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APPENDIX Al

Hopf Algebras and Hopf Algebroids

Commutative, noncocommutative Hopf algebras, such as the dual of the Steen-
rod algebra A (3.1.1), are familiar objects in algebraic topology and the importance
of studying them is obvious. Computations with the Adams spectral sequence
require the extensive use of homological algebra in the category of A-modules
or, equivalently, in the category of A,-comodules. In particular there are sev-
eral change-of-rings theorems (A1.1.18, A1.1.20, and A1.3.13) which are major
labor-saving devices. These results are well known, but detailed proofs (which are
provided here) are hard to find.

The use of generalized homology theories such as MU- and B P-theory requires
a generalization of the definition of a Hopf algebra to that of a Hopf algebroid.
This term is due to Haynes Miller and its rationale will be explained below. The
dual Steenrod algebra A, is defined over Z/(p) and has a coproduct A: A, —
Ax ®z/(p) A« dual to the product on A. The BP-theoretic analog BP.(BP) has
a coproduct A: BP,(BP) — BP.(BP) ®,_gp) BP.(BP), but the tensor product
is defined with respect to a . (BP)-bimodule structure on BP,(BP); i.e., m.(BP)
acts differently on the two factors. These actions are defined by two different Z,)-
algebra maps nr,ngr: m«(BP) — BP.(BP), known as the left and right units. In
the case of the Steenrod algebra one just has a single unit n: Z/(p) — A.. Hence
BP,(BP) is not a Hopf algebra, but a more general sort of object of which a Hopf
algebra is a special case.

The definition of a Hopf algebroid Al.1.1 would seem rather awkward and un-
natural were it not for the following category theoretic observation, due to Miller. A
Hopf algebra such as A, is a cogroup object in the category of graded Z/(p)-algebras.
In other words, given any such algebra R, the coproduct A: A, — A, ® A, induces
a set map Hom(A,, R) x Hom(A,, R) — Hom(A,, R) which makes Hom(A,, R) into
a group. Now the generalization of Hopf algebras to Hopf algebroids corresponds
precisely to that from groups to groupoids. Recall that a group can be thought of
as a category with a single object in which every morphism is invertible; the ele-
ments in the group are identified with the morphisms in the category. A groupoid
is a small category in which every morphism is invertible and a Hopf algebroid is
a cogroupoid object in the category of commutative algebras over a commutative
ground ring K [Z) in the case of BP,(BP)]. The relation between the axioms of
a groupoid and the structure of a Hopf algebroid is explained in A1.1.1.

The purpose of this appendix is to generalize the standard tools used in homo-
logical computations over a Hopf algebra to the category of comodules over a Hopf
algebroid. It also serves as a self-contained (except for Sections 4 and 5) account of
the Hopf algebra theory itself. These standard tools include basic definitions (Sec-
tion 1), some of which are far from obvious; resolutions and homological functors
such as Ext and Cotor (Section 2); spectral sequences of various sorts (Section 3),
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including that of Cartan and Eilenberg [1, p. 349]; Massey products (Section 4);
and algebraic Steenrod operations (Section 5). We will now describe these five
sections in more detail.

In Section 1 we start by defining Hopf algebroids (A1.1.1), comodules and prim-
itives (A1.1.2), cotensor products (A1.1.4), and maps of Hopf algebroids (A1.1.7).
The category of comodules is shown to be abelian (A1.1.3), so we can do homo-
logical algebra over it in Section 2. Three special types of groupoid give three
corresponding types of Hopf algebroid. If the groupoid has a single object (or if
all morphisms have the same source and target) we get an ordinary Hopf algebra,
as remarked above. The opposite extreme is a groupoid with many objects but at
most a single morphism between any pair of them. From such groupoids we get
unicursal Hopf algebroids (A1.1.11). A third type of groupoid can be constructed
from a group action on a set, and a corresponding Hopf algebroid is said to be split
(A1.1.22).

The most difficult definition of Section 1 (which took us quite a while to for-
mulate) is that of an extension of Hopf algebroids (A1.1.15). An extension of Hopf
algebras corresponds to an extension of groups, for which one needs to know what
a normal subgroup is. We are indebted to Higgins [1] for the definition of a normal
subgroupoid. A groupoid Cj is normal in Cy if

(i) the objects of Cy are the same as those of Cy,

(ii) the morphisms in Cj form a subset of those in C4, and

(iii) if g: X — Y and h: Y — Y are morphisms in C; and Cy, respectively,
then g~thg: X — X is a morphism in Cp.

This translates to the definition of a normal map of Hopf algebroids (A1.1.10).
The quotient groupoid C' = C7/Cy is the one

(i) whose objects are equivalence classes of objects in C7, where two objects
are equivalent if there is a morphism between them in Cy, and

(ii) whose morphisms are equivalence classes of morphisms in C;, where two
morphisms g and ¢’ are equivalent if ¢ = highs where h; and hs are morphisms
in Co.

The other major result of Section 1 is the comodule algebra structure theorem
(A1.1.17) and its corollaries, which says that a comodule algebra (i.e., a comodule
with a multiplication) which maps surjectively to the Hopf algebroid 3 over which
it is defined is isomorphic to the tensor product of its primitives with . This
applies in particular to a Hopf algebroid I' mapping onto ¥ (A1.1.19). The special
case when ¥ is a Hopf algebra over a field was first proved by Milnor and Moore [3].

In Section 2 we begin our study of homological algebra in the category of
comodules over a Hopf algebroid. We show (A1.2.2) that there are enough injectives
and define Ext and Cotor (A1.2.3). For our purposes Ext can be regarded as a
special case of Cotor (A1.1.6). We find it more convenient here to state and prove
our results in terms of Cotor, although no use of it is made in the text. In most
cases the translation from Cotor to Ext is obvious and is omitted. After defining
these functors we discuss resolutions (A1.2.4, A1.2.10) that can be used to compute
them, especially the cobar resolution (A1.2.11). We also define the cup product in
Cotor (A1.2.14).

In Section 3 we construct some spectral sequences for computing the Cotor
and Ext groups we are interested in. First we have the spectral sequence associated
with an LES of comodules (A1.3.2); the example we have in mind is the chromatic
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spectral sequence of Chapter 5. Next we have the spectral sequence associated
with a (decreasing or increasing) filtration of a Hopf algebroid (A1.3.9); examples
include the classical May spectral sequence (3.2.9), the spectral sequence of 3.5.2,
and the so-called algebraic Novikov spectral sequence (4.4.4).

In A1.3.11 we have a spectral sequence associated with a map of Hopf alge-
broids which computes Cotor over the target in terms of Cotor over the source.
When the map is surjective the spectral sequence collapses and we get a change-
of-rings isomorphism (A1.3.12). We also use this spectral sequence to construct a
Cartan—Eilenberg spectral sequence (A1.3.14 and A1.3.15) for an extension of Hopf
algebroids.

In Section 4 we discuss Massey products, an essential tool in some of the more
intricate calculations in the text. The definitive reference is May [3] and this section
is little more than an introduction to that paper. We refer to it for all the proofs and
we describe several examples designed to motivate the more complicated statements
therein. The basic definitions of Massey products are given as Al.4.1, A1.4.2
and A1.4.3. The rules for manipulating them are the juggling theorems A1.4.6,
A1.4.8, and A1.4.9. Then we discuss the behavior of Massey products in spectral
sequences. Theorem A1.4.10 addresses the problem of convergence; A1.4.11 is a
Leibnitz formula for differentials on Massey products; and A1.4.12 describes the
relation between differentials and extensions.

Section 5 treats algebraic Steenrod operations in suitable Cotor groups. These
are defined in the cohomology of any cochain complex having certain additional
structure and a general account of them is given by May [5]. Our main result
(A1.5.1) here (which is also obtained by Bruner et al. [1]) is that the cobar com-
plex (A1.2.11) has the required structure. Then the theory of May [5] gives the
operations described in A1.5.2. Our grading of these operations differs from that of
other authors including May [5] and Bruner et al. [1]; our P* raises cohomological
(as opposed to topological) degree by 2i(p — 1).

1. Basic Definitions

Al1.1.1. DEFINITION. A Hopf algebroid over a commutative ring K is a co-
groupoid object in the category of (graded or bigraded) commutative K-algebras,
i.e., a pair (A,T) of commutative K-algebras with structure maps such that for
any other commutative R-algebra B, the sets Hom(A, B) and Hom(T', B) are the
objects and morphisms of a groupoid (a small category in which every morphism
is an equivalence). The structure maps are

np: A—T left unit or source,

ng: A—T right unit or target,
A:yv—>T®aT coproduct or composition,
e: T — A, counit or identity,
c:I'-T conjugation or inverse.

Here T is a left A-module map via 77, and a right A-module map via ng, I' @4 T’
is the usual tensor product of bimodules, and A and ¢ are A-bimodule maps. The
defining properties of a groupoid correspond to the following relations among the
structure maps:
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(a) enr, = enr = 1a, the identity map on A. (The source and target of an
identity morphism are the object on which it is defined.)

(b) T®e)A = (e®I')A = 1p. (Composition with the identity leaves a
morphism unchanged.)

(c) T®A)A =(A®T)A. (Composition of morphisms is associative.)

(d) engr = nr and enp, = nr. (Inverting a morphism interchanges source and
target.)

(e) cc = 1p. (The inverse of the inverse is the original morphism.)

(f) Maps exist which make the following commute

<" regr-tS7T

~ 7
AN Ve
N Ve
N Ve
N Ve

MR I'aqa T nL

!

A<= T —° A

where ¢ - T'(y1 ® 12) = ¢(71)72 and T' - ¢(y1 ® v2) = mc(y2). (Composition of a
morphism with its inverse on either side gives an identity morphism.)

If our algebras are graded the usual sign conventions are assumed; i.e., commu-
tativity means zy = (—1)1*!¥lyz, where |z| and |y| are the degrees or dimensions
of z and y, respectively.

A graded Hopf algebroid is connected if the right and left sub-A-modules gen-
erated by I'g are both isomorphic to A.

In most cases the algebra A will be understood and the Hopf algebroid will be
denoted simply by T'.

Note that if ngp = 11, then I" is a commutative Hopf algebra over A, which is to
say a cogroup object in the category of commutative A-algebras. This is the origin
of the term Hopf algebroid. More generally if D C A is the subalgebra on which
nr = nL, then I" is also a Hopf algebroid over D.

The motivating example of a Hopf algebroid is (m.(E), E.(E)) for a suitable
spectrum E (see Section 2.2).

A1.1.2. DEFINITION. A left I'-comodule M is a left A-module M together with
a left A-linear map v: M — I'® 4 M which is counitary and coassociative, i.e., such
that (¢ ® M)y = M (i.e., the identity on M) and (A ® M)y = (T @ ). A right
I'-comodule is similarly defined. An element m € M is primitive if ¢»(m) = 1 ®@ m.

A comodule algebra M is a comodule which is also a commutative associative
A-algebra such that the structure map v is an algebra map. If M and N are left
I'-comodules, their comodule tensor product is M ® 4 N with structure map being
the composite

VM RYN
==,

M®N FroeMIITr@QN —-TRI'OMN —-1'® M ® N,

where the second map interchanges the second and third factors and the third map
is the multiplication on I'. All tensor products are over A using only the left A-
module structure on A. A differential comodule C* is a cochain complex in which
each C? is a comodule and the coboundary operator is a comodule map.
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A1.1.3. THEOREM. If T is flat as an A-module then the category of left I'-
comodules is abelian (see Hilton and Stammbach [1]).

Proor. If 0 - M’ — M — M" — 0 is a short exact sequence of A-modules,
then since IT" is flat over A,

0-T4M -Ts M —->Tes M -0

is also exact. If M is a left I'-comodule then a comodule structure on either M’
or M" will determine such a structure on the other one. From this fact it follows
easily that the kernel or cokemel (as an A-module) of a map of comodules has a
unique comodule structure, i.e., that the category has kernels and cokernels. The
other defining properties of an abelian category are easily verified. (Il

In view of the above, we assume from now on that I" is flat over A.

Al.1.4. DEFINITION. Let M and N be right and left I'-comodules, respectively.
Their cotensor product over I' is the K-module defined by the exact sequence

0 MO N—Me, N 22T e, Tea N,
where 1 denotes the comodule structure maps for both M and N.

Note that M O N is not a comodule or even an A-module but merely a K-
module.
A left comodule M can be given the structure of a right comodule by the
composition
METeoMIL Mer M2 Mer,

where T interchanges the two factors and c is the conjugation map (see A1.1.1). A
right comodule can be converted to a left comodule by a similar device. With this
in mind we have

A1.1.5. PROPOSITION. M Opr N = NOr M.
The following relates the cotensor product to Hom.

A1.1.6. LEMMA. Let M and N be left I'-comodules with M projective over A.
Then

(a) Homa (M, A) is a right T'-comodule and

(b) Homrp (M, N) = Homu (M, A) Or N, e.g., Homp(A,N) = AOr N.

Proor. Let ¥py: M — I'®4 M and yy: N — I' @4 N be the comodule
structure maps. Define

YN Homa(M,N) — Homs (M, T ®4 N)
by
Uy (f) =T @ flpr and Py (f) = Unf

for f € Homu4 (M, N). Since M is projective we have a canonical isomorphism,
Homa(M,A) ®4 N =~ Homu (M, N).
Hence for N = A we have

Yy Homa (M, A) — Homya(M,A) @4 T.
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To show that this is a right I'-comodule structure we need to show that the following
diagram commutes

Homa (M, A) e Hom 4 (M,T)

wj*wi iHom(M,A)
Homa (M, T) —2% Homa(M,T ®T),

i.e., that 97}, is coassociative.
We have a straightforward calculation

Yy (f) = @i (f)Ym

T (T'® fm)oum
Felr'e f) I e ym)Pm
Frele f)(Ae M)y
A AT ® flyum
=(A®@ APy f

so the diagram commutes and (a) follows.
For (b) note that by definition

Hom(M, N) = ker(¢3; — yy) C Homa (M, N)

~ o~ o~ o~

while
Homy (M, A) Op N = ker(py; @ N — Homy (M, A) ® ¥n)

C Homuy (M, A) @4 N
and the following diagram commutes
Hom(M, A) ® N ——=—— Hom (M, N) O
Yy ®Nu Hom(M,A)®@yn Y uwﬁ‘v
Hom(M,A) @ T ® N ——= Hom(M,T @4 N)

The next few definitions and lemmas lead up to that of an extension of Hopf
algebroids given in A1.1.15. In A1.3.14 we will derive a corresponding Cartan—
Eilenberg spectral sequence.

A1.1.7. DEFINITION. A map of Hopf algebroids f: (4,T) — (B, X) is a pair of
K-algebra maps fi: A — B, fo: I' — X such that

fie=¢efe,  fonr =nrf1, fonr =nLf1,
fac=cfy, and Afy = (fo® f2)A.
A1.1.8. LEMMA. Let f: (A, T) — (B,X) be a map of Hopf algebroids. Then

I'®4 B is a right X-comodule and for any left X-comodule N, (' ®4 B)Ox N is a
sub-left T'-comodule of T' ® 4 N, where the structure map for the latter is A ® N.

PrROOF. The map (T ® fo)A: T - T®4 X = (I'®4 B) ®p X extends uniquely
to ' ® 4 B, making it a right ¥-comodule. By definition (I'®4 B)Ox N is the kernel
in the exact sequence

0 T®4B)Ogs N >T@sN->T®s2® N
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where the right-hand arrow is the difference between (I' ® f2)A @ N and I' ® 9.
Since '@ 4 N and I'® 4 X ®p N are left I'-comodules it suffices to show that the two
maps respect the comodule structure. This is clear for '® v, and for (I'® f)AQ N
we need the commutativity of the following diagram, tensored over B with N.

I®f2)AQB
F®ABM>F®AE

A®B\L \LA@E
re(ref)A®B

FroaT@aB————————=T@a'®a %
It follows from the fact that f is a Hopf algebroid map. O

A1.1.9. DEFINITION. If (A,T) is a Hopf algebroid the associated Hopf algebra
(A,T) is defined by I =T'/(n(a) — nr(a) | @ € A). (The easy verification that a
Hopf algebra structure is induced on I' is left to the reader.)

Note that TV may not be flat over A even though T is.

A1.1.10. DEFINITION. A map of Hopf algebroids f: (4,T) — (A,X) is normal
if fo: I' — X is surjective, fi: A — A is the identity, and I'Osy A= AOsx T'in T

A1.1.11. DEFINITION. A Hopf algebroid (A,U) is unicursal if it is generated
as an algebra by the images of i, and ng, i.e.,if U =A®p A where D = A0y A
is a subalgebra of A. (The reader can verify that the Hopf algebroid structure of U
is unique.) O

This term was taken from page 9 of Higgins [1].

A1.1.12. LEMMA. Let M be a right comodule over a unicursal Hopf algebroid
(A,U). Then

(a) M is isomorphic as a comodule to M @ 4 A with structure map M @ngr and

(b) M = (M Oy A) ®p A as A-modules.

PRrROOF. For m € M let ¢(m) =m’ ® m”. Since U is unicursal we can assume
that each m” is in the image of ngr. It follows that

(WY@ U)p(m) = (M@ A)p(m) =m' @1 m"

so each m’ is primitive. Let m = m/e(m”). Then ¢¥(m) = m’ @ m” = ¥(m), so
m = m since 1 is a monomorphism; Hence M is generated as an A-module by
primitive elements and (a) follows. For (b) we have, using (a),

MOpA)@p A=M®s (AOp A)p A=M®@sD®p A= M. ]

A1.1.13. LEMMA. Let (A,X) be a Hopf algebroid, (A,%') the associated Hopf
algebra (A1.1.7) D = AOxg A, and (A,U) the unicursal Hopf algebroid (A1.1.9)
with U = A®p A. Then

(a) U=%X0x A and

(b) for a left ¥-comodule M, AOss M is a left U-comodule and A Ox M =
Ay (AOs M).

PROOF. By definition, ¥’ = A ®y X, where the U-module structure on A is
given by €: U — A, so we have

YRAY =Y R4 L =S ®u 2.
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By A1.1.3, there is a short exact sequence
0—-X0s A=Yy X

where the last map is induced by A — ¥ ®nr. An element o € ¥ has A(o) =o®1
inYeyXiff c € U, so (a) follows.
For (b) we have

AOs M =A0y (UQs M)
and
Us M= (A0 X)0xs M = A0y M. O

The following example may be helpful. Let (A,T') = (m.(BP),BP.(BP))
(4.1.19), ie., A = Z,)[vy,v2,...] and T' = Afty,ta,...] where dimv; = dimt; =
2(p* —1). Let ¥ = Altni1,tnt2,...] for some n > 0. The Hopf algebroid structure
on X is that of the quotient I'/(¢1,...,t,). The evident map (A4,T) — (A, X) is nor-
mal (Alll()) D= AmzA is Z(p) [’Ul, ‘e ,’Un] and & = AD2FD2A is D[tl, e ,tn].
(D, ®) is a sub-Hopf algebroid of (A,T") and (D, ®) — (A,T") — (A4, X) is an exten-
sion (A1.1.15 below).

A1.1.14. THEOREM. Let f: (A,T) — (A,X) be a normal map of Hopf algebroids
and let D= A0x A and ® = AOx T'Ox A. Then (D, ®) is a sub-Hopf algebroid
of (A,T).

(Note that by A1.1.8, AOx T and T' Oy A are right and left T'-comodules,
respectively, so the expressions (A Oy ') Ox; A and A Oy, (T'Os A) make sense. It
is easy to check, without using the normality of f, that they are equal, so ® is well
defined.)

PROOF. By definition an element a € A is in D iff fan(a) = fang(a) and is
in ®iff (7® f)A%(y) =1®~v® 1. To see that nz sends D to ®, we have for
deD

(20T ® fo)A%ng(d) = 1©1 fanr(d)
=101® fon(d) = 1@ ng(d) @ 1.
The argument for 7y is similar. It is clear that ® is invariant under the conjuga-
tion ¢. To show that € sends ® to D we need to show fongre(¢) = fonre(¢) for
¢ € ®. But fanre(¢) = nrefz(p) and since A?fo(d) = 1@ fo(¢) @ 1 we have
Af2(8) = 18 f2(6) = f2(6) ® 150 f2(8) € D, and (ng — n1)e fo(6) = 0.

To define a coproduct on ® we first show that the natural map from ® ®p &
to I' ®4 I' is monomorphic. This amounts to showing that a¢ € ® iff a € D. Now
by definition a¢ € @ iff

f2(ag") @ ¢" @ fo(¢") =1®adp @1 = fonr(a) @ 9@ 1.
Since ¢ € ® we have
f(¢)@d"® fr(¢") =1®¢®1,
so the criterion is
fola)®@1®1= fonr(a) ®1®1,
ie,a€eD.
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Now consider the commutative diagram

(D, ®) — (A, &) —L> (A,U)

L

(D,®) — (A,T) —L > (4,%)
v
(A4,%) =—— (A4, %)

where ¥’ is the Hopf algebra associated to ¥ (A1.1.9), f’ is the induced map, U is
the unicursal Hopf algebroid (A1.1.11) A®p A, ®=A0x I'Os A, and g will be
constructed below. We will see that ® and ® are both Hopf algebroids.

Now the map f is normal since f is and AOss A = A, so the statement that ®
is a Hopf algebroid is a special case of the theorem. Hence we have already shown
that it has all of the required structure but the coproduct. Since 'y A = AOs/ T
we have & = A O I'Ox A= A0y AQyx I' = AOsy I'. One easily verifies that
the i image of A:T' =T ®4 I is contained in I' Or I" and hence in I' Os I'. There
Asendsq) ADEIFDE/AtOADEIFDE/FDZ/A (I)DE/(I)C(I)(@A(I) SO(I)IS
a Hopf algebroid.

Since ® = 'Oy A and U = X Oy A [A1.1.13(a)] we can define g to be fo 0 A.
It follows from A1.1.13(b) that

P=A0sT0Oxs A=A0y (AOx T'0Ox A)Op A
= A0y 0Oy A
ByAlll?(b)wehave@ A®D<I>®DA 50<I)®A(I> A®D‘1>®DA®D<I>®DA
The coproductAbendb@to(bDU‘I)C(I’@A@and we have
@DU(I):@@A(ADUA)@A(I) byAlllQ(a)
=A®p®®p (A0Oy A)®@p d®p A
=A®pPRp DepP®p A
:A®D¢’D®(I)®DA.

Since A is A-bilinear it sends ® to ® @ p ¢ and P is a Hopf algebroid. (]
A1.1.15. DEFINITION. An eztension of Hopf algebroids is a diagram
(D, @) - (A1) L (4,%)

where f is normal (A1.1.10) and (D, ®) is as in A1.1.14.
The extension is cocentral if the diagram

rex

(F@W

I t

(fz(g&

Xl
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(where t interchanges factors) commutes up to the usual sign. In particular ¥ must
be cocommutative.

A nice theory of Hopf algebra extensions is developed by Singer [5] and in
Section II 3 of Singer [6].

Note that (as shown in the proof of A1.1.14) if ¥ is a Hopf algebra then ® =
AQOsT'=T10x A. More generally we have

A1.1.16. LEMMA. With notation as above, AOs I' = ® @p A as right I'-
comodules.

Proor. Using A1.1.12 and A1.1.13 we have
PRpA=A0sT0OgsA®p A
=A0xT0Ox AO;AQp A
=A0sT0Ox A
=A0x AQs T
=A0y AQsxy AOsy T
=A0y AOsx T
=A0OxT. |

A1.1.17. COMODULE ALGEBRA STRUCTURE THEOREM. Let (B,X) be a graded
connected Hopf algebroid, M a graded connected right ¥-comodule algebra, and
C = M Oy, B. Suppose

(i) there is a surjective comodule algebra map f: M — ¥ and

(ii) C is a B-module and as such it is a direct summand of M.

Then M is isomorphic to C @p % simultaneously as a left C-module and a right
3-comodule. O

We will prove this after listing some corollaries. If ¥ is a Hopf algebra over a
field K then the second hypothesis is trivial so we have the following result, first
proved as Theorem 4.7 of Milnor and Moore [3].

A1.1.18. COROLLARY. Let (K,X) be a commutative graded connected Hopf
algebra over a field K. Let M be a K-algebra and a right 3-comodule and let
C = M Oyx, K. If there is a surjection f: M — X which is a homomorphism of
algebras and X-comodules, then M is isomorphic to C @ 3 simultaneously as a left
C-module and as a right X-comodule. O

A1.1.19. COROLLARY. Let f: (A, T) — (B,X) be a map of graded connected
Hopf algebroids (A1.1.7) and let T/ =T ®4 B and C =T Oy, B. Suppose

(i) f5: TV — X is onto and

(ii) C is a B-module and there is a B-linear map g: I' — C split by the
inclusion of C in TV.

Then there is a map §: ' — C ®@p X defined by g(v) = g(v') ® f4(«") which is
an isomorphism of C'-modules and ¥-comodules. O

A1.1.20. COROLLARY. Let K be a field and f: (K,T) — (K,X) a map of
graded connected commutative Hopf algebras and let C =T'UOx K. If f is surjective
then T' is isomorphic to C' ® ¥ simultaneously as a left C-module and as a right

Y -comodule. O
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In A1.3.12 and A1.3.13 we will give some change-of-rings isomorphisms of Ext
groups relevant to the maps in the previous two corollaries.

ProoF OF A1.1.17. Leti: C'— M be the natural inclusion and let g: M — C
be a B-linear map such that gi is the identity. Define §g: M — C®p3 to be (gX);
it is a map of ¥-comodules but not necessarily of C-modules and we will show below
that it is an isomorphism.

Next observe that fLJB: C' — B is onto. In dimension zero it is simply f, which
is onto by assumption, and it is B-linear and therefore surjective. Let j: B — C
be a B-linear splitting of f 0 B. Then h = 7 !(j ® ¥): ¥ — M is a comodule
splitting of f. }

Define h: C®pY. — M by h(c®o) = i(c)h(o) for ¢ € C and o € X. Tt is clearly
a C-linear comodule map and we will show that it is the desired isomorphism. We
have ~

gh(c® o) = g(i(c)h(0)) = gli(c)h(d')) ® 0" = c@ 0
where the second equality holds because i(c) is primitive in M and the congruence is
modulo elements of lower degree with respect to the following increasing filtration
(A1.2.7) on C ®@p X. Define F,,(C ®p ¥) C C ®p X to be the sub-K-module
generated by elements of the form ¢ ® ¢ with dimo < n. It follows that giz and
hence h are isomorphisms.

We still need to show that g is an isomorphism. To show that it is 1-1, let m®o
be the leading term (with respect to the above filtration of M ® X) of ¢(m). It
follows from coassociativity that m is primitive, so g(m) # 0 if m # 0 and ker g = 0.
To show that g is onto, note that for any c® o € C ®p Y we can choose m € f~1(0)
and we have

3lie)m) = gliem’) @ m" = gi() ® 0 = c@ o
so coker g = 0 by standard arguments. O

A1.1.21. DEFINITION. An ideal I C A is inwvariant if it is a sub-I’-comodule,
or equivalently if nr(I) C IT.

A1.1.22. DEFINITION. A Hopf algebroid (A,T) is split if there is a Hopf alge-
broid map i: (K, %) — (A,T') (A1.1.19) such that é5: ¥ ® A — T' is an isomorphism
of K-algebras.

Note that composing nr: A — T with the inverse of i}, defines a left ¥-comodule
structure on A.

2. Homological Algebra

Recall (A1.1.3) that the category of comodules over a Hopf algebroid (A,T") is
abelian provided I is flat over A, which means that we can do homological algebra
in it. We want to study the derived functors of Hom and cotensor product (A1.1.4).
Derived functors are discussed in most books on homological algebra, e.g., Cartan
and Eilenberg [1], Hilton and Stammbach [1], and Mac Lane [1]. In order to define
them we must be sure that our category has enough injectives, i.e., that each I'-
comodule can be embedded in an injective one. This can be seen as follows.

A1.2.1. DEFINITION. Given an A-module N, define a comodule structure on
F®a N by v = A® N. Then for any comodule M, 6: Homa(M,N) —
Homp (M, T'® 4 N) is the isomorphism given by 8(f) = (T'® f )¢ for f € Homa (M, N).
For g € Homp(M,T ®4 N), 071(g) is given by 6~ 1(g9) = (¢ ® N)g.
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A1.2.2. LEMMA. If I is an injective A-module then T' ® 4o I is an injective I'-
comodule. Hence the category of I'-comodules has enough injectives.

PRrROOF. To show that I' ®4 I is injective we must show that if M is a sub-
comodule of N, then a comodule map from M to I' ®4 I extends to N. But
Homp(M,T' ®4 I) = Homyu(M,I) which is a subgroup of Homa(N,I) =
Homp(N,I' ® 4 I) since I is injective as an A-module. Hence the existence of
enough injectives in the category of A-modules implies the same in the category of
I'-comodules. O

This result allows us to make

A1.2.3. DEFINITION. For left -comodules M and N, Exti(M, N) is the ith
right derived functor of Homp (M, N), regarded as a functor of N. For M a right
I'-comodule, Cotork(M, N), is the ith right derived functor of M Or N (A1.1.4),
also regarded as a functor of N. The corresponding graded groups will be denoted
simply by Extr(M, N) and Cotorr(M, N), respectively.

In practice we shall only be concerned with computing these functors when the
first variable is projective over A. In that case the two functors are essentially the
same by A1.1.6. We shall therefore make most of our arguments in terms of Cotor
and list the corresponding statements about Ext as corollaries without proof.

Recall that the zeroth right derived functor is naturally equivalent to the functor
itself if the latter is left exact. The cotensor product is left exact in the second
variable if the first variable is flat as an A-comodule.

One knows that right derived functors can be computed using an injective
resolution of the second variable. In fact the resolution need only satisfy a weaker
condition.

A1.2.4. LEMMA. Let
0—N-—-R"—-R'— ...

be a long exact sequence of left T-comodules such that Cotort(M, R") = 0 forn > 0.
Then Cotorp (M, N) is the cohomology of the complex

(A1.2.5) Cotor{: (M, R°) L, Cotor: (M, R') &,

PRrROOF. Define comodules N? inductively by N° = N and N**! is the quotient
in the short exact sequence

0— N'—= R — N**t 0.
These give long exact sequences of Cotor groups which, because of the behavior of
Cotorr (M, R"), reduce to four-term sequences
0 — Cotor (M, N') — Cotori:(M, R?)
— Cotorp (M, Nty — Cotorp. (M, N*) — 0
and isomorphisms
(A1.2.6) Cotort(M, N*™') ~ Cotorp ™' (M.N?) for n > 0.

Hence in A1.2.5, kerd; = Cotord(M,N?) while imd; is the image of
Cotor: (M, R?) in Cotorp: (M, N**t1) so

ker §;/im ;1 = Cotorp(M, N*~1) = Cotori(M, N)
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by repeated use of A1.2.6. This quotient by definition is H* of A1.2.5. O

For another proof see A1.3.2.
We now introduce a class of comodules which satisfy the Ext condition of A1.2.4
when M is projective over A.

A1.2.7. DEFINITION. An extended I'-comodule is one of the form I'® 4 N where
N is an A-module. A relatively injective I'-comodule is a direct summand of an
extended one.

This terminology comes from relative homological algebra, for which the stan-
dard references are Eilenberg and Moore [1] and Chapter IX of Mac Lane [1]. Our
situation is dual to theirs in the following sense. We have the category T of left (or
right) I'-comodules, the category A of A-modules, the forgetful functor G from I'
to A, and a functor F: A — T given by F(M) =T ®4 M (A1.2.1). Mac Lane [1]
then defines a resolvent pair to be the above data along with a natural transforma-
tion from GF to the identity on A, i.e., natural maps M — I' ® 4 M with a certain
universal property. We have instead maps e @ M : I'®4 M — M such that for any
A-homomorphism p: C — M where C is a I'-comodule there is a unique comodule
map a: C — I' ®4 M such that 4 = (¢ ® M)a. Thus we have what Mac Lane
might call a coresolvent pair. Our F' produces relative injectives while his produces
relative projectives. This duality is to be expected because the example he had in
mind was the category of modules over an algebra, while our category I' is more
like that of comodules over a coalgebra. The following lemma is comparable to
Theorem IX.6.1 of Mac Lane [1].

A1.2.8. LEMMA.

(a) If i: M — N is a monomorphism of comodules which is split over A, then
any map [ from M to a relatively injective comodule S extends to N. (If i is not
assumed to be split, then this property would make S injective.)

(b) If M is projective as an A-module and S is a relatively injective comodule,
then Cotorn(M, S) = 0 fori >0 and if S = T @4 N then Cotor(M,S) = M®a N.

PROOF. (a) Let j: N — M be a splitting of &. Then (IT'® /)T ®j)Yp =gisa
comodule map from N toI'®4 S such that gi = ¢f: M — T'®4.S. It suffices then
to show that S is a direct summand of I'® 4 .S, for then g followed by the projection
of ' ®4 S onto S will be the desired extension of f. By definition S is a direct
summand of T® 4T for some A-module T. Let k: S = T®@sT and k= !: T@4T — S
be the splitting maps. Then k~1(I' ® e ® T)(I' ® k) is the projection of I' @4 S
onto S.

(b) One has an isomorphism ¢: M®@4 N — MOp(I'®4 N) given by ¢p(m®n) =
Y(m) ®n. Since S is a direct summand of I' ® 4 N, it suffices to replace the former
by the latter. Let

0-N—=I1"—T1"—...
be a resolution of N by injective A-modules. Tensoring over A with I" gives a reso-
lution of I' ® 4 N by injective I'-comodules. Cotorp(M,I’®4 N) is the cohomology
of the resolution cotensored with M, which is isomorphic to

M@AI° > M@aI" — -
This complex is acyclic since M is projective over A. O

Compare the following with Theorem IX.4.3 of Mac Lane [1].
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A1.2.9. LEMMA. (a) Let
0— M &L podo, pr 4

and
0N LR D, pr b,

be long exact sequences of T'-comodules in which each P* and R is relatively in-
jective and the image of each map is a direct summand over A. Then a comodule
map f: M — N extends to a map of long exact sequences.

(b) Applying L Or (-) (where L is a right T'-comodule projective over A) to
the two sequences and taking cohomology gives Cotorr(L, M) and Cotorp(L, N),
respectively. The induced map from the former to the latter depends only on f.

ProoF. That the cohomology indicated in (b) is Cotor follows from A1.2.4
and A1.2.8(b). The proof of the other assertions is similar to that of the analogous
statements about injective resolutions. Define comodules M? and N? inductively
by M% = M, N° = N, and M**! and N*! are the quotients in the short exact
sequences

0— M — P - M*T 0
and

0—> N'— R — N 0.
These sequences are split over A. Assume inductively that we have a suitable map
from M?to N*. Then A1.2.8(a) gives us f;: P® — R’, and this induces a map from
M1 to N1 thereby proving (a).

For (b) it suffices to show that the map of long exact sequences is unique up to
chain homotopy, i.e., given two sets of maps f;, f/: P* — R’ we need to construct
hii PZ — Riil (Wlth ho = 0) such that hi—i—ldi + di—lhi = fZ - le Consider the
commutative diagram

. di— . " .
0 M S pi B i 0
gill qbl gil
0—— Nidi_l Rldl NH_l 0

where g; = f;— f/: P' — R’ and we use the same notation for the map induced from
the quotient M*+!. Assume inductively that h;: P* — R*~! has been constructed.
Projecting it to N* we get h;: P! — N with h;d;_1 = ¢g;—1. Now we want a map
hath;y1: M+t — R? such that hath;y1d; = g;—d;_1h;. By the exactness of the top
row, hathiJrl exists iff (gz - diflhi)difl = 0. But we have gidifl — difl(hidifl) =
gidi—1 — d;gi—1 = 0, so whath; exists. By A1.2.8(a) it extends from Mt to P+l
giving the desired h;41. O

Resolution of the above type serve as a substitute for injective resolutions.
Hence we have

A1.2.10. DEFINITION. A resolution by relative injectives of a comodule M is a
long exact sequence
0—-M-—R"—R' — ...

in which each R’ is a relatively injective and the image of each map is a direct
summand over A. We now give an important example of such a resolution.
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A1.2.11. DEFINITION. Let M bg@a left '-comodule. The cobar resolution
Di(M) is defined by Di(M) =T ®aT  ®4 M, where T = kere, with coboundary
ds: DE(M) — DEFH(M) given by

ds(Yo @M ® -7, @m) = Z(—l)i% ® Yic1 @A) ®Yip1 ® - m
i=0
+ (1) @y @9 (m)
fory € ', v1,...,7 € ', and m € M. For a right I'-comodule L which is projective
over A, the cobar complex Cf:(L, M) is LOp Df:(M), so CE(L, M) = Lo AT ®* @4 M,
where I'®¢ denotes the s-fold tensor product of I' over A. Whenever possible the
subscript I' will be omitted, and C}:(A, M) will be abbreviated to C}:(M). The
element a @ 11 ® -+ ® v, ® m € Cp(L, M), where a € L, will be denoted by
av1|y2| -+ |ynm. If a =1 or m = 1, they will be omitted from this notation.

A1.2.12. COROLLARY. H(C} (L, M)) = Cotorp(L, M) if L is projective over A,
and H(CE(M)) = Extr (A, M).

Proor. It suffices by A1.2.9 to show that Dr(M) = Crp(I', M) is a resolution
of M by relative injectives. It is clear that D{ (M) is a relative injective and that d°
is a comodule map. To show that Dr(M) is acyclic we use a contacting homotopy
S: Di(M) — D (M) defined by S(yy1|---|vsm) = e(y)172| -+ [ysm for s > 0
and S(ym) = 0. Then Sd + dS is the identity on Di(M) for s > 0, and 1 — ¢ on
DY(M), where ¢(ym) = e(y)m'm”. Hence

0 for s > 0,
imp=M for s=0.

H*(Dr(M)) { U

Our next job is to define the external cup product in Cotor, which is a map
Cotorr (M7, N1) ® Cotorp(Ma, Na) — Cotorp(M; @4 Mo, Ny ® 4 Nao) (see A1.1.2 for
the definition of the comodule tensor product). If My = My = M and Ny = No = N
are comodule algebras (A1.1.2) then composing the above with the map in Cotor
induced by M®@4 M — M and N®4 N — N gives a product on Cotorp(M, N). Let
P and Py denote relative injective resolutions of N1 and Na, respectively. Then
Pf ®4 P35 is a resolution of N; ® 4 Na. We have canonical maps

Cotorp (M7, N1) ® Cotorp(Ma, No) — H(My Op Py ® M, Or Py)
(with tensor products over K) and
M, O Pf @ My Op Py — (My ®4 M) Op (P ®4 P5).
A1.2.13. DEFINITION. The external cup product
Cotorp (M7, N1) ® Cotorp(Ma, No) — Cotorp(M; ®4 Mo, N1 ® 4 No)

and the internal cup product on Cotorpr(M, N) for comodule algebras M and N
are induced by the maps described above.

Note that A1.2.9(b) implies that these products are independent of the choices
made. Since the internal product is the composition of the external product with
the products on M and N and since the latter are commutative and associative we
have

A1.2.14. COROLLARY. If M and N are comodule algebras then Cotorp (M, N)
is a commutative (in the graded sense) associative algebra. ]
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It is useful to have an explicit pairing on cobar complexes
Cr(My, N1) ® Cr(Ma, Na) — Cr(My @ Mz, Ny ® N»).

This can be derived from the definitions by tedious straightforward calculation. To
express the result we need some notation. For my € My and ny € N let

m§0)®®mgS)GM2®AF®S

and
ngl) R ® ngtﬂ) eT® @4 Ny
denote the iterated coproducts. Then the pairing is given by

(A1~2'15) m171| T \%m & m2%+1| T |%+1n2

= (~1)7my @ my umi | [yemg? nf ] - nf vt @ ny
where
T = degmodegn; + Zdegméi) (s — i+ Z deg'yj>
i=0 j=it1
t+1 _ i—1
+ Z deg n§’> (z -1+ Z deg q/j+s> .
i=1 j=1

Note that this is natural in all variables in sight.
Finally, we have two easy miscellaneous results.

A1.2.16. PROPOSITION. (a) If I C A is invariant (A1.2.12) then (A/I,T'/IT)
is a Hopf algebroid.
(b) If M is a left T'-comodule annihilated by I as above, then

EXt[‘(A,M) = EXtF/IF(A/I,M).

PRrROOF. Part (a) is straightforward. For (b) observe that the complexes Cr (M)
and Cr /(M) are identical. O

A1.2.17. ProposITION. If (A,T) is split (A1.1.22) then Extr(A,M) =
Exty (K, M) where the left ¥-comodule structure on the left I'-comodule M comes
from the isomorphism I’ @4 M =X ®@ M.

PRrROOF. OF(M) = Cz(M) O

3. Some Spectral Sequences

In this section we describe several spectral sequences useful for computing Ext
over a Hopf algebroid. The reader is assumed to be familiar with the notion of a
spectral sequence; the subject is treated in each of the standard references for ho-
mological algebra (Cartan and Eilenberg [1], Mac Lane [1] and Hilton and Stamm-
bach [1]) and in Spanier [1]. The reader is warned that most spectral sequences
can be indexed in more than one way. With luck the indexing used in this section
will be consistent with that used in the text, but it may differ from that appearing
elsewhere in the literature and from that used in the next two sections.

Suppose we have a long exact sequence of I'-comodules

(AL.3.1) 0-M-R LR R .
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Let S =imd’ and SY = M so we have short exact sequences
0—>Sia—i>Rii>Si+1—>0
for all 7+ > 0. Each of these gives us a connecting homomorphism
6% Cotory' (L, S*) — Cotorg™ (L, §171).

Let §(;y: Cotory" (L, S%) — Cotori ™" (L, %) be the composition §'62- - - §%. Define
a decreasing filtration on Cotory:" (L, M) by F* = im (i) for i < s, where Jg) is the
identity and F* = 0 for ¢« < 0.

A1.3.2. THEOREM. Given a long exact sequence of I'-comodules A1.3.1 there
is a natural trigraded spectral sequence (EX**) such that

(a) B> = Cotory* (L, R™);

(b) d,.: Bt — Ertrs—r+Lt gnd dy is the map induced by d* in A1.3.1 and

(c) E%St is the subquotient F™/F™ 1 of Cotory™* (L, M) defined above.

PrOOF. We will give two constructions of this spectral sequence. For the first

define an exact couple (2.1.6) by

E}* = Cotorp"*(L, R®),

D}t = Cotorp"* (L, S*),
i1 = 6%, j1 = a*, and k; = b*. Then the associated spectral sequence is the one we
want.

The second construction applies when L is projective over A and is more explicit
and helpful in practice; we get the spectral sequence from a double complex as
described in Cartan and Eilenberg [1], Section XV.6 or Mac Lane [1], Section XI.6.
We will use the terminology of the former. Let

B™** = C(L,R™) (Al1.2.11),
a{L,s,* — (_l)nclg(dn) Bn,s,* N B?H»l,s,>|<7

and
8”%57* =d°: Bn,s7* N Bn,s+l7*
) = : .

(Our 01,02 correspond to the dyi,ds in Cartan and Eilenberg [1], IV.4].) Then
83“’8’*6?’8’* + 6?"9“’*8;“3’* = 0 since d* commutes with C{(d™). The associated
complex (BP*,0) is defined by

(A1.3.3) Br*= P B = P CHL.R")

n—+s=p n+s=p

with 0 = 0y + O9: BP* — BPTL*,
This complex can be filtered in two ways, i.e.,

F'B= P B,

r>p g

FiB=p B

s>q P
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and each of these filtrations leads to a spectral sequence. In our case the functor
CE(L,-) is exact since I' is flat over A, so H**(F;B) = C&(L, M). Hence in the
second spectral sequence

En,s,* _ Clz([q M) lf n=0
oo otherwise

and
Cotorp™ (L, M) ifn=0

ES* — sk —
2 [o%s} .
0 otherwise.

The two spectral sequences converge to the same thing, so the first one, which
is the one we want, has the desired properties. ([l

A1.3.4. COROLLARY. The cohomology of the complex B** of A1.3.3 is
Cotory" (L, M). O

Note that A1.2.4 is a special case of A1.3.3 in which the spectral sequence
collapses.

Next we discuss spectral sequences arising from increasing and decreasing fil-
tration of T

A1.3.5. DEFINITION. An increasing filtration on a Hopf algebroid (A,T) is an
increasing sequaence of sub-K-modules

K=FKlckhlckKl'c---

with T' = [J FT" such that
(a) FsI' - FiT C Fs4iT,
(b) ¢(F,T") C F,TI', and
(c) AFFC P FIosFTI.
ptq=s
A decreasing filtration on (A,T) is a decreasing sequaence of sub- K-modules
I=FTO>FTO>FTS. -

with 0 = () F*T" such that conditions similar to (a), (b), and (c) above (with
the inclusion signs reversed) are satisfied. A filtered Hopf algebroid (A,T") is one
equipped with a filtration.

Note that a filtration on I' induces one on A, e.g.,

F,A= nL(A) NE = nR(A) NEI = a(FsF)'

A1.3.6. DEFINITION. Let (A4,T) be filtered as above. The associated graded
object E°T (or EgT') is defined by

ET = F,T/F, T
or

E;T = FT/F'T.

The graded object E?A (or EjA) is defined similarly.
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A1.3.7. DEFINITION. Let M be a I'-comodule. An increasing filtration on M
is an increasing sequence of sub-K-modules

0=FPMCFRMC---
such that M = FsM, F;A- F,M C Fy M, and
S(F.M)C @ FI' @ F,M.
ptg=s

A decreasing filtration on M is similarly defined, as is the associated graded object
EYM or E;M. A filtered comodule M is a comodule equipped with a filtration.

A1.3.8. PROPOSITION. (E°A, E°T) or (EgA, Eol') is a graded Hopf algebroid
and E°M or EoM is a comodule over it. O

Note that if (A,T) and M are themselves graded than (E°A, E°T) and E°M
are bigraded.
We assume from now on that E°T or EoI is flat over E°A or FyA.

A1.3.9. THEOREM. Let L and M be right and left filtered comodules, respec-
tively, over a filtered Hopf algebroid (A,T"). Then there is a natural spectral sequence
converging to Cotorr (L, M) such that

(a) in the increasing case

E}* = Cotoryor(E°L, E° M)
where the second grading comes from the filtration and
dy: Eﬁ’t — Eﬁ+1’tfr;
(b) in the decreasing case
E}™ = Cotory, r(EoL, EgM)

and
dp: EYt — ESTUT

Note that our indexing differs from that of Cartan and Eilenberg [1] and Mac
Lane [1].

PRrOOF. The filtrations on I" and M induce one on the cobar complex (A1.1.14)
CrM and we have EoCr(L,M) = Cgr(EoL,EtM) or E°Cr(L,M) =
Cror(EL, E°M). The associated spectral sequence is the one we want. O

The following is an important example of an increasing filtration.

A1.3.10. EXAMPLE. Let (K,T") be a Hopf algebra. Let I' be the unit coideal,
i.e., the quotient in the short exact sequence

O—>Kl>l—‘—>f—>0,

The coproduct map A can be iterated by coassociativity to a map A%: I' — I'®s+1,
Let F,I" be the kernel of the composition

[ 25 rostl | Testl
This is the filtration of T' by powers of the unit coideal.

Next we treat the spectral sequence associated with a map of Hopf algebroids.
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A1.3.11. THEOREM. Let f: (A,T) — (B,X) be a map of Hopf algebroids
(A1.1.18), M a right T'-comodule and N a left X-comodule.
(a) Cx(T'®4 B, N) is a complex of left I'-comodules, so Cotors(I'®4 B, N) is
a left T'-comodule.
(b) If M is flat over A, there is a natural spectral sequence converging to
Cotory (M ®4 B, N) with
E' = Cotor.(M, Cotors (T ®4 B, N))

and d,: E$t — Estrmi=rl
(¢) If N is a comodule algebra then so is Cotors(I' ®4 B, N). If M is also a
comodule algebra, then the spectral sequence is one of algebras.

PROOF. For (a) we have C5(I'®4 B,N) =T'®4 X% ®p N with the cobound-
ary ds as given in A1.2.11. We must show that d; commutes with the coproduct
on I'. For all terms other than the first in the formula for ds this commutativity is
clear. For the first term consider the diagram

r—2 ro,r— _re,x

A i A@I‘i A@Ei
oA Teref

Toal 22 T lToal —ETosT @4 %

The left-hand square commutes by coassociativity and other square commutes triv-
ially. The top composition when tensored over B with ¥®* ® g N is the first term
in ds. Hence the commutativity of the diagram shows that ds is a map of left
I'-comodules.

For (b) consider the double complex

Cr(M, C5(T'®4 B, N)),

which is well defined because of (a). We compare the spectral sequences obtained
by filtering by the two degrees. Filtering by the first gives

E, = Cr(M, Cotorg(I'®4 B, N))
S0

E5 = Cotorp (M, Cotors(I' ® 4 B, N))

which is the desired spectral sequence. Filtering by the second degree gives a
spectral sequence with

EP' = Cotorf (M, CL(I ® 4 B, N))
= Cotorp(M, T ®4 %" @5 N)
=M®sS® @5 N by A1.2.8(b)
= CL(M ®4 B,N)

so By =FE, = COtOI‘z(M XA B,N).
For (c) note that '®4 B as well as N is a X-comodule algebra. The I'-coaction
on Cx(I'®4 B, N) is induced by the map

C(A®B,N): Cx(’'®4 B,N) - Cs(I’'®sT'®4 B,N)
=T'®4Cs(I'®4 B,N).
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Since the algebra structure on Cx( , ) is functorial, C(A® B, N) induces an algebra
map in cohomology and Cotory(I' ® 4 B, N) is a [-comodule algebra.

To show that we have a spectral sequence of algebras we must define an algebra
structure on the double complex used in the proof of (b), which is M Or Dr(T' ® 4
B Oy, Dg(N)). Let N = I' ®4 B Og Ds(N). We have just seen that it is a I'-
comodule algebra. Then this algebra structure extends to one on Dr (]\Nf ) by A1.2.9

since Dp(N) ®4 Dr(N) is a relatively injective resolution of N ®4 N. Hence we
have maps

M Op Dr(N) ® M Op Dr(N) — M ®4 M Op Dr(N) ® 4 Dr(N)
— M Or DF(N) XA DF(N) — M Or Dp(ﬁ),
which is the desired algebra structure. O

Our first application of this spectral sequence is a change-of-rings isomorphism
that occurs when it collapses.

A1.3.12. CHANGE-OF-RINGS ISOMORPHISM THEOREM. Let f: (A,T') — (B,X)
be a map of graded connected Hopf algebroids (A1.1.7) satisfying the hypotheses of
A1.1.19; let M be a right I'-comodule and let N be a left ¥-comodule which is flat
over B. Then

Cotorr (M, (I' ®4 B) Ox N) = Cotorg (M ®4 B, N).
In particular
Extr(A,(I' ®4 B) Os N) = Exts(B, N),
ProOOF. By A1.1.19 and A1.2.8(b) we have
Cotors,('®4 B,N) =0 for s > 0.
A1.3.11(b) gives
Cotorp (M, Cotor%(I' ® 4 B, N)) = Cotors;,(M @4 B, N).
Since N is flat over B,
Cotors(I' ®4 B,N) = (I'®4 B)Ox N

and the result follows. O

A1.3.13. COROLLARY. Let K be a field and f: (K,T) — (K, %) be a surjective
map of Hopf algebras. If N is a left 3X-comodule then

Extp(K,I'Ox N) = Exts (K, N). O
Next we will construct a change-of-rings spectral sequence for an extension of

Hopf algebroids (A1.1.15) similar to that of Cartan and Eilenberg [1, XVI 6.1],
which we will refer to as the Cartan-Eilenberg spectral sequence.

A1.3.14. CARTAN—EILENBERG SPECTRAL SEQUENCE THEOREM. Let
(D,®) - (A1) L (4,%)

be an extension of graded connected Hopf algebroids (A1.1.15). Let M be a right
®-comodule and N a left I'-comodule.

(a) Cotorg (A, N) is a left ®-comodule. If N is a comodule algebra, then so is
this Cotor .
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(b) There is a natural spectral sequence converging to Cotorr(M ®@p A, N) with
Ej" = Cotorsy (M, Cotork (A, N))
and
dT: Es,t N Es—i—r,t—r—}-l.
(¢) If M and N are comodule algebras, then the spectral sequence is one of

algebras.

ProoOF. Applying A1.3.11 to the map i shows that Cotorpr(®®p A, N) is a left
®-comodule algebra and there is a spectral sequence converging to Cotorr(M ®p
A, N) with

E5 = Cotorg (M, Cotorr(® @ 4 D, N)).
Hence the theorem will follow if we can show that Cotorp(® ®p A,N) =
Cotory(A,N). Now ® ®p A = AOx T by A1.1.16. We can apply A1.3.12 to f
and get Cotorp(P Ox I', R) = Cotorg(P, R) for a right ¥-comodule P and left
I'-comodule R. Setting P = A and R = N gives the desired isomorphism

Cotorr(® ®p A, N) = Cotorpr(AOx T, N) = Cotorg (A4, N). O
The case M = D gives

A1.3.15. COROLLARY. With notation as above, there is a spectral sequence of
algebras converging to Extr(A, N) with Fy = Exte (D, Exts (4, N)). O

Now we will give an alternative formulation of the Cartan-Eilenberg spectral
sequence (A1.3.14) suggested by Adams [12], 2.3.1 which will be needed to apply the
results of the next sections on Massey products and Steenrod operations. Using the
notation of A1.2.14, we define a decreasing filtration on Cr(M ®p A, N) by saying
that m~y1|...|ysn € FUif i of the 4’s are in ker fo.

A1.3.16. THEOREM. The spectral sequence associated with the above filtration
of Cr(M®pA, N) coincides with the Cartan-FEilenberg spectral sequence of Al1.3.14.

ProOOF. The Cartan-Eilenberg spectral sequence is obtained by filtering the
double complex C} (M, Cy(® ®p A, N)) by the first degree. We define a filtration-
preserving map 6 from this complex to Cr(M ®p A, N) by

OMm@ 1@+ G @ PR Vs1 ® Vst @ 1)
=m®iz(p1) ® - i2(¢s)i16(P) @ Ys41 @ -+ + Yot @ M.
Let E' (M, N) = C3 (M, Cotorh(® @p A, N)) = Cg (M, Cotory (A, N)) be the Ei-

term of the Cartan-Eilenberg spectral sequence and E; (M, N) the Eq-term of the
spectral sequence in question. It suffices to show that

0.: Ey(M,N) — E{(M,N)
is an isomorphism.
First consider the case s = 0. We have
Fy/F' = Cg(M ®p A,N) = M ®@p Cx(A, N)
so this is the target of 6 for s = 0. The source is M ®p Cr(¢ ®p A, N). The
argument in the proof of Theorem A1.3.14 showing that

Cotorr(® ®p A, N) = Cotorg (A, N)
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shows that our two complexes are equivalent so we have the desired isomorphism
for s = 0.

For s > 0 we use the following argument due to E. Ossa.

The differential

do: ES'(M,N) — E* ™ (M, N)

depends only on the ¥-comodule structures of M and N. In fact we may define a
complex Dy (N) formally by

Dy'(N) = Eg*(2,N).
Then we have
Ey'(M,n) = M Os D§'(N).
Observe that
DY (N) = CE(3, N).
Now let G = ker f and
CH =G0 G=G0x G0y ...0= G

with s + 1 factors.

Note that -
G=%X®® and hence
G =Y ® e®*
as left ¥-comodules, where the tensor products are over D.
Define

Bs: G* Oy D' (N) — D' (N)
by
(1 ®...95) ®01® - ®0r®@n)
=309 ® g2 ®Rgs®01 @+ R0y Q.

Then [ is a map of differential X-comodules and the diagram

Eg*'(M,N) === E¢"(M © 9*, N)
l" lg
E3'(M,N) EY' (M @ 25 N)

M O, DEH(N) ~;—MOxG* Ox DH(N)

commutes.

We know that %7 is a chain equivalence so it suffices to show that 3, is one
by induction on s. To start this induction note that (y is the identity map by
definition.

Let

FS'T,N) = F*C,(T, N)
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and

Fs7t(F,N) — Fs’t(G,N) + FS+1’t_1(P,N)
— FSHT, N).
Then F**(T', N) is a 3-comodule subcomplex of Cr(I', N) which is invariant under
the contraction
S(rem...1:®n)=e(7) @71 ...7 On.

Since Ho(F**(I', N)) = 0, the complex F**(T", N) is acyclic.
Now look at the short exact sequence of complexes

0 FstY(T, N) Fs(I,N) F*(I',N) 0
Fst1(T, N) Fs+1(T', N) Fst(T, N)
) .
Dy (N) G Os, D3 (N)

The connecting homomorphism in cohomology is an isomorphism.
We use this for the inductive step. By the inductive hypothesis, the composite

GOs (G*Ox N) — G Ox (G° Ox DE(N)) — G Os. Dy, (N)

is an equivalence. If we follow it by ¢ 0v we get (541. This completes the inductive
step and the proof. O

A1.3.17. THEOREM. Let ® — ' — X be a cocentral extension (A1.1.15) of
Hopf algebras over a field K; M a left ®-comodule and N a trivial left T'-comodule.
Then Exts, (K, N) is trivial as a left ®-comodule, so the Cartan-Eilenberg spectral
sequence (A1.3.14) Es-term is Exte (M, K) ® Exty (K, K) ® N.

PrOOF. We show first that the coaction of ® on Exty (K, N) is essentially
unique and then give an alternative description of it which is clearly trivial when
the extension is cocentral. The coaction is defined for any (not necessarily trivial)
left I'-comodule N. It is natural and determined by its effect when N = T since
we can use an injective resolution of N to reduce to this case. Hence any natural
®-coaction on Exty (K, N) giving the standard coaction on Exty(K,I') = ® must
be identical to the one defined above.

Now we need some results of Singer [5]. Our Hopf algebra extension is a
special case of the type he studies. In Proposition 2.3 he defines a ®-coaction
on X, py: ¥ — & ® Y via a sort of coconjugation. Its analog for a group extension
N — G — H is the action of H on N by conjugation. This action is trivial when
the extension is central, as is Singer’s coaction in the cocentral case.

The following argument is due to Singer.

Since X is a $-comodule it is a I'-comodule so for any N as above ¥ @ N is a
T'-comodule. It follows that the cobar resolution Ds. N is a differential I'-comodule
and that Homyg (K, DsN) is a differential comodule over Homy, (K, T') = ®. Hence
we have a natural ®-coaction on Exty (K, N) which is clearly trivial when N has
the trivial ['-comodule structure and the extension is cocentral.

It remains only to show that this ®-coaction is identical to the standard one by
evaluating it when N = I'. In that case we can replace Dy N by N, since N is an
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extended Y-comodule. Hence we have the standard I'-coaction on I' inducing the
standard ®-coaction on Homy (K, T") = ®. O

4. Massey Products

In this section we give an informal account of Massey products, a useful struc-
ture in the Ext over a Hopf algebroid which will figure in various computations
in the text. A parallel structure in the ASS is discussed in Kochman [4] and
Kochman [2, Section 12]. These products were first introduced by Massey [3], but
the best account of them is May [3]. We will give little more than an introduction to
May’s paper, referring to it for all the proofs and illustrating the more complicated
statements with simple examples.

The setting for defining Massey products is a differential graded algebra (DGA)
C over a commutative ring K. The relevant example is the cobar complex Cr (L, M)
of A1.2.11, where L and M are I'-comodule algebras and I' is a Hopf algebroid
(A1.1.1) over K. The product in this complex is given by A1.2.15.

We use the following notation to keep track of signs. For = € C, let T denote
(—1)'*+deery where deg x is the total degree of z; i.e., if C' is a complex of graded
objects, deg x is the sum of the internal and cohomological degrees of x. Hence we
have d(z) = —d(x), (Ty) = —2y, and d(zy) = d(z)y — Td(y).

Now let a; € H*(C) be represented by cocycles a; € C for i = 1,2,3. If
;a1 = 0 then there are cochains w; such that d(u;) = @;a;41, and @ias + ajus is
a cocycle. The corresponding class in H*(C) is the Massey product {aq, s, ag). If
a; € H* the this (a1, s, a3) € H*™1, where s = > s;. Unfortunately, this triple
product is not well defined because the choices made in its construction are not
unique. The choices of a; do not matter but the u; could each be altered by adding a
cocycle, which means (aq, ag, a3) could be altered by any element of the form zas+
ayy with o € H51+52=1 and y € H®2+*3~1, The group o H%1*2~1 @ azH5 521
is called the indeterminacy, denoted by In{a, ag, a3). It may be trivial, in which
case {a, ag,a3) is well defined.

A1.4.1. DEFINITION. With notation as above, (a1, ag, ag) C H*(C) is the coset
of In{ay, g, aia) represented by ajus + u1as. Note that (aq, e, as) is only defined
when ayas = asag = 0.

This construction can be generalized in two ways. First the relations a;a;41 =0
can be replaced by

Z(dl)j(QZ)j,k =0 forl<k<n
j=1

and
n

> (@2)jklas) =0 for 1< j<m.

k=1
Hence the «o; become matrices with entries in H*(C'). We will denote the set of
matrices with entries in a ring R by M R. For x € MC or MH*(C), define = by
(T)jk = Tj k-

As before, let a; € MC represent o; € MH*(C) and let u; € MC be such that

d(u;) = @;a;+1. Then uy and ug are (1 X n)- and (m x 1)-matrices, respectively, and
G1us+ujag is a cocycle (not a matrix thereof) that represents the coset (a1, ag, as).
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Note that the matrices a; need not be homogeneous (i.e., their entries need not
all have the same degree) in order to yield a homogeneous triple product. In order
to multiply two such matrices we require that, in addition to having compatible
sizes, the degrees of their entries be such that the entries of the product are all
homogeneous. These conditions are easy to work out and are given in 1.1 of May [3].
They hold in all of the applications we will consider and will be tacitly assumed in
subsequent definitions.

Al1.4.2. DEFINITION. With notation as above, the matric Massey product
(a1, g, a3) s the coset of In{ay, ag, av3) represented the cocycle aqus + @y as, where
In{ay, ao, a3) is the group generated by elements of the form zas + ajy where
x,y € MH*(C) have the appropriate form.

The second generalization is to higher (than triple) order products. The Massey
product (ay, e, ..., ay) for o € MH*(C) is defined when all of the lower products
(i, tq1,...,05) for 1 <@ < j <nandj—1i<n-—1 are defined and contain
zero. Here the double product {a;a;41) is understood to be the ordinary product
o;oiy1. Let a;—1,; be a matrix of cocycles representing a;. Since a;a;11 = 0
there are cochains a;_1 ;41 with d(a;—141) = @j—1,:a;,41. Then the triple product
<Oti706i+1,06i+2> is represented by bi—l,i+2 = Qj—1,i+1Gi+1,i+2 T Qj—1,0542- Since
this triple product is assumed to contain zero, the above choices can be made so
that there is a matrix of cochains a;_; ;12 whose coboundary is b;_; ;42.

Then the fourfold product (a1, a2, a3, ay) is represented by the cocycle ag 3ag 4+
G0,202,4+ 0,101 4. More generally, we can choose elements a; ; and b; ; by induction
on j — i satisfying b;; = 37, ;. ; @i kak,; and d(a; ;) = b;j for i —j <n—1.

A1.4.3. DEFINITION. The n-fold Massey product (ay,as,...,a,) is defined
when all of the lowerproducts (a, ..., ;) contain zero for ¢ < j and j —i <n —1.
It is strictly defined when these lower products also have trivial indeterminacy, e.g.,
all triple products are strictly defined. In either case the matrices a; ; chosen above
for 0 < i < j <nandj—i < n constitute a defining system for the product
in question, which is, modulo indeterminacy (to be described below), the class
represented by the cocycle

Z a0, n-

0<i<n

Note that if a; € H%(C), then (a1, ...,a,) C H*T27"(C) where s = > s;.

In 1.5 of May [3] it is shown that this product is natural with respect to DGA
maps f in the sense that (f.(aq),. .., f«(a)) is defined and contains f,({aq, ..., ap)).

The indeterminacy for n > 4 is problematic in that without additional technical
assumptions it need not even be a subgroup. Upper bounds on it are given by the
following result, which is part of 2.3, 2.4, and 2.7 of May [3]. It expresses the
indeterminacy of n-fold products in terms of (n — 1)-fold products, which is to be
expected since that of a triple product is a certain matric double product.

Al.4.4. INDETERMINACY THEOREM. Let {aq,...,q,) be defined. For 1 <k <
n — 1 let the degree of xi be one less than that of apag1.
(a) Define matrices Wy, by

Wi = (oq z1),

Wk:(ak Ik) for2<k<n-2
0 gt
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[ Tn-1
e ().
Then In{aq,...,a,) C J(Wh,...,W,) where the union is over all xj for which
Wy, ..., W,) is defined.
(b) Let {a,...,ap) be strictly defined. Then for 1 <k <n-—1 (ay,...,qp_1,
Ty Akt 2, -« -, Q) 18 strictly defined and

and

n—1
In{aq,...,ap) C U Z(al, ey Og—1, Ty Oy 2, Oy
k=1

where the union is over all possible xy. FEquality holds when n = 4.
(€) If gy = o, + & and (o, ..., 0, ..., o) is strictly defined, then

(1, ) Clan, ey Ay ee oy ) @,y ). O

There is a more general formula for the sum of two products, which generalizes

the equation
a1 + azfs = <(041042)a <g;>>

and is part of 2.9 of May [3].
A1.4.5. ADDITION THEOREM. Let (a1,...,a,) and {B1,...,53,) be defined.
Then s0 s (Y1, ..., Yn) where
(677 0
w=te s = 4) pri<k<n ad = (5).
Moreover (a1, ...,cn) + (B1,.-,Bn) T (V1y-- -y Vn)-

In Section 3 of May [3] certain associativity formulas are proved, the most
useful of which (3.2 and 3.4) relate Massey products and ordinary products and
are listed below. The manipulations allowed by this result are commonly known as

juggling.

A1.4.6. FIRST JUGGLING THEOREM. (a) If (aa,..., ) is defined, then so is
(19, a3,...,an) and
ar{ag,...,an) C —(Qr1a9, s, ..., Q).
(b) If (a1, ..., an—1) is defined, then so is (a1,...,Qn—2,0n_10y) and
(a1, .. yap_1)an C{aq,...,0p_2, Qp_10,).

(c) If (a1, ..., an—1) and {as, ..., ap) are strictly defined, then

ar{ag, ... an) = {1, ...,0n_1)0.
(d) If (vyan, az, ..., ) is defined, then so is (a1, Gaas, ay, ..., ap) and
(aqag, g, ... o) C —{a1, Gaas, 0y, ..., Op).
(e) If (a1, ..., ap—2, Gp_10u,) 1s defined, then so is (aq,...,Qn—3, Qp_1, Q) and
(Q1y .oy e, Qp10p) C — {1, .oy Qpe3, 21, Qi) -
() If (a1, ., Qp—1, QOpQEt1, Qpgay - - - ) and (O, ..o, Oy Q10125 Okt 3,

...,ap) are strictly defined, then the intersection of the former with minus the
latter is nonempty. (Il
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Now we come to some commutativity formulas. For these the DGA C must
satisfy certain conditions (e.g., the cup product must be commutative) which always
hold in the cobar complex. We must assume (if 2 # 0 in K) that in each matrix o
the degrees of the entries all have the same parity &;; i.e., &; is 0 if the degrees are
all even and 1 if they are all odd. Then we define

(A1.4.7) s(i,j)=j7—i+ Z (I4+ep)(1+em)

i<k<m<j

and

k
tk) = (1+¢) Zl+gj
=2

The transpose of a matrix « will be denoted by «’. The following result is 3.7 of
May [3].

A1.4.8. SECOND JUGGLING THEOREM. Let (a1, ...,a,) be defined and assume
that either 2 =0 in K or the degrees of all of the entries of each «; have the same
parity €;. Then (« o) is also defined and

/
mny*

(a1,...,an) = (=1)*Ea) o ah).
(For the sign see A1.4.7) O

The next result involves more complicated permutations of the factors. In order
to ensure that the permuted products make sense we must assume that we have
ordinary, as opposed to matric, Massey products. The following result is 3.8 and
3.9 of May [3].

A1.49. THIRD JUGGLING THEOREM. Let {avq,...,ay,) be defined as an ordi-
nary Massey product.
(@) If (Qkg1y. -y, a1, ... ) is strictly defined for 1 < k < n, then

n—1

(=1)*E o) © Y (=) ORI (L a, L a).
k=1
b) If (s, ..., ap, gs1, - - ., Qp) 18 strictly defined for 1 < k <n then
+
n
(o, ..., an) C — Z(—l)t(k)<a2, e Oy O, Qg 1, - o, Q).
k=2
(For the signs see A1.4.7)

Now we consider the behavior of Massey products in spectral sequences. In the
previous section we considered essentially three types: the one associated with a
resolution (A1.3.2), the one associated with a filitration (decreasing or increasing)
of the Hopf algebroid I (A1.3.9), and the Cartan-Eilenberg spectral sequence asso-
clated with an extension (A1.3.14). In each case the spectral sequence arises from
a filtration of a suitable complex. In the latter two cases this complex is the cobar
complex of A1.2.11 (in the case of the Cartan-Eilenberg spectral sequence this re-
sult is A1.3.16), which is known to be a DGA (A1.2.14) that satisfies the additional
hypotheses (not specified here) needed for the commutativity formulas A1.4.8 and
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A1.4.9. Hence all of the machinery of this section is applicable to those two spec-
tral sequences; its applicability to the resolution spectral sequence of A1.3.2 will be
discussed as needed in specific cases.

To fix notation, suppose that our DGA C is equipped with a decreasing fil-
tration {FPC} which respects the differential and the product. We do not require
F°C = C, but only that lim, o FPC = C and lim, o FPC = 0. Hence we
can have an increasing filtration {F,C} by defining F,C' = F~PC. Then we get a
spectral sequence with

Eg,q — chp-&-q/Fp-&-lcp—&-q’
E{),q — Herq(Fp/Ferl)7

. ; +r.g—r+1
d.: EP? — Eprma—rtl
and
EPd — FpHp+q/Fp+1Hp+q
pod .

We let EI'4 C EP? denote the permanent cycles and i: E'4 — EL:? and
m: FPCPe — Ef? the natural surjections. If x € EXZ and y € FPHP*? projects
to i(x) € ERY we say that x converges to y. If the entries of a matrix B € MC
are all known to survive to E,, we indicate this by writing 7(B) € ME,. In the
following discussions a; will denote an element in M E,. represented by a; € MC.
If a; € ME, o, B; € MH*(C) will denote an element to which it converges.

Each F, is a DGA in whose cohomology, F, 1, Massey products can be defined.
Suppose {aq, ..., ay) is defined in E,. ;1 and that the total bidegree of the «; is (s, t),
i.e., that the ordinary product ajas. .., (which is of course zero if n > 3) lies
in Eﬁﬁl Then the indexing of d, implies that the Massey product is a subset of
E:J—r;‘(n—Q),t—i-(r—l)(n—Q).

May’s first spectral sequence result concerns convergence of Massey products.
Suppose that the ordinary triple product (51, 32, 85) C H*(C) is defined and that
(a1, a9, a3) is defined in F,.;1. Then one can ask if an element in the latter product
is a permanent cycle converging to an element of the former product. Unfortunately,
the answer is not always yes. To see how counterexamples can occur, let 4; € E,
be such that d,(d;) = a;a;41. Let (p,q) be the bidegree of one of the ;. Since
(61, B2, 03) is defined we have as before u; € C such that d(u;) = a;a;+1. The
difficulty is that a;a;+1 need not be a coboundary in FPC} i.e., it may not be possible
to find a u; € FPC. Equivalently, the best possible representative u; € FPC of u;,
may have coboundary a;a;+1 — e; with 0 # m(e;) € EfH’q*tH for some t > r.
Then we have d(u; — 4;) = e;. and m(u; — @;) = w(u; € Efi;’f"“‘" for some m > 0,
80 A1 (m(u;)) = w(e;). In other words, the failure of the Massey product in E,.41
to converge as desired is reflected in the presence of a certain higher differential.
Thus we can ensure convergence by hypothesizing that all elements in E?, 7%
for m > 0 are permanent cycles.

The case m = 0 is included for the following reason (we had m > 0 in the
discussion above). We may be able to find a v, € FPC with d(u;) = a;a,41 but
with m(u;) # u;, so de(m(u—1a;)) = 7(e;) # 0. In this case we can find a convergent
element in the Massey product in F,1, but it would not be the one we started
with.

The general convergence result, which is 4.1 and 4.2 of May [3], is
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A1.4.10. CONVERGENCE THEOREM. (a) With notation as above let (o, . . ., ap)
be defined in E,i1. Assume that a; € ME, 11 and o; converges to (3;, where
(B1y .-, Bn) is strictly defined in H*(C). Assume further that if (p,q) is the bide-
gree of an entry of some a; ; (for1 < j—1 < n) in a defining system for (as, ..., o)
then each element in EP%™™ for allm > 0 is a permanent cycle. Then each ele-
ment of (a1,...,a,) is a permanent cycle converging to an element of (01, ..., Bn).

(b) Suppose all of the above conditions are met except that (o, ..., ay) is not
known to be defined in E,.1. If for (p,q) as above every element of EXL" 7™ for
m > 1 is a permanent cycle then {aq,...,a,) is strictly defined so the conclusion
above is valid. |

The above result does not prevent the product in question from being hit by a
higher differential. In this case (01, ..., 3,) projects to a higher filtration.

May’s next result is a generalized Leibnitz formula which computes the differ-
ential on a Massey product in terms of differentials on its factors. The statement
is complicated so we first describe the simplest nontrivial situation to which it
applies. For this discussion we assume that we are in characteristic 2 so we can
ignore signs. Suppose (aq, a9, ag) is defined in F,1; but that the factors are not
necessarily permanent cycles. We wish to compute d,.y; of this product. Let
a; have bidegree (p;,q;). Then we have u; € FPitPi+172C with d(u;) = a;ai41
mod FPitPi+1T1C. The product is represented by ujaz + ajus. Now let d(a;) = a,
and d(u;) = a;a;+1 +u;. Then we have d(uyas +ajuz) = ujas+uias + ajug + axul.
This expression projects to a permanent cycle which we want to describe as a
Massey product in F,.1. Consider

<(dr+1(a1) o), <dr+01[?a2) 0?2) ’ (dr+(11(3043)~>>'

Since d(u;) = o1 +uj is a cycle, we have d(uj)) = d(a;ai11) = aja41 + azaj
so dp(m(u})) = drg1(oi)iprr + aidrgi(agt1). It follows that the above product
contains m(ujas + ujah + ajus + asub) € Epqg.

Hence we have shown that

drq1((on, 2, 03)) C <(dr+1(a1) o), <dr+?§a2) 0?2>7 (dr+??a3))>'

We would like to show more generally that for s > r with di(a;) = 0 for r <
t < s, the product is a d;-cycle and ds on it is given by a similar formula. As
in A1.4.10, there are potential obstacles which must be excluded by appropriate
technical hypotheses which are vacuous when s = r + 1. Let (p, q) be the bidegree
of some u;. By assumption v, € FPY"1C and d(u}) = ala;11 + a;al, ;. Hence
m(aal,, + diair) € BEFTTSITTT5F2 g Killed by a dyys—g for 1 < t < s. If the
new product is to be defined this class must in fact be hit by a d,. and we can
ensure this by requiring EFI0% " = 0 for r < ¢t < 5. We also need to know
that the original product is a ds-cycle for r < t < s. This may not be the case
if m(uf) #0 e EPTY for 1 < t < s, because then we could not get rid of
m(u}) by adding to u; an element in FP*1C with coboundary in FP*"+1C (such a
modification of u; would not alter the original Massey product) and the expression
for the Massey product’s coboundary could have lower filtration than needed. Hence
we also require BP9 — 0 for r < t < .

We are now ready to state the general result, which is 4.3 and 4.4 of May [3].
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A1.4.11. THEOREM (LEIBNITZ FORMULA).

(a) With notation as above let (a1, aua, ..., ay) be defined in E, 1 and let s > r
be given with di(a;) =0 for allt < s and 1 < i < n. Assume further that for (p,q)
as in A1.4.10 and for each t with r <t <'s,

p+t,q—t+1 _ p+t,g—1+1 _
E; =0 and FE )Y =0

(for each t one of these implies the other). Then each element o of the product is a
di-cycle for r <t < s and there are permanent cycles oy € M E, 11 oo which survive
to ds(a;) such that {y1,...,vn) is defined in E,.11 and contains an element ~ which
survives to —ds(«), where

_ /= [ G 0 .
7 = (ajar), vi= <ai O@) for 1 <i < n,
and
o
= (i)
(b) Suppose further that each o is unique, that each {(aq,...,a;—1,q;, Qiy1,

.y p) s strictly defined, and that all products in sight have zero indeterminacy.
Then

d5(<0[1, ey Ck5>) = — Z<C_¥1, ey O_éifl, Ckg, (07N I 7O[n>. O
i=1
The last result of May [3] concerns the case when {(ag,...,a,) is defined in

E, 1, the a; are all permanent cycles, but the corresponding product in H*(C) is
not defined, so the product in F,,; supports some nontrivial higher differential.
One could ask for a more general result; one could assume d;(;) = 0 for ¢ < s and,
without the vanishing hypotheses of the previous theorem, show that the product
supports a nontrivial d;. In many specific cases it may be possible to derive such
a result from the one below by passing from the DGA C' to a suitable quotient in
which the «; are permanent cycles.

As usual we begin by discussing the situation for ordinary triple products,
ignoring signs, and using the notation of the previous discussion. If (a1, g, as) is
defined in E, 1 and the a; are cocycles in C but the corresponding product in H*(C)
is not defined, it is because the a;a;41 are not both coboundaries; i.e., at least one
of the w} = d(u;) 4+ a;a;+1 is nonzero. Suppose 7(u}) is nontrivial in Efif“’q_r. As
before, the product is represented by ujaz+ajus and its coboundary is u}as+aqub,
50 dpi1({o1, a2, a3)) = w(ujas + ayuhy). Here ul represents the product ;8,11 €
H*(C), where ; € H*(C) is the class represented by a;,. The product 5;8;+1
has filtration greater than the sum of those of 8; and 3;11, and the target of the
differential represents the associator (5132)33 + 51(5203)-

Next we generalize by replacing r + 1 by some s > r; i.e., we assume that the
filtration of 3;8;+1 exceeds the sum of those of ;, and §;11 by s —r. As in the
previous result we need to assume

EPTHattl — 0 for r <t < s

this condition ensures that the triple product is a d;-cycle.

The general theorem has some hypotheses which are vacuous for triple products,
so in order to illustrate them we must discuss quadruple products, again ignoring
signs. Recall the notation used in definition A1.4.3. The elements in the defining
system for the product in E,;; have cochain representatives corresponding to the
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defining system the product would have if it were defined in H*(C). As above,
we denote a;—1,; by a;,a;—1,;+1 by u;, and also a;_1 42 by v;. Hence we have
d(a;) = 0, d(u;) = aai41 + ul, d(v;) = aiui+1 + wia42 + v}, and the product
contains an element « represented by m = ajve + ujug + v1a4, so d(m) = ajvh +
uhuz + uiuy + vias. We also have d(uj) = 0 and d(v)) = uja; 42 + a;uj ;.

We are assuming that (01, 82, 83, 84) is not defined. There are two possible
reasons for this. First, the double products 3;5;+1 may not all vanish. Second,
the double products all vanish, in which case u}, = 0, but the two triple products
(Bi, Bit1, Bite) must not both contain zero, so v # 0. More generally there are
n — 2 reasons why an n-fold product may fail to be defined. The theorem will
express the differential of the n-fold product in E, ;1 in terms of the highest order
subproducts which are defined in H*(C'). We will treat these two cases separately.

Let (pi,q;) be the bidegree of «;. Then the filtrations of u;,v;, and m are,
respectively, p; + pit1 — 1, pi + pit1 + Pit2 — 2r, and p1 + p2 + p3 + pa — 2r.

Suppose the double products do not all vanish. Let s > r be the largest integer
such that each u} has filtration > s — r + p; + p;+1. We want to give conditions
which will ensure that (a1, s, as, ) is a di-cycle for r < ¢t < s and that the triple

product
<(7r(u’1)a1)7 (W?:fé) 0?2> ’ (szé)>>

is defined in E,;; and contains an element which survives to ds(«); note that if
all goes well this triple product contains an element represented by d(m). These
conditions will be similar to those of the Leibnitz formula A1.4.11. Let (p, ¢) be the

bidegree of some v;. As before, we ensure that d¢(«) = 0 by requiring Ef”"k”l,
and that the triple product is defined in E,,; by requiring Efi;f;tﬂ = 0. The

former condition is the same one we made above while discussing the theorem for
triple products, but the latter condition is new.

Now we treat the case when the double products vanish but the triple products
do not. First consider what would happen if the above discussion were applied
here. We would have s = oo and a would be a permanent cycle provided that
Ef“’fﬁtﬂ = 0 for all ¢ > r. However, this condition implies that v can be chosen
so that v/ = 0, i.e., that the triple products vanish. Hence the above discussion is
not relevant here.

Since u; = 0, the coboundary of the Massey product m is ajv} + vjas. Since
d(v;) = a;uip1+ua;42+0;, vl is a cocycle representing an element of (5;, Bit1, Bit2)-
Hence if all goes well we will have ds(a) = aim(vh) + m(v])aq, where s > r is the
largest integer such that each v has filtration at least p; + pi+1 + pit2 + s — 2r.
To ensure that dy(a) = 0 for t < s, we require EPT077" — 0 for r < t < s as
before, where (p, ¢) is the degree of v;. We also need to know that {a;, 11, aiyo)
converges to (0;, Bi+1, Bi+2); since the former contains zero, this means that the
latter has filtration greater than p; + p;1+1 + pi+2 — . We get this convergence from
A1.4.10, so we must require that if (p, ¢) is the bidegree of 7(u;), then each element
of EP- ™4 for all m > 0 is a permanent cycle.

Now we state the general result, which is 4.5 and 4.6 of May [3].

A1.4.12. DIFFERENTIAL AND EXTENSION THEOREM. (a) With notation as
above, let {1, ..., ay) be defined in E,.1 where each o is a permanent cycle con-
verging to B; € H*(C). Let k with 1 < k < n — 2 be such that each (B, ..., Bitk)
is strictly defined in H*(C) and such that if (p,q) is the bidegree of an entry of
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some a;; for 1 < j—1i < k in a defining system for (oa,...,an) then each ele-
ment of EX.IF™ for all m > 0 is a permanent cycle. Furthermore, let s > r be
such that for each (p,q) as above with k < j —i < n and each t with r < t < s,
EPTR — 0 and, if j —i > k+ 1, EPED T = 0.

Then for each a € {aq,...,an), di(a) = 0 for r < t < s, and there are
permanent cycles 6; € ME, 1 o for 1 <i <n —k which converge to elements of
(Biy- -+, Bixr) C H*(C) such that {y1,...,n—k) s defined in E, 1 and contains an
element v which survives to —ds(«), where

71 = (6101), %:(a?f’“ Ol) fori<n—k,

Qy

— Qn
Tn—k = 6n7k .

(b) Suppose in addition to the above that each ¢; is unique, that each

and

(Q1y oy @1, 04, Qi kot 1, - - - Q) 1S Strictly defined in E,11 and that oll Massey
products in sight (except possibly (i, ..., Bitk)) have zero indeterminacy. Then
n—k
ds(<a1, ey Oén>) = Z<O_t1, ey di_l,éi,ai+k+1, ey an). O
i=1
Note that in (b) the uniqueness of d; does not make (3;, ..., B;+r) have zero

indeterminacy, but merely indeterminacy in a higher filtration. The theorem does
not prevent §; from being killed by a higher differential. The requirement that

Ef:gz_ffrm C Erfm+1,00 18 vacuous for k = 1, e.g., if n = 3. The condition
EPTLI — 0 is vacuous when k = n — 2; both it and EPTHTIL — g are

vacuous when s = r + 1.

A1.4.13. REMARK. The above result relates differentials to nontrivial exten-
sions in the multiplicative structure (where this is understood to include Massey
product structure) since d; represents (J;, ..., Bit+r) but has filtration greater than
that of {ay,...,a;1+x). The theorem can be used not only to compute differentials
given knowledge of multiplicative extensions, but also vice versa. If d(«) is known,
the hypotheses are met, and there are unique J; which fit into the expression for =,
then these &; necessarily converge to (5;, ..., Bitk)-

5. Algebraic Steenrod Operations

In this section we describe operations defined in Cotorr(M, N), where I is a
Hopf algebroid over Z/(p) for p prime and M and N are right and left comodule
algebras (A1.1.2) over I'. These operations were first introduced by Liulevicius [2],
although some of the ideas were implicit in Adams [12]. The most thorough account
is in May [5], to which we will refer for most of the proofs. Much of the material
presented here will also be found in Bruner et al. [1]; we are grateful to its authors
for sending us the relevant portion of their manuscript. The construction of these
operations is a generalization of Steenrod’s original construction (see Steenrod [1])
of his operations in the mod (p) cohomology of a topological space X. We recall
his method briefly. Let G = Z/(p) and let E be a contractible space on which
G acts freely with orbit space B. XP denotes the p-fold Cartesian product of X
and XP x g F denotes the orbit space of X? x E where G acts canonically on E and
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on XP by cyclic permutation of coordinates. Choosing a base point in F gives maps
X 5> X xBand XP - XP xg E. Let A: X — XP? be the diagonal embedding.
Then there is a commutative diagram

X XP

-

XxB——=XPxgFE

Given x € H*(X) [all H* groups are understood to have coefficients in Z/(p)
it can be shown that t ® ¢ ® ---ax € H*(XP) pulls back canonically to a class
Px € H*(X? xg E). We have H'(B) = Z/(p) generated by e; for each i > 0.
Hence the image of Pz in H*(X x B) has the form )., x; ® e; with z; € H*(X)
and xg = xP. These x; are certain scalar multiples of various Steenrod operations
on x.

If C is a suitable DGA whose cohomology is H*(X) and W is a free R-resolution
(where R =Z/(p)[G]) of Z/(p), then we get a diagram

C c,

|

CRRW <~—C,®r W

where C), is the p-fold tensor power of C, R acts trivially on C' and by cyclic
permutation on C), and the top map is the iterated product in C. It is this
diagram (with suitable properties) that is essential to defining the operations. The
fact that C is associated with a space X is not essential. Any DGA C which
admits such a diagram has Steenrod operations in its cohomology. The existence of
such a diagram is a strong condition on C} it requires the product to be homotopy
commutative in a very strong sense. If the product is strictly commutative the
diagram exists but gives trivial operations.

In 11.3 of May [5] it is shown that the cobar complex (A1.2.11) Cr(M, N), for
M, N as above and I' a Hopf algebra, has the requisite properties. The generaliza-
tion to Hopf algebroids is not obvious so we give a partial proof of it here, referring
to Bruner et al. [1] for certain details.

We need some notation to state the result. Let C' = Cr(M, N) for T a Hopf al-
gebroid over K (which need not have characteristic p) and M, N comodule algebras.
Let C, denote the r-fold tensor product of C over K. Let m be a subgroup of the
r-fold symmetric group ¥, and let W be a negatively graded K|m]-free resolution
of K. Let 7 act on C;. by permuting the factors. We will define a map of complexes

0: W®K[7‘r] C,.—C

with certain properties.

We define 6 by reducing to the case M = I", which is easier to handle because
the complex d = Cp(T', N) is a I'-comodule with a contracting homotopy. We have
C = M Or D and an obvious map

j: W ®K[7‘r] C’I” i MT DF (W ®K[7r] -D’r‘)7
where the comodule structure on W @k D, is defined by

Ywed - ®d)=didy...d.Qwed @---d!
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for w e W, d; € D, and C(d;) = d; ® d, and the comodule structure on M, is
defined similarly. Given a suitable map

0: W®K[7r] D, — D,
we define 6 to be the composite (O é)j, where p: M, — M is the product.

A1.5.1. THEOREM. With notation as above assume Wy = K[r| with generator
eo. Then there are maps 9,9 as above with the following properties.

(i) The restriction of 6 to eq @ C,. is the iterated product (A1.2.15) C, — C.

(ii) € is natural in M, N, and T up to chain homotopy.

(iii) The analogs of (i) and (i) for 6 characterize it up to chain homotopy.

(iv) Let A: W — W @ W be a coassociative differential coproduct on W which
is a K[r]-map (where K[r] acts diagonally on W @ W, i.e., given o € w, and
wy,we € W, a € (w1 Q@ wz) = a(wr) @ a(ws)); such coproducts are known to exist.
Let u: C®C — C be the product of A1.2.15. Then the following diagram commutes
up to natural chain homotopy.

®

WRpur

AB(CRC),
W oW @k (C®CO),
wWeT 0

W @k Cr ® W @kpm) Cr
9206

cel

where T is the evident shuffle map.

(v) Let m =v =17/(p), 0 = X2 and let T be the split extensions of VP by m in
which 7 permutes the factors of vP. Let W, V', and 'Y be resolutions of K over K|r],
K[v], and K|o], respectively. Let j: 7 — o (7 is a p-Sylow subgroup of K) induce
amap j: WV, =Y (WQV, is a free K[7] resolution of K). Then there is a
map w: Y Qo] Cp2 — C such that the following diagram commutes up to natural
homotopy

m

c

Ji®C?
(W eV,) @kir) Cp2 ——=Y Qo] Cp2

\
/
W0,

W @k (r) (V ®k(p) Cp)p —= W @k r) Cp
where U is the evident shuffle.

C

PROOF. The map @ satisfying (i), (i), and (iii) is constructed in Lemma 2.3
of Bruner’s chapter in Bruner et al. [1]. In his notation let M = N and K = L =
C(A, N), which is our D. Thus his map ® is our 6. Since 6 extends the product
on N it satisfies (i). For (ii), naturality in M is obvious since cotensor products are
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natural and everything in sight is natural in I'. For naturality in IV consider the
(not necessarily commutative) diagram

W @i Cr(T, N)p ——= W @k1n Cr(T, N'),

: :

CF(Fa N) - CF(Pa N/)
Bruner’s result gives a map
w ®K[7r] CF(Fa N)r - CF(Fv N/)

extending the map N, — N’. Both the composites in the diagram have the appro-
priate properties so they are chain homotopic and 0 is natural in N up to the chain
homotopy.

For (iv) note that 7 acts on (C®C'), = Ca, by permutation, so 7 is a subgroup
of ¥s,. The two composites in the diagram satisfy (i) and (ii) as maps from W ® g
Cyy to C, so they are naturally homotopic by (iii).

To prove (v), construct w for the group o in the same way we constructed 6
for the group 7. Then the compositions w(j ® Cp2) and (W ® 6,)U both satisfy (i)
and (ii) for the group 7, so they are naturally homotopic by (iii). O

With the above result in hand the machinery of May [5] applies to Cr(M, N)
and we get Steenrod operations in Cotorp(M, N) when K = Z/(p). Parts (i), (ii),
and (iii) guarantee the existence, naturality, and uniqueness of the operations, while
(iv) and (v) give the Cartan formula and Adem relations. These operations have
properties similar to those of the topological Steenrod operations with the following
three exceptions. First, there is in general no Bockstein operation 3. There are
operations BP?, but they need not be decomposable. Recall that in the classical
case (0 was the connecting homomorphism for the short exact sequence

0-C—C®Z/(p*) —C—0,

where C' is a DGA which is free over Z, whose cohomology is the integral co-
homology of X and which is such that C ® Z/(p) = C. If C is a cobar com-
plex as above then such a C may not exist. For example, it does not exist
if C = Ca,(Z/(p),Z/(p)) where A, is the dual Steenrod algebra, but if C' =
Cgp.(8P)/(p) (BP:/(p)) we have C' = Cpp, (pp)(BP:).

Second, when dealing with bigraded complexes there are at least two possible
ways to index the operations; these two coincide in the classical singly graded case.
In May [5] one has P?: Cotor® — Cotor®*Z=D®=1:t which means that P! = 0
if either 2i < t or 2i > s+ t. (Classically one would always have ¢t = 0.) We prefer
to index our P so that they raise cohomological degree by 2i(p — 1) and are trivial
if i < 0or2 > s (in May [5] such operations are denoted by P?). This means
that we must allow 7 to be a half-integer with P? nontrivial only if 2i =¢ mod (2).
(This is not a serious inconvenience because in most of our applications for p > 2
the complex C** will be trivial for odd ¢.) The Cartan formula and Adem relations
below must be read with this in mind.

Finally, P?: Cotor®?" — Cotor®?!! is not the identity as in the classical case.
The following is a reindexed form of 11.8 of May [5].
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A1.5.2. STEENROD OPERATIONS THEOREM. Let I' be a Hopf algebroid over
Z/(p) and M and N right and left T-comodule algebras. Denote Cotory:* (M, N) by
H*t. Then there exist natural homomorphisms

Sqt: Ho' — H5TH20 for p =2,
Pi/2: Hs’t N Hi/2+s,pt
and
BPY2: gt — HY2FsTLPE for p > 2 and g = 2p — 2,
all with i > 0, having the following properties.
(a) Forp =2, S¢" =0 ifi >s. Forp > 2, P/? and BP/? =0 ifi > s or
2i £t mod (2).
(b) For p =2, Sq*(z) = 22 ifi = s. Forp>2 and s +t even, P'(X) = XP if
21 = s.
(c) If there exists a Hopf algebroid T and T-comodule algebras M and N all flat
over Zy withl' =T ®Z/(p), M =M @ Z/(p), and N = N ® Z/(p), then 3Sq" =
i+ 1)Sq¢"tt for p = 2 and for p > i is the composition of B and P*, where
i 4+ 1)Sq¢it! f 2 and fi 2 P h f B and P*, wh
: Hot — HsLE s the connecting homomorphism for the short eract sequence
B: Ht H Lt h h h for the sh
O—)N—>N®Z/(p2)—>N—>O.

(d)
Sq'(xy) = Y S’ (x)Sq' I (y) for p=2.
0<j<i
Forp>2
Pl ay) = Y PI@)PE-0/2y)
0<j<i
and

BP(ay) = 3 BPYA@)PUD ) + PE@)BPE ).
0<j<i

Similar external Cartan formulas hold.
(e) The following Adem relations hold. For p =2 and a < 20,

b—i—1 oy
qqQb _ a+b—i g i
SalSq —Z(a_%)Sq Sq'.
i>0
Forp > 2, a < pb, and e = 0 or 1 (and, by abuse of notation, B°P* = P* and
B'P" =P,

e pal2phl2 _ Z(_l)(a+i)/2 <(P - 1)(b—1)/2 - 1) g platb=i)/2 pi/2

(a - pi)/2
and
BEPU2BPY? = (1~ ¢) g(_l)wm <(p - (13(3 ;Z;)/é 2= 1) gplath=i)/2 pi/2
_ Z(_l)(a+i)/2 ((p (_al—)(;z’)_/;)/—Ql_ 1) e plath=i)/2 pi/2.

i>0
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where, in view of (a), one only considers terms in which a,b, and i all have the
same parity (so the signs and binomial coefficients all make sense). (I

To compute Sq° or P we have the following, which is 11.10 of May [5].

A1.5.3. PROPOSITION. With notation as above, let x € H*', where t is even
if p > 2, be represented by a cochain which is a sum of elements of the form
my1| - |ysn. Then Sq°(x) or PO(z) is represented by a similar sum of elements of
the form mP¥| .- |yPnP. O

The operations also satisfy a certain suspension axiom. Consider the category
C of triples (M,T', N) with M,T', N as above. A morphism in C consists of maps
M — M',T - T, and N — N’ which respect all the structure in sight. Let Cj,
1 = 1,2,3, be the cobar complexes for three objects in C and suppose there are
morphisms which induce maps

o Lo, Lo,

such that the composite gf is trivial in positive cohomological degree. Let H**,
i = 1,2,3, denote the corresponding Cotor groups. Define a homomorphism o
(the suspension) from ker f* C Hf”’t to Hg’t/img* as follows. Given = € ker f*,
choose a cocycle a € C; representing x and a cochain b € Cy such that d(b) = f(a).
Then g(b) is a cocycle representing o(x). It is routine to verify that o(z) is well

defined.

A1.5.4. SUSPENSION LEMMA. Let o be as above. Then for p > 2, o(Pi(z)) =
Pi(o(x)) and o(BP(x) = BP!(o(z)) and similarly for p = 2.

PROOF. We show how this statement can be derived from ones proved in
May [5]. Let C; C Cj be the subcomplex of elements of positive cohomologi-
cal degree. It has the structure necessary for defining Steenrod operations in its
cohomology since C; does. Then May’s theorem 3.3 applies to

Lo Lo
and shows that suspension commutes with the operations in ker f* C H *(Ch1). We
have H*(C) = H*(C4) for s > 1 and a four-term exact sequence
0 — M; Op, Ny — M; ®4, My — H*(Cy) — H(C;) — 0
so the result follows. O
A1.5.5. COROLLARY. Let § be the connecting homomorphism associated with
an short exact sequence of commutative associative I'-comodule algebras. Then

Pi§ = 5P and BP'S = —6BP" for p > 2 and similarly for p = 2. (In this situation
the subcomodule algebra must fail to have a unit.)

Proor. Let 0 — My — Ms — M3 — 0 be such a short exact sequence. Then
set N; = N and I'; = T in the previous lemma. Then ¢ is the inverse of o so the
result follows. [l

We need a transgression theorem.

A1.5.6. COROLLARY. Let (D,®) SR (A,T) ER (A, X)) be an extension of Hopf
algebroids over Z/(p) (A1.1.15); let M be a right ®-comodule algebra and N a left
T'-comodule algebra, both commutative and associative. Then there is a suspension
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map o from keri* C Cotoryt (M, AOs N) to Cotory' (M @p A, N)/im f* which
commutes with Steenrod operations as in Al1.5.4.

ProoF. AOs N is a left ®-comodule algebra by A1.3.14(a). We claim the
composite & i;f Ly zero; since & = AOxT'Ox A, fi(P) = AOx X005 A = AQy,
A= D, so fZ((I)) = 0. Hence C@(M,ADEN) — CF(M(X)DA,N) — OE(M®DA, N)
is zero in positive cohomological degree. Hence the result follows from Al.5.4. O

The following is a reformulation of theorem 3.4 of May/[5].

A1.5.7. KuDO TRANSGRESSION THEOREM. Let ® — I' — X be a cocentral ex-
tension (A1.1.15) of Hopf algebras over a field K of characteristic p. In the Cartan-
Eilenberg spectral sequence (A1.3.14) for Extr(K, K) we have Ey" = Ext} (K, K)®
Exth(K, K) with d,: E3* — ESTHt=m+1 Then the transgression d.: EO"1 —
E0 commutes with Steenrod operations up to sign as in A1.5.4; e.g., if d.(z) =y
then dyios(p41)(P*(x)) = P*(y). Moreover for p > 2 and v — 1 even we have
1) (2P~ 1y) = =PI (y). U



