Exercises

1. Suppose we have

dX; = adt + odBy + /

lz|<1

h(z) N (dt,dz) +/ k(z) N (dt,dz),

|z|>1

Xo = o,
where a, o are constants and h and k are given functions from R — R.

(a) Use Ito’s formula to find dY; when Y; = exp (X3) .
(b) How do we choose «, 0, h and k if we want Y; to solve the SDE

dYy =Y (ﬁdt + 0dB; + /\/
lz|<1

xN (dt,dz) + p /

|z[>1

N (dt, d:(:)) ,

for given constants 3,6, A and p.
2. Solve the following Lévy SDEs:

(a) Let m,o, A be constants and

dXt:(m—Xt)dt+adBt+)\/

|z|<1

«N (dt, dx) +,0/ eN (dt,dx),
2] >1

Xo = xp.

(b) Let

dX; = adt + v X / «N (dt,dzx) +/ xN (dt,dz) |,
|z|<1 |z|>1

Xo = xo.

3. Let h € L? (R) be deterministic and define

Yt—exp{/ /RO s) N (ds, dz) //RO —1—h(s)x)u(dx)ds}.

Show that
dY, = Y;_ / <eh<f>ﬂf - 1) N (dt, dz).
Ro

4. Show that, under some conditions on v (s,z) (assumed to be deterministic) we have

[exp(/ /RO 5,) dsdx)]-exp(/ /RO eﬂ”) 1 (sx)}u(dw)ds).

dxg':/ i (t,x) N (dt,dz),  i=1,2,
Ro

be two one-dimensional Ité-Lévy processes. Prove that
t t t
X} Xx? :X3X§+/ deX§+/ Xs2dXsl+/ / 71 (8,2) Y2 (s,2) N (ds, dx) .
0 0 0 JRo

1



6. Define, with suitable conditions on 6 (s, z),

—exp</ /Rolog (1—0(s,2)) N (ds, dz)
—i—/o Ro{log(l—e(, ))+0(s,:17)}y(da:)ds>.

Show that

dZ; (0) = —Z,_ (0) | 6(t,z) N (dt,dzx).
Ro

7. Let N = {Nt}tzo be a Poisson process with intensity parameter A. Compute fg Ns_dNg and
[y NydNs.

8. Decide whether or not the following markets have arbitrages. If the market has an arbitrage
find one.

(a) Consider
s =0, S)=1,
s} = St (adt+ /R xN (dt, dm)), St >o,
0
where v is supported in (—1,400), @ € R is a constant and [, [2| v (dz) > |a].
(b) Consider
s =0, S0=1,

s} = St <—dt —1dB; + 3/

N (dt,dm)) , S§ >0,
Ro

dSE = S7. <4dt +2dB; — 6 / xN
R

0

(dt, dx)) , S2>0.

9. Consider the following market
sy =0, S)=1,
S = S\ (pdt +~idn +y3dn7), 55> 0,
d5t2 = StQ— (M2dt +7 d77t + 72d77t) Sg > 0,

where p; and 7;-, i,j = 1,2, are constants and n' and n? are independent Lévy martingales of
the form

dni = / N (dt, dz) i=1,2.
Ro

%

Assume that the matrix v = (fy.

3)19’,;’32
[ el
Ro

Show that this market is arbitrage free.

is invertible, with inverse y! = \ = (X‘) and
1<4,5<2

assume that

1=1,2.




