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3. SOME CONSEQUENCES OF THE INTEGRAL FORMULAS 9

PRrROOF. By (3.2) we have that
K[ R
(%) =
OIS 5l [ e

B0
_.%|A Wﬁre dt|

<k !lfkllbnf_

O

_ COROLLARY 3.6. (Simple Mazimum principle for a disk) Let feod)N
C(D,). Then |f(0)| < || fllsm, -

THEOREM 3.7. (Montel) Let @ C C be an open set, and F be a famaly
of holomorphic functions on  with the property that for each compact set
K C Q there eists a constant Cx > 0 such that || fllx < Ck for all f € F.
Then for any sequence {fj}jen C F there exists a subsequence {fn(;)} such
that fa) — f € O(R) uniformly on compact subsets of 2.

PROOF. Let A C Q be a dense sequence of points, and let {fiyCcF
be a sequence such that fj(a) = d € Cforalae A. We claim that the
sequence {f;} converges to a holomorphic function f uniformly on compact
subsets of §2. Choose an exhaustion of by compact sets K; C K3,,. For
any j we have that | fillk;, < M; for all ¢. By the Cauchy estimates there is
a constant N; such that ||f{[lx; < N; for all i.

Now we fix K and show that {fi}|x; is a Cauchy sequence. Note that
by the Mean Value Theorem we have for z, 2 € Kj1 that |fi(z) — fi(2)] £
Njs1lz — 2’|. Given any € > 0 we may choose a finite subset A C Kji

of A such that for any z € Kj, there exists an a € A with |z — a| <
N Furthermore, since {fi}| ; is Cauchy, we may find N € N such that

Ifi(a) = fm(a)| < § for all m,n > N. So given any 2z € K; we may pick
a € A to see that

1fi(2) = fm(2)| < 1fi(2) = fi(@)] + | fi(a) = fm(a)| + | fm(a) — fm(2)]
< 2Njq2lz —al +€/2 <,

for all [,m > N, hence {fi}|x; is a Cauchy sequence. O

THEOREM 3.8. Let f € Of.a) ek :5(& V) ©Ls s Tha
(3.5) Q)= iq (5*@\3 mw~ Dlan)
where ~



10 1. FUNDAMENTAL PROPERTIES OF HOLOMORPHIC FUNCTIONS

PROOF. Note that 1> =
and plug this into Cauchy’s Integral Formula.

z—¢

zll=

1

/=

=1/23320(5) as long as [¢] < |2],

a0

PROPOSITION 3.9. (Identity principle) Let f € O(Q). If Z(f) = {z €
Q: f(z) = 0} has non-empty interior, then f =0 on Q. (Lo ¢

PROOF. For each a € Q we have that f(z) =

o0
j=0

cj(a)(z —a)! on a

small enough disk centered at a. By (3.6) we see that ¢j(a) is continuous

in a for all j. So the set of points {a € Q : ¢j(a) = Oforallj € N} is

non-empty, open and closed in 2. Ed

PROPOSITION 3.10. Let f € O(). Then Z(f) is discrete unless f is _—
constantly equal to zero. :

PROOF. We assume that f is not constant. Near a point a € with s

£(0) = 0 we have that f(z) = 372 ci(z—a)l,k > 1,c, # 0, so we can write

f(2) = (2 = @) (ck + 32 Crij(z — a)). O
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