Ex. 1. Using the P.L. method; 7 = wt.
2.1 . 1 _ 2 n2 O _ 1 . O
wy' ty=ey(l-w(¥)), y0)=1 —==0,
where ¢/ = % etc. Perturbation series

Y=yYo+eyr + .., w=wo+ews+...

Requirement:
* All y; has period 27 in 7.

O(1): wdyl +yo=0, y0(0) =1, y,(0) =0,
O(e) + wiy! +y1 = —2wiwoyg + yo(1 — (y6)?), y1(0) =0, i (0) =0.

Solution O(1)
ODE and B.L: yp = cos(7/wp). The requirement * yields

wo=1, yo=cosT.
Solution O(e)
7 3 3 1
Yyl +y1 = 2wicosT + cos” T = (2w + Z) CoST + 1 cos(37).

Fulfillment of * (avoid secular terms that cause linear growth in y;)

and solution of ODE + initial conditions:

1
y1= 55 (cos T — cos(37)) .

Ex. 2.
a) Position is 7 = ¢7,. Then
dr 1

J— — — )7, T = — 72 —
U= Oy, = 2m(v)

1 .
—ml?0°.
5™
Potential energy

V =mgy = —mgl cosb.
Lagrangian
1 .
L=T-V = §m€202 + mgl cos .
Lagrange equation
oL d /0L

_ 0L d (oL\ _ s
0_89 dt(aé) mgsinf — me“6.



b) Yes, since %—% = 0 we have the first integral

-OL
const. = 98—. — L.
00
Moreover 5L
0— = Ome*§ = 2T.
00
Hence
oL

const.:G%—L:QT—(T—V):T—FV.

Conservation of energy!

c) Generalized momentum

oL . . D
=—=ml) = 0O=——.
P=% — ™ mi?
Hamiltonian )
H=60p— L= 2p£2 — mgl cos .
m
(We also see that H = const.=energy.)
Ex. 3.
a) The transformation is
y = Bf k(a:)dx

Substitution into the ODE yields
(k' + 12+ k) + W)y = 0.
Since y is nonzero this implies the Ricatti equation
ek 4+ ek® + ek + W = 0
1) + 2 + 3 + @ =0

When ¢ — 0 we must expect that |k| — oo is required to obtain a dominant balance. Then
(2) > (3) and we also expect that (2) > (1). Then (2) and (4) dominates, and

(1)

ehi=—-W = ko=tic 2 Wz,

This will give two independent solutions for y and substitution shows that the terms (1) and (3)
are indeed sub-dominant.
Second order term is introduced as k = ko + k1, k1 < ko. Substitution in (1)

(Kb + Ky + K + 2ok + K + qlko + k1)) + W =0
Canceling of leading order k2 + W = 0 and use of k1 < ko =
ko + 2kok1 + gko = 0,

with solution

. Since k1 ~ 1 we do have k; < kg and the ignored terms are small.



b) The transformation

1 1
[ kdz —%1nW+f(ﬂe*§W§—%q)da:+c
y=e =e

)

where C' is a constant. This may be written

At f(:l:ie_%W%—%q)d:c
y e 4 e .

Combining the solutions corresponding to =+:
y = W*%e*%f‘mz (A_"_eie% fW%dx + A efief% fW%dx)

where A and A_ are independent constants.

Ex. 4.

a) First we eliminate = and y.

de* (Cy—L12)(Cp—127)2
Guided by 0 < z < 2C, we attempt the scaling

2*=Cyz, t"=t.t.
where z then is between 0 and 2 and ¢, is still undetermined. The ODE becomes
z)(1—5552)
L(m

S~—
\@
[SIIe]

NI
w\»—t Q
\_/

dz (1
=t.kC2
dt

+ w\»—t
Q‘@Q

1
Then € = C,/C,, which is small, and t. = 1/(kCz). By the way, k must have dimension

concentration_%, divided by time, while m is without dimension.
From the statement that there is no hydrogen bromide initially, z(0) = 0 follows.

b) Naive approach is attempted
Z =20+ €z + ...

First the right hand side of the ODE is expanded in powers in €

(1-— 562)% =1- zez + O(€%), o (ml— e =1—(m-— %)ez + O(€?),
and
de (1 52)(1 - %ez)% = (1—12)(1—§62)(1—(m—*)62)+0(62) =1—-z—e(m+-)z(1—22)+0(e)
dt 1+ (m— §)ez 2 4 2 2 4
Inserting the power series for z we obtain
0o(1) : dZO + 320 =1, 20(0) =0,

O(e) : dzl + 521 = —(m+ 1)z20(1 — $20), 21(0) =

3



Solution O(1)
The problem is standard.

1y
20 =2—2e 2",

zo remains in the interval [0, 2). Solution O(e)
d 1 1 1 1
ﬁ + 571 = —(m + Z)Zo(l - on) = (2m + 5) (e_t - e_%t> .
A particular solution is assumed on the form
ng) = Ate 3t ¢ Be™,
where the factor ¢ is needed since e~ 2!
factor may also be used. Result

is an homogeneous solution. Formula or integrating

1
ng) =—(2m+ 5) (te_%t + Qe_t) :
Homogeneous solution and initial condition

1 _1 _1 _
z1:(2m+§)(2e 2t —te 2! — 2 t).



