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Time (s) 3.2 14.5 18.2 33.3 73.4 92.1 156.4
R (cm) 0.098 0.109 0.111 0.118 0.131 0.137 0.142

Tabell 1: Experimental data of a silicone oil droplet spreading on a smooth wafer. The surface tension of
the silicone oil/air interface is 0.04 N/m. The viscosity of the silicone oil is 0.01 Pa·s . The size of the
droplet is 0.033 mm3. The contact angle is θm = 0 rad.

1 Spreading of a viscous droplet over a smooth solid surface

When a viscous liquid droplet is placed to be in contact with a smooth solid surface, the droplet will
spread in order to minimize the surface energy. For completely wetting surfaces (i.e. the contact angle
θm = 0) and small droplets (i.e. gravity is neglected), the spreading follows Tanner’s law. In this regime,
the droplet spreading radius R(t) scales with time t as R(t) = kt1/10, here k is a prefactor that depends
on the viscosity of the fluid η, the interfacial surface tension γ and the volume of the droplet V . In this
project, we will study the spreading of a droplet on a solid surface.

1.1 The physical properties of the liquid and the surfaces
The spreading depends on the properties of the liquid and the surface (i.e. viscosity, droplet radius, surface
tension, contact angle and gravity). Based on these material properties find the non-dimensional numbers
for the spreading process. What is the characteristic spreading velocity (how do you construct a velocity
scale from the parameters)? For what droplet size can gravity be neglected?

1.2 Post-processing the experimental data
In this project, you are given a set of data from an experimental measurement, see table 1. You need to
describe the dynamics. One quantity to characterize spreading is the droplet radius R(t), how does it
depend on time? Plot the extracted radius (R(t)) as a function of time in logarithmic axis. Discuss the
results.

1.3 Theory and numerical simulation
1. If a no-slip boundary condition is imposed at the solid/liquid boundary, hydrodynamic theories

predicts that a droplet would never spread over a solid surface as the viscous dissipation tends to
infinity at the moving contact line. A contact line is the common boundary where three phases meet,
i.e. liquid, air and solid. To demonstrate the problem of infinite viscous dissipation at a moving
contact line, we consider a 2D liquid wedge moving with a constant velocity U over a solid surface.
The angle between the liquid/air interface and the solid surface is denoted as θ. Suppose θ is small,
the flow inside the liquid is a parabolic thin film flow. Assuming the liquid/air interface is described
by h = θx (this is a weak assumption, we will see in the next question that the interface is indeed
curved near the contact line), show that the viscous dissipation in the liquid around the moving
contact line (i.e. x = 0) is infinite .

2. From the above calculation we see that the viscous stress is strong near the contact line. The interface
h(x) is thus highly deformed in the contact line region. For the droplet spreading phenomenon, we
can separate the droplet into two regions: the contact line region (inner region) and the macroscopic
region (outer region). The profile of the interface in the contact line region is a solution of the
steady thin film equation (in the moving contact line frame). The steady thin film equation reads

h′′′ = 3Ca
h2 , (1)

where Ca ≡ ηU/γ, U is the contact line velocity. Show that h = Ax(ln(x/λ))β is a solution of the
steady thin film equation for x/λ � 1. What are the values of A and β. If we impose a condition
that h′ = θm (the microscopic contact angle) when x = `m, here `m is a microscopic cutoff length

1



scale for the singularity of the moving contact line, show that λ = `m/(eθ
3
m/9Ca). We will then end

up with the Cox-Voinov relation which describes the profile in the contact line region, which reads

h′3 = θ3
m + 9Ca ln(x/`m). (2)

3. The viscous stress is weak far away from the contact line, hence the profile of the droplet in the
outer region (that is what you observe in the experiment) can be described by a spherical cap with
a slowly varying apparent contact angle θa (contact angle of the spherical cap). How is the contact
radius R of a spherical cap related to the apparent contact angle for a fixed volume V ?

4. Matching: We can obtain the Tanner’s law by matching the inner and the outer solutions. Note
that the Tanner’s law is valid for completely wetting (i.e. θm = 0). The condition for the matching
is h′(x = L) = θa, here L � `m. Derive the Tanner’s law based on this matching condition. Hints:
the contact line velocity is the time derivative of the contact radius R(t).
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