
Exercises

1. Suppose we have

dXt = αdt+ σdBt +

∫
|x|<1

h (x) Ñ (dt, dx) +

∫
|x|≥1

k (x)N (dt, dx) ,

X0 = x0,

where α, σ are constants and h and k are given functions from R → R.

(a) Use Itô’s formula to find dYt when Yt = exp (Xt) .

(b) How do we choose α, σ, h and k if we want Yt to solve the SDE

dYt = Yt−

(
βdt+ θdBt + λ

∫
|x|<1

xÑ (dt, dx) + ρ

∫
|x|≥1

xN (dt, dx)

)
,

for given constants β, θ, λ and ρ.

2. Solve the following Lévy SDEs:

(a) Let m,σ, λ be constants and

dXt = (m−Xt) dt+ σdBt + λ

∫
|x|<1

xÑ (dt, dx) + ρ

∫
|x|≥1

xN (dt, dx) ,

X0 = x0.

(b) Let

dXt = αdt+ γXt−

(∫
|x|<1

xÑ (dt, dx) +

∫
|x|≥1

xN (dt, dx)

)
,

X0 = x0.

3. Let h ∈ L2 (R) be deterministic and define

Yt = exp

{∫ t

0

∫
R0

h (s)xÑ (ds, dx)−
∫ t

0

∫
R0

(
eh(s)x − 1− h (s)x

)
ν (dx) ds

}
.

Show that
dYt = Yt−

∫
R0

(
eh(t)x − 1

)
Ñ (dt, dx) .

4. Show that, under some conditions on γ (s, x) (assumed to be deterministic) we have

E
[
exp

(∫ t

0

∫
R0

γ (s, x) Ñ (ds, dx)

)]
= exp

(∫ t

0

∫
R0

{
eγ(s,x) − 1− γ (s, x)

}
ν (dx) ds

)
.

5. Let
dXi

t =

∫
R0

γi (t, x) Ñ (dt, dx) , i = 1, 2,

be two one-dimensional Itô-Lévy processes. Prove that

X1
t X

2
t = X1

0X
2
0 +

∫ t

0
X1

s−dX
2
s +

∫ t

0
X2

s−dX
1
s +

∫ t

0

∫
R0

γ1 (s, x) γ2 (s, x)N (ds, dx) .
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6. Define, with suitable conditions on θ (s, x) ,

Zt (θ) = exp

(∫ t

0

∫
R0

log (1− θ (s, x)) Ñ (ds, dx)

+

∫ t

0

∫
R0

{log (1− θ (s, x)) + θ (s, x)} ν (dx) ds
)
.

Show that
dZt (θ) = −Zt− (θ)

∫
R0

θ (t, x) Ñ (dt, dx) .

7. Let N = {Nt}t≥0 be a Poisson process with intensity parameter λ. Compute
∫ t
0 Ns−dNs and∫ t

0 NsdNs.

8. Decide whether or not the following markets have arbitrages. If the market has an arbitrage
find one.

(a) Consider

dS0
t = 0, S0

0 = 1,

dS1
t = S1

t−

(
αdt+

∫
R0

xÑ (dt, dx)

)
, S1

0 > 0,

where ν is supported in (−1,+∞), α ∈ R is a constant and
∫
R |z| ν (dz) > |α|.

(b) Consider

dS0
t = 0, S0

0 = 1,

dS1
t = S1

t−

(
−dt− 1dBt + 3

∫
R0

xÑ (dt, dx)

)
, S1

0 > 0,

dS2
t = S2

t−

(
4dt+ 2dBt − 6

∫
R0

xÑ (dt, dx)

)
, S2

0 > 0.

9. Consider the following market

dS0
t = 0, S0

0 = 1,

dS1
t = S1

t−
(
µ1dt+ γ11dη

1
t + γ12dη

2
t

)
, S1

0 > 0,

dS2
t = S2

t−
(
µ2dt+ γ21dη

1
t + γ22dη

2
t

)
, S2

0 > 0,

where µi and γij , i, j = 1, 2, are constants and η1 and η2 are independent Lévy martingales of
the form

dηit =

∫
R0

xÑ i (dt, dx) , i = 1, 2.

Assume that the matrix γ =
(
γij

)
1≤i,j≤2

is invertible, with inverse γ−1 = λ =
(
λi
j

)
1≤i,j≤2

and

assume that ∫
R0

|x| νi (dx) >
∣∣λi

1µ1 + λi
2µ2

∣∣ , i = 1, 2.

Show that this market is arbitrage free.
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