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Please make sure that your copy of the problem set is
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Problem 1

a (weight 10p)

Define what is a subordinator and give an expression for its Lévy symbol. Why is
interesting for stochastic modelling? Can the measure ν (dy) = y−1/21(0,+∞) (y) dy be
the Lévy measure of a subordinator? And the measure µ (dy) = y−1e−y1(0,+∞) (y) dy?

b (weight 10p)

Let S = {St}t∈R+
be a subordinator. The Laplace exponent of S is defined by

ψ (u) = −1

t
log

(
E
[
e−uSt

])
, u ≥ 0.

Prove that Z (u) = {Zt (u)}t∈R+
, u ≥ 0 given by

Zt (u) = exp (−uSt + tψ (u)) , t ≥ 0,

is a martingale.

c (weight 10p)

Let Y = {Yt}t∈R+
be a one dimensional Lévy process and S = {St}t∈R+

be a
subordinator, independent of Y . Consider the subordinated process Z = {Zt = YSt}t∈R.
Prove that Z has stationary increments, i.e., prove that L (Zt − Zs) = L (Zt−s).

(Continued on page 2.)
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d (weight 10p)

Let X =
{(
X1

t , X
2
t

)}
t∈R+

be a two dimensional Lévy process with Lévy generating
triplet (γ,A, ν). Prove that Y := X1 −X2 is a one dimensional Lévy process and give
its generating triplet (be as explicit as possible).

Hint: You can use (without having to prove it) a general result stated in class on
linear transformations of Lévy processes. Note that X1and X2 are NOT necessarily
independent. If you are not able to recall this general result, you can still obtain some
points by proving the result under the assumption that X1 and X2 are two independent
Lévy processes.

Problem 2

Let B be an m-d imensional Brownian motion defined on a complete probability space
(Ω,F , P ) and let F := FB be the usual augmentation of the natural filtration generated
by B. In this setup:

a (weight 10p)

Describe what is a financial market. Define portfolio, wealth process associated to a
portfolio, self-financing portfolio and admissible porfolio.

b (weight 10p)

Define arbitrage opportunity (or portfolio) and equivalent local martingale measure
(ELMM). Prove that if there exists an ELMM then there are no arbitrage opportunities
in the market.

c (weight 20p)

Suppose that the Itô financial market is given by

dS0
t = rS0

t dt, S0
0 = 1,

dS1
t =

(
µ− S1

t

)
dt+ σdBt, S1

0 = s1 > 0,

where r > 0, µ > 0, and σ ̸= 0 are constants.

1. (10p) Find the price of the European T -claim F =
(
S1
T

)2.
2. (10p) Find the replicating portfolio φ = (φ0, φ1) for this claim.

Problem 3

Let B be a one dimensional standard Browian motion and N an independent Poisson
random measure on R+ ×R0 with intensity measure dt⊗ ν, where ν is a Lévy measure.
Let Ñ be the compensated Poisson random measure associated to N .

(Continued on page 3.)
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Let Y = {Yt}t∈[0,T ] be an R-valued stochastic process with stochastic differential

dYt = G (t) dt+ F (t) dBt +

∫
|x|<1

H (t, x) Ñ (dt, dx) +

∫
|x|≥1

K (t, x)N (dt, dx) , (1)

where, |G|1/2 , F ∈ P2 (T ) ,H ∈ P2(T, B̂1 (0)), and K is predictable.

a (weight 10p)

State Itô’s formula for the process Y .

b (weight 10p)

Find the differential of f (Yt) with f (y) = y2. Simplify as much as possible.

c (weight 10p)

State general conditions on G,F,H and K such that eY is a local martingale and find
an expression for d

(
eYt

)
in such case.

d (weight 10p)

Take F = 0, H (t, x) = K (t, x) = x and ν (dx) = xe−λx1(0,+∞)dx for some λ > 0. Find
G such that eY is a local martingale.


