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Multiple Period Financial Markets

1. M is a martingale if and only if M is an F-adapted process satisfying
E[M (t+s)|F] =M(t), t,s>0. (1)
Prove that is equivalent to
E[M(t+1)|F]=M(t), t=0,..,7T—1. (2)

(a) That (1) implies (2) follows from setting s = 1 in (1).
(b) That (2) implies (1) follows by applying several times the tower property of
the conditional expectation, that is, if G; C G then

E[X[Gi] =E[E[X|G]|Gi] =E[E[X|G]|Ga]. (3)

Since F is a filtration wehave that 7, C Fiy1,t =0,...,7—1. Fixt € {0,...,T}
and s € {0,...,T — t}, then

E[M (t+ 5)| F) CB[E[M (¢ + )| Firo 1] Fi

YEM(E+s—1)F
@E[E[M(t+s—1)\ft+sf2]|}—t]
QE[M(t+s—2)|F

O RIE[M (t+2)| Foal| 7
DEM (t+1)| F)

@ ).
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(c) To prove that a martingale has constant expectation with value E[M (0)] note
that
E[M (0)] = E[E[M (¢)| Fol] = E[M (¢)],
where in the first equality we have used (1) and in the second equality we
have used the law of total expectation (E[E [ X|G]] = E[X]). Moreover, note
that if Fo = {0,Q}, then M (0) is a constant and E[M (0)] = M (0).

2. To prove that the process M = {M (t)},_  defined by

M (t) =7 H (u) (S (u) =S (u—1)),

u=1

is a martingale first we have to prove that M (t) is F-adapted. First note that if X
and Y are G-measurable with respect to an algebra G on 2, then XY and X +Y
are G-measurable. The process H is predictable and, in particular, adapted to F.
The process S is adapted to F because it is an F-martingale, moreover S (u — 1)
is also F,-measurable because F,_; C F,. Therefore, H (u) (S (u) — S (u—1)) is
Fu-measurable for v < ¢ . As F is a filtration, F, C F;, and we can conclude
that M (t) is Fi-measurable and, hence, M is F-adapted. To prove the martingale
property, first note that

M+1) =M@ +H(t+1)(S({t+1)—5()). (4)
Then,

EME+1)|F]CEME +HE+1)(SE+1) - S0)|F

@E[M(t)’]:t]+E[H(t+1)(5(t+1)—S(t))’}—t]

(:C)M(t)+H(t+1)IE[(S(t+1)—S(t))‘]:t]

9D M),

where we have used: (a) Equation (4), (b) Linearity of the conditional expectation,
(c) H (t + 1) is Fi-measurable and it can factor out of E [-| F], (d) S is a martingale
and, therefore,

E[St+1)|F]=St) <= E[(S({t+1)—5())|F]=0.

3. Let X be a random variable on a finite probability space (£, F, P), F a filtration
on Q. We have to prove that Y = {Y (¢t) = E[X| F;]} is a martingale. That Y is IF-
adapted is trivial, because by definition E [ X| ;] is F;-measurable, which implies
that Y (¢) is Fy-measurable. To show the martingale property we can write

a b a
ElY (t+ )| F]YEEX|Ful A YEX| AR YY), t=0,..T-1
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where we have used: (a) Definition of Y, (b) That F; C F;41 and the tower law of
conditional expectation.

4. Let X be a random variable on a finite probability space (2, F, P), G an algebra
on 2 and ¢ : R — R a convex function.

(a) We have to prove that
¢ (E[X]|G] () <E[p(X)[G](w), wel (5)

Note that if ¢ is convex then for any 0 < «; < 1,7 = 1,..., N such that
Zé\il a; = 1 we have

N N
® (Z; Oéi%’) < Z; aip (z;) - (6)

Let {A1, ..., A;n} be the partition on € such that G = a ({Ay, ..., A }). Then,

BIX|0](@) = S BXIA]1a @) =Y T @) (0
i=1 i=1 ¢
and
Bl (0]6] () = Y. Ely (01 4] 1a, () = > 52041, ). 9
i=1 i=1 ¢

To check (5) take an arbitrary we € and let j be the unique index in {1, ..., m}
such that @ € A;, then

o E[X]6)@) L (Z S, <ov>> 2, (%)

—

where we have used: (a) The expression in (7), (b) 14, (w) = 0 if i #
j and 14, (@) = 1, (¢) We compute E [XlAj], (d) We apply (6), taking

into account that 0 < % < land ) ca. éifj) = 1, (e) We have that

ZwEAj ¢(X (w))P(w)=E [SO (X) 1Aj}, (f) The expression in (8).
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(b) We have to prove that if Y = {Y ()},_y 7 is a F-martingale then Z =

{Z(t)=¢ (Y (t)},—o p is a F-submartingale. For every t =0,...,7,7Z (t) is
a (Y (t))-measurable because Z (t) is obtained applying a measurable function
to Y (t) (alternatively, Z () is constant on the elements of the partition 7y (4
and, therefore, mz) C 7wy and a(Z(t)) € a(Y (t))). Since Y (t) is Fi-
measurable, a(Z (t)) € a(Y (t)) € F, Z(t) is Fy-measurable and Z is F-
adapted. To prove the submartingale property, note that

(@) ©

E[Z({t+ DA =ElpY (E+1)F] = eE]Y (E+1)]F)
Qo )z,

where we have used: (a) Definition of Z, (b) The property of conditional
expectation proved in the previous section, (¢) Y is a martingale.

5. Let (Q, F, P) be a finite probability space , F a filtration on €2 such that F = Frp,
() a probability measure on 2 such that () > 0 and L the stochastic process defined

by
L= {L (t)=E {g’ ft} }tzo,...,T

(a) We have to show that L > 0 and L (0) = 1. We will first show that if X is a
strictly positive random variable and G is an algebra on Q, then E[X|J] is
a strictly positive random variable. Let A := {w € Q: E[X|G] (w) =0}. We
want to show that A = (). Suppose that A # (). Note that A € G, because
E [X]|G] is G-measurable and, therefore,

A=E[X|G]7'(0) € a(E[X|G]) C G-

Moreover, E[X|G]14 = 0 and, hence, E [E[X|G]14] = 0. But, on the other
hand,

EE[X]6]14] CEX1] Y Y X (@) Pw) P,

w€eA
where we have used: (a) Definition of conditional expectation and A € G, (b)
Definition of expectation, (¢) X (w) > 0 and P (w) > 0. Hence we have a
contradiction and we can conclude that A = () and E[X|G] (w) > 0,w € €.
Finally, using the results in Exercise 1, we get

L(O):E[g‘]—})} :E[g] = Eg[l] =1.

(b) We have to prove the formula

E[WL(T)| i
L(t)

Eq [W|F] =
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First note that, % is F-measurable and, since F = Fr, % is Fp-measurable,
L(T)= %. Then, note that E[W L (T)| 7] L= (t) is F;-measurable because
it is the quotient of two J;-measurable random variables and it is well defined
because L (t) > 0. To prove the property defining the conditional expectation,
let A € F¢, then

£ [EVEDIZ, ] @ [ oy VLD,

where we have used: (a) Definition of Eg [-] and L (T) = %, (b) Law of total
expectation, (¢) E[WL (T)| F] L~ (t) 14 is F;-measurable and factors out of
E[-|F], (d) L(t) =E[L(T)|F, (e) 14 is Fr-measurable and goes in E [-| F]
and then the law of total expectation.

First we prove the implication =). We have that Z = XL is F-adapted be-
cause it is the product of two F-adapted processes. Regarding the martingale
condition, we have that

IS

E[X (t+1)L(t+ )| F] CEX (t+ )E[L(T)| Fipal| F
E[E[X (t+1)L(
SE[X (t+1)L(T)| F
E[X(t+)L(D)|F],
L{(t)

(e)

D Eq X (t+1)|FIL®)
DXL,

—
=

T)| Feall Fil

—
~

—~
S
=

L(t)

where we have used: (a) Definition of the process L, (b) X (t+ 1) is Fiy1-
measurable and goes in E[:| Fi1+1], (¢) Tower law, (d) Divide and multiply
by L(t), (e¢) Formula for the conditional expectation under @, (f) X is a
martingale under Q).

Next we prove the implication<). We have that X = Z/L is F-adapted
because it is the quotient of two F-adapted processes with strictly positive
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denominator. Regarding the martingale condition, we have that

Bo X (t+ 1) 7 @ 2L +L1()t)L (D) 74
®E (X (t+1)E[L(T)| Fit1]| Fi]
L(t)
©E[X (t+1)L(t+1)|F]
L(t)

where we have used: (a) Formula for the conditional expectation under @,
(b) Tower law and X (¢t + 1) is Fi41-measurable and goes out E [-| Fiy1], (¢)
Definition of the process L, (d)X L is a martingale under P.

6. We have a multiperiod market with 7 =2 K =5,r=0,N =1,5(0)=6,5(1) =
(5,5,5,7, 7)T and S (2) = (3,4,8,6, 8)T . We first compute the partitions associated
to §(0),S(1) and S (2). We have
Ts(0) = {5 (0) = 6} = {Q},
msa) = {{S (1) =5}, {5(1) =7}} = {{wr, wa, w3}, {ws, ws}} =1 {A11, A1},
Ts2) = {{5(2) =3}, {5(2) =4} ,{5(2) =6},{5(2) =8}} = {{w1} , {w2} , {ws}, {ws, wa}}
=:{A21,A22,A23, Ao 4} .

The partitions associated to (S (0),S (1)) and to (S(0),S(1),5(2)) are given by

T(5(0),5(1) = Ts0) N 7sa) = {2 N A1, QN A1} = {A11, A2},
T(5(0),8(1),8(2) = T$(0) 1 Ts(1) O Ts(2) = T$(0),51) N T5(2)
={A11NAy1, A1 NA2, A1 NAs3, A1 N Ay
J A1 2N Ag 1, A1aNAso, AiaNAss, A1a N Asy}
= {{wi} {w2}, 0, {ws},0,0, {ws}, {wa}}
= {{wr} {wo} {ws}, {wa} {ws}}.

The filtrations are given by

Fo=a(51(0) =a({Q2}) ={0,0},

F1=a(51(0),9 (1)) = a({Ar1, Ar2}) = {0, Ary, Ao} = {0, 2, {wr, wa, w3}, {ws, ws}}
Fa=0a(51(0),51(1),51(2) = a({{wi}, {wa}, {ws} {wa}, {ws}}) = P(Q),

where P (£2) is the set of all subsets of 2. Since r = 0, we have that S* (t) =

S(t),t = 0,1,2. We have to find the set of probability measures ) such that
S* = {5 (t)}4=0 12 Is a martingale under Q.
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e For t = 1, we have that
5(0) =57(0) =Eq [S" (1) Fo] = Eq [S" (1)] = Eq [S(1)],

if and only if
6=>5(Q1+Q2+Q3)+7(Qs+Qs).

e For t = 2, we have that

51a,, + 714, =S (1) = 5* (1) = Eg [S* (2)] F1] = Eg [S (2)| Fi
=Eq[S(2)|A11]1a,, +Eq[S(2)[A12]14,.,,
where
ST 7 TR
and
Ko [S ()| vy = 25D 1aia] _ 6Qu +80Q;

Eq [1A1,2] Qi+ Qs

Then we get the equations

_ 3Q1 +4Qx + 8Q3

] Q1+ Q2+ Q3
7:6Q4+8Q5
Qi+ Qs

Combining the previous equations with the fact that ¢ must be a probability
measure we obtain the following set of equations

6=5(Q1+ Q2+ Q3) +7(Qs+Qs), (9)
0=2Q1 + Q2 — 3Qs, (10)
0= Q4 - Q5) (11)
1=0Q1+ Q2+ Q3+ Qs+ Qs (12)
From (11) we get Q4 = Q5. Combining (11) and (12) we obtain
Qi+Qs=1-0Q1—Q2—Qs, (13)

and pluggin the previous expression for Q4 + Q5 to (9) we get

1 =2Q1 +20Q2 + 2Qs3. (14)

From (10) we have that Q2 = —2Q; + 3Q3 and plugging this expression in (14)
gives

1+2Q1

1=-201+8Q3 < Q3 = g
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Hence,

Q2:_2Q1+3<1+2Q1) 3100

8 8
and using (13) and we get

3-10Q1  1+2Q

Qit@s=1-0Q1——— 3
_8-3-1-Q:1(8-10+2) 1
B 8 -2

which combined with Q4 = Q5 yields Q4 = Q5 = i. Finally, imposing that Q1 >
0,Q2 > 0 we get

3
Q2>0<:>Q1<1—0,

and the set of all martingale measures M is given by

A=201 {QA:<)\ 3-5A 1+ 1 1> 0</\<3}

5

Let X be an arbitrary contingent claim. Since M # (), we know that X is attainable
if and only if Eg [X/B (2)] is constant with respect to @) € M. Then,

A 3 =5\ L+ A 1 1
IEQ[X/B(2)]:IEQ[X]:X1§+X2 T g+ Xag + X5
Xl 5X2 X3 3X2 X3 1
=AM -+ S+ R S (X + X))
(2 8+8>+8+8+4(4+5)

The previous expression does not depend on A if and only if

X, 5Xo X
71,?2+?3:0<:>4X1—5X2+X3:O.

The claim X = (2,1,1,2, 3)T is not attainable because
4X1—5X2—|—X3:4><2—5X1—}—1:4750.

Hence, there is an interval of arbitrage free prices [V_ (X), Vi (X)], where V_ (X)
is the lower hedging price of X and V. (X) is the upper hedging price of X.
Moreover, we know that

0=l ) = 1, e )
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and

00 = g e [ = o U (5]

We have that

X 2 5 1 3 1 1
E —— | =Eg, [X]=Az—=+4+= - +-4+-(2+4+3
AT
2 4
The previous computation yields
AT o 7 7
V_(X)= inf —+-r==-+4+-=-
(0 Ael(%,g){le} SR
AT 13 7 41
V+(X)— sup {2+4}—25+4—2()

2e(0,2)
. Consider a 2-period market with Q = {wy, ..., ws},P = (1/4,1/4,1/4,1/0)T r =0,
and one risky security with S (0) =5,

S(1)=(8,8,4,4", S(2)=(9,6,6,3)".

We have to compute the optimal attainable wealth, the optimal objective value,
and the optimal trading strategy under the utility function U (u) = —u~!. We first
compute the partitions associated to S (0),S (1) and S (2). We have

Ts() = {5(0) = 5} ={Q},
msay = {{5(1) =4}, {5 (1) = 8}} = {{ws, wa}, {wi, wa}} = {A11, Ar2},
Ts2) = {{5(2) =3},{5(2) = 6},{5(2) = 9}} = {{wa} , {w2, w3}, {wi}} =: {A21, A22, A3}
The partitions associated to (S (0),S (1)) and to (S(0),S(1),S5(2)) are given by
T(S(0),5(1)) = TS(0) N TS(1) = {Q N A171, Qn A171} = {A171, ALQ} R

T(5(0),5(1),5(2)) = Ts(0) N Ts(1) 1 Ts(2) = Ts(0),5(1) (1 T5(2)
={A11NAy1, A1 NAp, A1 NAs3, Ao NAx1, Ao N Axo, A1 o N Az}
= {{W4} 3 {w3} ’ Q)’ (2)7 {WQ} ) {wl}} = {{wl} 3 {WQ} ) {(U3} ) {(")4}} .

The filtrations are given by

Fo=a(5(0) =a({2}) = {0,9},
.7:1 =a (S (0) s S (].)) = a({ALl,Al,g}) = {@, Q,ALl, ALQ},
Fa=a(5(0),5(1),5(2) = a({{wi}, {wa}, {ws} , {wa}}) =P (),

where P (Q) is the set of all subsets of 2.
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This market is the same as Example 7.12 seen in class. Hence, we know that, given r,
there exist a unique martingale measure @) given by

() (2487) (1+5r)(1—8r) (3—5r)(14+4r) (3—5r)(2—4r)\"
Q_< 12 ’ 12 ’ 12 ’ 12 > '

As in this exercise 7 = 0, we get that

o— (L1 11 ’
S \6'12°472)
Since M = {Q} the market is arbitrage free and complete, due to the first and second
fundamental theorem of asset pricing. Then, we can use the martingale method to solve

the optimal portfolio problem. In this setup, M = {@Q}, the martingale method consists
in the following two steps:

1. We first solve the constrained optimization problem

max E[U (W)]

subject to Eg [V[;)] =,

and obtain the optimal attainable wealth w.

2. Given /W, we find the optimal trading strategy H such that its associated value
process V replicates W, that is, V (2) = W.

The previous constrained problem can be solved using the Lagrange multipliers method.
The optimal attainable wealth W is given by

— AL
W=I1|——
(B <2)> ’
where I is the inverse of U’ (u), L is the state-price density vector L = %, B (2) is the
price of the risk-less asset at time 2 and A is the optimal Lagrange multiplier associated

to the constraint Eq [%] = v. Taking into account that r = 0,U (u) = —u™!, P =

11 1 1\T 1 1 1 1\T
(Z’Z?Z’Z) and Q = (67E’Z’§) ,we have that
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— ~ \—1/2 ~
which yield W = ()\L) . The optimal Lagrange multiplier A satisfies the equation

W I (BX(LQ)) ~_\—1/2 ~\ —1/2 _1/2
v=Ee | gay| =5 | "B :EQ[OL) ]:O) EQ[L }
Therefore, we get
R —1/21 2 e ~1/2
o (Bl o P
v Eq [L~1/2]

and the optimal expected utility is given by

o -1/ - 1 E [LY/? -1 —1/2]\?
O () |- g el

where we have used that E [Ll/Q] =E [LL_l/Q] =Eg [L_1/2] . Next we need to compute
L~Y2 and Eq [Lfl/Q]. We have that

(6 ) )
= <\/§\/§1\/E>T

Eq |L7'/?] =\/§é+\/§112+11+\/;:112<1+x/§) (3+v3),

which yield

and

5[u (7)) =t (5 (1+v2) @m))z

- —ﬁ <3+2\/§) (2+\/§).
and

12v 3

(LHv2)(3+5) \/E v3(2-+v2) (V3—-1)

| e |- SR

=] v2 2—1)(3—-+3

R S L va) s ve)

(14+v2)(3+v3) V 2
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A ~ ~ T
Finally, we have to compute the optimal trading strategy H = { (Ho (t), Hy (t)) }
t=1,2

that is, a self-financing and predictable process such that its asociated value process V'
satisfies V' (2) = W. We first compute the discounted increments of the risky asset

AS*(2) = AS(2) = (1,-2,2,-1)T
AS* (1) = AS (1) = (3,3,—1,-1)T

—_—

e For t = 2, using that H must be self-financing we have that W= % =W* =
V* (1) + Hy (2) AS* (2).

— Assuming that w € A1 = {ws,ws} and the predictability of H we get the
equations

v2 (\/5— 1) (3—\/§> = Wy = V* (L,ws) + Hy (2,w3) ¥ 2,

06 (2~ v2) (3+\f) — Wy = V* (1,w) + Hi (2,01) % (—1),
V*(1,ws) = V* (1,ws),
ﬁl (2,(4)3) = ﬁl (2,0)4) s

which, using that r = 0, yield
~ ~ -1
V* (Lwg) = V* (Lws) = V (Lwg) = V (Lwn) =4 (3+V3) v

o
Hi (2,ws) = Hy (2,ws) ( ) (34—\/3)_1

— Assuming that w € A;2 = {w,w2} and the predictability of H we get the

equations
v3 (2 - \fz) (\/5— 1) =Wy = V" (Lw) + Hy (2,01) % 1,
06 <f2—1> (\/5—1) = W = V* (1,w2) + Hi (2,w0) X (—2),
V*(1,w) = V* (1,ws),
Hi (2,w1) = Hy (2,ws),

which, using that r = 0, yield
V* (L) = V* (L) = 7 (Lw) = V (Lwn) =2 (VB—1) o,
1 (2,01) = T (2,02) = (4-3v2) (V3 1)w.
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e Fort =1, the predictability assumption implies that H 1(1) is constant. Moreover,
using that H must be self-financing we have that V* (1) = V* (0) + H; (1) AS* (1)
and we get the following two equations

1(34V8) w=T L) =T O+ H ()% (1), (forwe Ap)
2@@—4)UZ?WL@:4%«n+ﬁmnx(a, (for w € A1)

which, using that r = 0, yield

V)=V () =v, H(Q)=

e Finally we compute Hy (1) and Hy (2) from the definition of value process. We
have

ﬁmn:?wm—ﬁmnswm:u—@;%vaa
_6vV3-10
_7\/3 v

and
Hy (2,w) = V* (1,w) — Hy (2,w) $" (1,w)

B 4(3—1—\/5)_111—(6[—8)(3+\/§)_11)><4 if weA;
- 2(V3—-1)v—(4-3v2) (V3—-1)vx8 if weAp

_ ) 836-24v2)(34+v3) v it we Ay
B 6(V3—1)(4v2—-5)v if we A,
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