

Wk(Y,X) — Wk(YUCX,CX) %ﬂ'k(YUCX)

is an isomorphism for ¥ < n + 1 (and a surjection for £ = n + 2). For k = 1 this tells us that Y U CX
is 1-connected. Since H,(Y UCX) = H,(Y,X) = 0, it follows from the corollary to the Hurewicz theorem
that 7.(Y U CX) = 0. The isomorphism for k& = n + 1 then tells us that m,1(Y,X) = 0, so (Y, X) is
(n + 1)-connected.

By induction, it follows that 7.(Y,X) = 0 in all degrees. Therefore X — Y is a weak homotopy
equivalence, hence also a homotopy equivalence. The converse is well-known. O

27. NOVEMBER 25TH LECTURE

27.1. Postnikov towers. Let X be a connected CW complex. For each n > 0 we can “kill” the homotopy
groups 7 (X) for k > n to obtain a space P"X with

me(X) for k <mn,

0 for k > n.
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Moreover, there is a map i,: X — P"X inducing the isomorphisms on 7, for k& < n. The space P"X (with
the structure map i,) is called the n-th Postnikov section of X.
To kill 7m,,41(X), choose a map

¢: \/ S — X

that induces a surjection on 7,1, and let

PrXy =X U C(\/§"H)

be obtained from X by attaching (n + 2)-cells. Then X — P"™X; induces an isomorphism on 7y for k <n
and 7,41 (P"X;) = 0, by cellular approximation. Inductively, suppose that P"X,, ;1 is obtained from X
by attaching cells of dimension n + 2,...,n + m, so that X — P"X,,_; induces an isomorphism on 7, for
k<nand mp(P"X,;,—1) =0forn+ 1<k <n+m. Let

P \/ sntm oy prx,
B

induce a surjection on 7,4, and let

P Xy = P" X1 Uy C(\/ S"T).

[e3%

Then P"X,, satisfies the inductive hypothesis for m, by cellular approximation. Let P™X be the colimit
(increasing union) of the sequence

inw: XCcP'Xyc---CcP*'X,,.1CP'X,,C---CP"X.

Then i,,: X — P"X is the n-th Postnikov section of X.

If j,: X — Q"X is any other map killing the homotopy groups 7 (X) for & > n then we can inductively
extend j, over P"X,, for each m > 1, since the obstruction VB Sgntm s prX, 1 — Q"X to extending the
map from P"X,, 1 to P"X,, lies in Hﬁ Tn+m (Q™ X)), which vanishes.

Vysmm s prX,, | — P"X,,

ST

Q"X

The extension is unique up to homotopy, because [ 5 Tntm+1(Q™X) also is trivial. The fully extended map
e: PP X — @™ X must induce an isomorphism on m for all k. Hence any two n-th Postnikov sections of X
are (weakly) homotopy equivalent, in a way that is compatible with the structure maps from X.

X ", prnx

N

Q"X

Likewise, the map 4,: X — P"X can be extended, uniquely up to homotopy, over P"+1X,, for each
m > 1, hence also over i,i1: X — P""1X. This follows from the vanishing of 7,411, (P"X) for each
110



m > 1. The resulting diagram

Pn+1

PnJrlX

Pn

PrX

Pn—1

Po

PYX
(with POX ~ %) is called the Postnikov tower of X.

The homotopy limit, or microscope, of the Postnikov tower can be defined by replacing each map p,, by
a fibration, and forming the limit of the resulting tower of fibrations. There are then isomorphisms

m1(X) — 7 (holim P" X)) — lim 7y, (P" X)

for all k, so that X is (weakly) homotopy equivalent to the homotopy limit of its Postnikov sections.
((ETC: Partial duality between Postnikov tower and skeletal filtration. Is there a better analogy given by
attaching Moore spaces than spheres?))

27.2. Eilenberg—Mac Lane spaces. Let G be an abelian group, and let n > 2. The n-th Postnikov section
of a Moore space of type M(G,n) is an Eilenberg-Mac Lane space of type K(G,n).

in: M(G,n) — P"M(G,n) = K(G,n)

In other words, build M (G, n) with n- and (n + 1)-cells from a presentation of G, and then attach m-cells
for m > n + 2 to kill the homotopy groups in degrees > n + 1.

It is characterized, up to homotopy equivalence, by its homotopy groups
G for k=n,

0 otherwise.

(K (G,n)) = {

To see this, suppose that L is a CW complex with these homotopy groups. Use the presentation of G to
construct a map M(G,n) — L that induces an isomorphisms on m,. Thereafter extend this map over the
cells of K(G,n) of dimension > n + 2, which is always possible because 7, (L) = 0 for k¥ > n + 1. The
extended map K(G,n) — L is then a (weak) homotopy equivalence. This characterization also applies for
n € {0,1}. We therefore write K (G, n) for any CW complex of this homotopy type.

Ezxample 27.1. There are Moore and Eilenberg—Mac Lane spaces

~

M(Z,1) = S' = S' = K(Z,1)
M(Z/2,1) = RP? — RP>™ = K(Z/2,1)
M(Z,2) = CP' — CP>™ = K(Z,2).
Corollary 27.2. There is a homotopy equivalence
d: K(G,n) ~QK(G,n+1)
inducing the identity isomorphism

G=m,(K(G,n)) 2m,(QK(G,n+1)) Zm11(K(G,n+1))

G.



The left adjoint map
o: 3K(G,n) — K(G,n+1)
extends the equivalence
YM(G,n) — M(G,n+ 1)
(which we can take to be the identity).
27.3. The homotopy characterization of cohomology.
Lemma 27.3. There are natural isomorphisms
H"(K(G,n); G) — Hom(H, (K(G,n)),G) — Hom(G,G) .

Proof. The first isomorphism is given by the universal coefficient theorem, since H,_1(K(G,n)) = 0. The
second isomorphism is induced by the Hurewicz isomorphism m, (K (G,n)) = H,(K(G,n)). O

Let vy, € H"(K(G,n); G) correspond to the identity homomorphism 1: G — G.
Theorem 27.4 (Eilenberg-MacLane). There is a natural isomorphism
[X,K(G,n)| =2 H"(X;G)
sending the homotopy class of f: X — K(G,n) to the cohomology class f*(tn).
The notation [X, K (G, n)] assumes that X is a CW complex, or that f is a map from a CW approximation

to X. We are working in the category of based spaces, so to include the case n = 0 we should use reduced
cohomology.
Sketch proof. See Hatcher’s Theorem 4.57. One proof proceeds by arguing that
(X, A) = [X/A, K(G,n)]
defines a cohomology theory on the category of CW pairs, cf. Definition 10.3 or page 202 in Hatcher’s book.
The coboundary homomorphism
§: h"(A) — A" TH(X/A)
is the composite of the suspension isomorphism
" (A) = [A, K(G,n)] 2 [A,QK(G,n+1)] 2 [ZA, K(G,n +1)] = h"T1(2A)
and the natural map
RS A) — BT (X /A)
induced by
X/A~XUCA -1 2A.

Homotopy invariance, excision and the sum axiom are then easily verified. The exactness axiom follows from
the coexactness of the Puppe sequence

A— XS XxucA-LxA.

The coefficients of this cohomology theory are given by the groups h*(S°) = [S°, K (G, k)], which are G
for k = 0 and 0 otherwise. Hence h*(D™,D™) is G for k = n and 0 otherwise. For any CW complex X the
skeletal filtration then gives a cochain complex

o BT X S (XL XY
that is isomorphic to the cellular complex
S WX XL G) S W (XL X G) L

and whose cohomology calculates
WX) = HY(X;G),

as claimed. 0



The homotopy characterization of homology is a little more complicated. The structure maps

o: XK(G,n) — K(G,n+1)

in the Eilenberg—Mac Lane spectrum
HG ={n— K(G,n)}
induce homomorphisms
Than(K(G,n) A X) 5 Mot (SK (G n) A X) -Z5 mpni1 (K(Gon+1) A X).
Theorem 27.5 (Lima/Whitehead). There is a natural isomorphism
collimﬂ;g+n(K(G, n)AX) = Hy(X;G).

The proof comes down to checking that

hi(X, A) = colim 71, (K (G,n) A X/A)

defines a homology theory on the category of CW pairs, with coefficients hj(S°) = G for k = 0 and 0

otherwise. Homotopy excision gives exactness for (X, A) — w4, (K(G,n) A X/A) in a range of degrees k

that increases to infinity as n grows. Passing to the colimit over n hence gives exactness in all degrees.
These results suggest that to any sequence of spaces

E={n— E,}
with homotopy equivalences ¢: E, ~ QF, 1 and adjoint maps o: X E,, — E, 11 we can form a (generalized)
cohomology theory
E"(X) = [X, E]
and a generalized homology theory
Ek(X) = colim 7Tk+n(En A X) .
This is indeed the case, and these objects E are the (sequential) spectra of stable homotopy theory.

27.4. k-invariants.

X

K(mpi1(X),n+1) —= PrlX

Pn

PrX s K (i (X)on+ 2)

*

We return to the Postnikov tower of a connected CW complex X. The projection p,: P"T'X — P"X
induces an isomorphism on 7, for all k # n+ 1, and the surjection 7,1(X) — 0 for k = n, so its homotopy
fiber is an Eilenberg-Mac Lane space of type K (m,+1(X),n + 1):

K(mpi1(X),n+1) — PHIX 2% prx
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For simply-connected X these are principal fibrations, in the sense that p,, is the inclusion of the homotopy

fiber of a map
kni rP'X — K(7T7L+1(X),TL + 2)
called the n-th Postnikov k-invariant of X. This also works for connected X with trivial action by 7 (X) on
7 (X) for all n > 2. See Hatcher’s Theorem 4.69. By the homotopy representability of cohomology, there is
a natural bijection
[P"X, K (741 (X),n +2)] 2 H™2(PX, 11 (X))

Hence the n-th k-invariant amounts to a class in the (n 4+ 2)-th cohomology of P"X with coefficients in
7na1(X), and the next Postnikov section, P"*1 X is given by the homotopy fiber of k,. This k-invariant is
also often denoted k"*2, since it lies in degree (n + 2) in cohomology.

For example, if each k-invariant is zero, then X is a product of Eilenberg—Mac Lane spaces

X~ [] K(mn(X),n).
n>1
Conversely, if a k-invariant is nonzero, then X is not a product of Eilenberg—Mac Lane spaces, but a more
complicated extension of such spaces.
In principle, the weak homotopy type of a simply-connected space X is thus specified by the sequence of

homotopy groups

m2(X), .., (X)), i1 (X), ...
together with the k-invariants

k"2 e HMP2(P" Xm0 (X))
for n > 2, where P?X = K(7m2(X),2) and P""1X is inductively defined as the homotopy fiber of the map
P"X — K(m,41(X),n + 2) representing k"*2. A similar statement applies for path-connected spaces with
trivial action of 71 on the higher 7,. In practice, it is difficult to calculate H"*2(P"X;m,,1(X)), but the
Serre and Eilenberg—Moore spectral sequences are useful tools for this.

27.5. Whitehead towers. Let the n-connected Whitehead cover W,, 11 X — X be the homotopy fiber of
the n-th Postnikov section ,,: X — P"X. Then
me(X) fork>n+1,

Wpi1 X) =
T (Wn41.X) {0 otherwise,

with the isomorphisms induced by the map to X. If X — X is a universal cover, then X ~ W)X, so W, X
generalizes this construction. We get a tower of homotopy fiber sequences

Wi X —X P°X




The homotopy limit
holim W, 11 X ~ %

is contractible, and we get a tower of fibrations

K(m,(X),n—1) —= W, 11 X

WpX —— K(m,(X),n)

X

where each map W, X — K(m,(X),n) is given by killing homotopy groups, and W,,+1X is the homotopy
fiber of this map.

Serre’s computations of homotopy groups of spheres proceeded by calculating the (co-)homology of the
Whitehead covers W, 41X of spheres, and reading off 7,41 as H, 41 of these n-connected spaces.

27.6. The 2-connected cover of S2. The Whitehead towers of S? and S® agree, after the first stage. The
inclusion CP! —s CP®* is a map S? — K(Z,2) that exhibits CP> as the Postnikov section P2S2, so
its homotopy fiber is the Whitehead cover W3S52. We get a map from the Hopf fiber bundle to the Puppe
sequence

St g3 1 o g2

Lk

K(Z,1) — W352 —25 82—~ K(Z,2)

where the left hand map is a homotopy equivalence, which implies that the middle vertical map is also a
homotopy equivalence. Hence n: S — S? is the 2-connected cover of S2. It follows that the (n—1)-connected
covers of S3 and S? are equivalent for all n > 3:

W,S8% ~ W, 52,
27.7. The 3-connected cover of S3. What can we say about the 3-connected cover W,.S3 of S3, sometimes

denoted S3? Since 73(S®) 2 Z, it is the homotopy fiber of a map S* — K(Z, 3) that is an isomorphism on
73 and represents the generator of H3(S3;7Z). We get a Puppe sequence

K(Z,2) — W3S 2% 8% — K(Z,3),
where K(Z,2) ~ CP*°. Since W,;S? is 3-connected, we have a Hurewicz isomorphism
m4(S%) 22 Hy(WyS°),
so we would like to calculate the homology of the 3-connected total space in a homotopy fiber sequence

CP>™® — W,8% — §3.
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Since the base space is a sphere, this can be done by a special case of the Serre spectral sequence due to
Hsien-Chung Wang (1949), which shows that there is a long exact sequence

cos— H™3(CP®) — H™(W4S®) — H™(CP®) -2 H™ 2(CP™®) — ... .
This can be obtained from the Mayer—Vietoris sequence associated to the open cover W, 82 = U UV where
U and V are the preimages of S — {p} and S® — {q}, for any points p # q € S3. Note that CP>® ~U ~V
since S® — {p} and S3 — {q} are contractible, and U NV ~ §2? x CP>.
Moreover, H*(CP*) = Zly] with |y| = 2 and ¢ is a derivation with §(y) = 1. The latter claim implies
that 6(y™) = ny™ !, so that
Z for m =0,
H™(WyS*) = Z/n form=2n+1,
0 otherwise.
In low degrees:
H*(W,S%) = (Z,0,0,0,0,Z/2,0,Z/3,...).
Granting that W,S? has finite type, the universal coefficient theorem implies that
H,(W4S%) = (2,0,0,0,2/2,0,7./3,0,...).
Hence 74(S3) = 7, (W,S?) = Hy(W,S3) = Z/2. By Freudenthal’s suspension theorem, this group is gener-
ated by En, and more generally 7,1 (S™) = Z/2 is generated by E"~ 2y for each n > 3. Thus
m1(S) = colimmy,41(S™) X Z/2

is generated by the stable class of 7.



