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you have understood the content you have handed in, we may request that you give an
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code along with the rest of the assignment. It is important that the submitted program
contains a trial run, so that it is easy to see the result of the code.
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If you need to apply for a postponement of the submission deadline due to illness or
other reasons, you have to contact the Student Administration at the Department of
Mathematics (e-mail: studieinfo@math.uio.no) well before the deadline.

All mandatory assignments in this course must be approved in the same semester, before
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To pass the assignment you need a score of at least 50p. All questions have equal weight.
Problem 1. In this problem we review some of the concepts in Lectures 2 and 3.

1. (10p) What is better, monthly compounding at 7.4% or semi-annually compounding
at 7.5%7

2. (10p) How much can you borrow if the annual interest rate is 5%, you can afford
to pay NOK10000 each month and you want to clear the loan in 25 years?

3. (10p) Let CF, PE C4 and P denote prices of a European call option, a European
put option, an American call option and an American put option, respectively.
All of them with expiry time T and the same strike price K. Let r> 0 be the
continuously compounded interest rate. Show that:

a) If
Ct—PF-S(0)+Ke " <0,

then you can make a sure risk-less profit.

b) If
CA—PA—S(0)+ Ke " >0,

then you can make a sure risk-less profit.

4. (10p) A call option with strike price of NOK60 costs NOK6. A put option with
the same strike and expiration date costs NOK4. Construct a table that shows
the profit from a straddle. For what range of stock prices would the straddle lead
to a loss? You may assume that the interest rate is zero.

Problem 2. Consider a single-period market consisting of a probability space 2 =
{w1, ws, w3}, a probability measure P (w) > 0,w € Q, a bank account with B (0) = 1,
and B(1) = 1, and two risky assets, denoted by Sy = {S1(¢)},_y, and Sy = {2 (t)},_,

9 if w=uw
S1(0) =7, S1(Lw)=¢ 7 if w=wy ,
4 if w=uws
3 if w=uw
Sy (0) = 3, S (l,w) =4 6 if w=uwy
3 if w=uws

In this market :

1. (10p) Define dominant trading strategy and arbitrage opportunity. How are these
concepts related?



2. (10p) Define linear pricing measure and risk neutral pricing measure. How are
these concepts related?

3. (10p) What is the law of one price? How is it related with the previous concepts
of pricing measures?

4. (10p) Does this market contain dominant trading strategies? Does it contain
arbitrage opportunities? Check if the following strategies are dominant and/or
arbitrage opportunities

a) H=(-6,0,2)".
b) H = (-10,1,1)".

Note: Adapt the general definitions to this particular market with two risky assets and
three possible states of the economy.

Problem 3. Consider a single-period market consisting of a probability space 2 =
{w1, ws, w3}, a probability measure P (w) > 0,w € Q, a bank account with B (0) = 1,
and B(1) =1+ r, where r > 0 is a given interest rate, and one risky asset, denoted by

S1 =151 (t)}t:O,P

4 if w=w
51(0):3, Sl(l,w): 3 if W = Wa

2 if w=uws

1. (10p) Determine the risk-neutral probability measures. Is the market free of
arbitrage? Discuss the result in terms of the possible values of 7.

2. (10p) What is the definition of a complete market? Is the market complete?
Determine (characterize) the attainable claims. Discuss the result in terms of the
possible values of r.

3. (10p) Set r = 1/6. Consider the contingent claim X = (4,7/2,4)". Determine the
arbitrage-free prices of X.

4. (10p) Set r = 1/6. Assume that in the market is introduced a new risky asset
Sy with S5 (0) = 2. Give conditions on Sy (1) = (S2 (1,w1), S2 (1,w2) , S (1,ws))"
such that the extended market is complete. Check if Sp (1) = (3/2,1/3,1/4)"
completes the market and, if this is the case, give the unique risk neutral measure.



Solution Problem 1

1. The effective annual rate for the investment compounded monthly is given by

) 4 12
v — (1 n 01027) — 1~ 0.7656.

and the effective annual rate for the investment compounded semi-annually is given
by

2
Te = <1 + 00275> —1>~0.7641.

As 0.7656 > 0.7641, the monthly compounded investment is better.

2. From the point of view of the lender, the loan can be seen as an annuity with
25 x 12 = 300 payments of NOK10000 and with interest rate of = 0.05/12. The
total loan can be computed as the present value of the annuity, given by

P = 10000 x PA (0.05/12,300)

1—(140.05/12)7%%

— 10000
8 0.05/12

~ 1710600.

3. To answer this question we will build risk-less strategies with positive profit.
a) Assume that
Ct—PF-S(0)+Ke " <.
At time 0

« Sell short one share for S (0).
« Buy one call option for CF.
« Write and sell one put option for P¥.

o Invest S (0)—CF+ PP, (note that by assumption this quantity is positive),
risk free at rate 7.

The value of this portfolio is zero.
At time T

e Close the money market position, collecting the amount
(S(0)—CP+PF)e™.

o Buy one share for K, either by:
— exercising the call option if S(T') > K
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— settling the short position in the put option if S (7T") < K.
— Close the short selling position by returning the stock to the owner.

This will give a total profit of
(S(0)—CF+PP)e” — K >0,

which is positive by assumption.
b) Assume that
CA— P4~ S5(0)+ Ke™ > 0.
At time t =0

e Sell a call, buy a put and buy a share, financing the transactions in the
money market.

If the American call is exercised at 0 < ¢ < T':

e« We get K for the share, closing the short call position.
o We close the money market position.
o We still have the put option which has a non negative value.

The final balance of this strategy is the value of the put at time ¢ and the
amount

K+ (C'A —-pA-35 (0)) e = (Ke_” +CA— pA— S(O)) et
> (Ke ™ + 4= PY = 5(0)) e > 0.

If the American call is not exercised:

o We sell the share for K, exercising the put option at time 7.
o We close the money market position.

The final balance of this strategy gives us
K+ (C* =P = S(0)) ™ >0,

4. To make a straddle you buy a call option and a put option with the same strike K.
The profit of the straddle as a function of the final price of the stock St is given by

P(Sr)=(Sr— K)"+ (K —Sr)" = C”(0) — P¥(0).
In this case, the table of profits is given by

St Profit
ST <60 50— ST
ST > 60 ST —70

If the final price of the stock lies in the interval (50, 70) the strategy gives a loss.
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Solution Problem 2

In the following definitions we take into account the particular instance of single-period
market considered in this task. In particular, note that this market has only 2 risky
securities. Moreover, r # 0 and the discounted price processes do not coincide with the
price processes.

1. An arbitrage oportunity is a trading strategy H = (Hy, H, Hz)T such that its
value process

V(t)= HoB(t) + HiS; (t) + HySy (1),  t=0,1,

satisfies that V' (0) =0, V (1,w) > 0 for all w € {w;,wq, w3} and E[V (1)] > 0.

A trading strategy H is dominant if there exists another trading strategy H such
that their value processes satisfy that V (0) = V (0) and V (1,w) > V (1,w) for all
w € {wy, wa,ws}.

If there exist dominant trading strategies then there exist arbitrage opportunities.
However, the existence of arbitrage opportunities do not imply, in general, the
existence of dominant trading strategies.

2. A linear pricing measure is a non-negative vector m = (7, o, 7r3)T such that
for every trading strategy H we have that

V*(0) = 23: TV (1, wy) ,

k=1

B(t)
A probability measure @ on {2 is a risk neutral pricing measure if Q (w) >
0, w e {wl, wa, wg} and

where V* = {V* (t) = m}t*O . is the discounted value process associated to H.

where S} = {S;‘ = ”;((:)) }t—O 1for ¢ = 1,2 are the discounted price processes for
the two risky assets. A risk neutral pricing measure is always a linear pring
measure. However, a linear pricing measure is a risk neutral measure if only if all

its components are strictyly positive, i. e., 7 > 0.

3. A market model satisfies the law of one price if there do not exists two trading
strategies H and H such that their value processes satisfy that V (0) > V (0) and
V (1,w) = V (1,w), for all w € {wy,ws,ws}. In general we can only say that if the
law of one price does not hold then the market model does not have linear pricing

measures nor risk neutral probability measures.



4. As r = 0, the prices and the discounted prices coincide. We try to find a risk
neutral probability measure or a linear pricing measure for this market, that is, a
probability measure Q=(Q1, Q2, Qg)T such that

7=251(0) =Eqg[S: (1)] =9Q1 + 7Q2 + 4Q3,
3=255(0) =Eq[S2(1)] =3Q1 + 6Q2 + 3Qs,
1=Q1+ Q2+ Qs.

This system of equations has the unique solution

T
Q::<3JL2> .
575
As Q2 = 0, () is not a risk neutral probability measure but a linear pricing measure.
Hence, by the First Fundamental Theorem of Asset Pricing we can ensure that
the market contains arbitrage opportunities. The fact that () is a linear pricing
measure ensure that the market does not contain dominant trading strategies.

a) Let H = (—6,0, 2)T. By the previous subsection we know that H cannot be
a dominant trading strategy. Let’s check if H is an arbitrage opportunity.
We have that

V(0) = HoB (0) + H15; (0) + HsS5 (0)
=—-06x1+0x74+2x3=0,

and
V(l,wl) = H()B (1) +H181 (1,0.)1) +H252 (1,(,&)1)
=—6X14+0x9+2x3=02>0,
V(l,WQ) = H()B (1) +H151 (].,CL)Q) +H252 (1,W2)
=—6Xx1+0Xx74+2x6=6>0,
V(l,u}3) = H()B (1) —|—H151 (1,003) +H252 (1,&)3)
=—-6x14+0x44+2x3=02>0,
and

Ep [V (1)] =0x P(w)+6x P(w)+0x P(w)
=6 x P (ws) > 0.

Therefore, H is an arbitrage opportunity.



b) Let H = (—10,1,1). By the previous subsection we know that H cannot be
a dominant trading strategy. Let’s check if H is an arbitrage opportunity.
Although

V (0) = HoB (0) 4+ Hy S (0) + HyS, (0),
= 10x1+1x7+1x3=0

we have that

V(l,w3) = H()B (1) +H151 (1,&)3) +H252 (1,(.03)
=—-10x14+1x4+1x3=-3<0,

and therefore H cannot be an arbitrage opportunity.

Solution Problem 3

1. We have that S} (0) = .S; (0) = 3 and

414" i w=uw
Si(Lw)=¢ 3(1+r)" if w=wy ,
2(1+7r) " if w=uws
(1=3r)(1+r)" if w=w
AS} (w) = —3r(1+r)"" if w=w, .

— (143 1+ i w=ws

Q = (Q1,Qq, Qg)T is a risk neutral pricing measure if and only if ) is a probability
measure and Eg [AS]] = 0, that is, the following equations are satisfied
(1=3r)Q1—3rQ2— (1+3r)Q3 =0,
@1+ Q2+ Q5 =0,
Ql > 07@2 > 07Q3 > 0.

These equations are equivalent to

Q3:1_Q1_Q27
1+ 3r =2Q1 + Qo,
Q1 >0,Q2>0,Q3 > 0.

Solving the second equation for ()5 we get that

Q2 =1+ 3r —2Q,
ngl—Q1—1—3T+2Q1:—3T+Q1,



and combining the previous expressions for (Js and ()3, the constraints ()2 > 0
and (@3 > 0 and the constraint )1 that )7 < 1 we get that, for r € [0,1/3) the set
of risk neutral probability measures M (r) is given by

1+3
M(r) = {QA — 143 =20 =3r+ VT A€ (3r, z r)}
By the first fundamental theorem of asset pricing the market is arbitrage free iff
the set of risk neutral pricing measures is non-empty. Hence, if » > 1/3 there are
arbitrage opportunities because M (r) = () and if 0 < r < 1/3 then the market is
arbitrage free because M (r) # 0.

. A single period market model is complete if any contingent claim X is attainable,
that is, if for any contingent claim X there is a trading strategy H such that its
value process at time 1 coincides with X, that is,

X=V(1)=HB(1)+ fansnu).

n=1
The set of attainable claims X = (X3, Xo, X 3)T is given by the equations

X1 = (1+T>H0+4H1,
XQ = (1+T)H0+3H1,
X3 = (1+T)H0+2H1

From the first equation we get that (14 r) Hy = X; — 4H; and substituting in the
second and third equation this expression for (1 + r) Hy we obtain

Xo— Xy =—-Hy,
X3 — Xy = —-2H,,

which is equivalent to
X3 —2Xs + X; = 0. (1)

Hence, the attainable claims are characterized by equation (1) which is an
hyperplane in R3. This implies that the market is not complete, regardless of the
value of 7.

Alternatively, if r € [0,1/3) then M (r) # 0 and, as we have shown in the previous
section, there are infinitely many risk neutral pricing measures. Then, by the
second fundamental theorem of asset pricing (SFTAP), it also follows that the
market is incomplete. However, if 7 > 1/3 we cannot use the SFTAP to decide
if the market is complete or not, because then M (r) = () and the hypothesis in
SFTAP does not hold.



3. If we set r = 1/6 we have that B (1) = 7/6 and
3 T
M (1/6) = QA:<)\,2—2)\,>\—2> Ne(1/2,3/4)Y.

The contingent claim X = (4,7/2,4)" does not satisfy the equation (1). Therefore,
the claim X is not attainable and there is an interval of arbitrage free prices
[V_(X), Vi (X)], where V_ (X) is the lower hedging price of X and V. (X) is the
upper hedging price of X. Moreover, we know that

: X 6 .
V-(X) = Qezl\%/a) {EQ [B (1)” 7 Ae(f?zijg/zx) {Eo, [X1}

6 7 /3 1
=—_ i — (== 4(N=Z=
7 AE(II?Qf,?)/zL) {4)\ * 2 (2 2/\) + ()\ 2)}

T 7 ae(1/2,3/4) 4 712 4

45
= — ~3.2143
14

and
X 6
Vi(X)= sup {EQ l]} =- sup {Eq, [X]}

QeM(1/6) B (1) 7 xe(1/2.3/4)

AT
7 xe(1/2,3/4) 4 714 4

= 24 3.4286

== ~3 .

4. Let X = (Xl,XQ,Xg)T be an arbitrary contingent claim. The enlarged payoff
matrix is given by
4 SQ (1, wl)
3 SQ (1, WQ) .
2 SQ (1, wg)

The enlarged market is complete iff S (1,Q2) H = X always have a solution. As
this is a system with 3 equations and 3 unknowns, it has a solution iff

det (S (1,9)) # 0.

[N EN BN SIEN

5(1,9)(

We have that
4 52 (1, wl)

7
6 7

det (S (1,9)) = % 3 SQ (1,0.12) = 6{_52 (1,W1)+252 (1,&]2) —Sg (1,W3)}.
% 2 SQ (1,W3)



Therefore, the market is complete iff
—SQ (17(,01) +252 (1,002) —SQ (1,&)3) 7é 0. (2)

However, this condition may be fulfilled and still have a market with arbitrages.
That is, a market with no risk neutral probability measures (actually, if there are
risk neutral probability measures there can only be one, by the SFTAP). In order
to ensure the existence of risk neutral probability measure for BOTH assets, we will
find a subset of M (1/6) such that their elements are still risk neutral probability
measures in the extended market. That is, the set of @@ € M (1/6) such that

Eq [S; (1)] = 55 (0) = 52 (0) = 6/7,
This translates to the following equation
3 1
SQ (].,Wl) A + SQ (]-7(")2) (2 - 2)\) + SQ (1,(4}3) ()\ — 2) = 1’
with A € (1/2,3/4). From this equation we get that
_ 1-— %SQ (1, (.Ug) + %SQ (1, W3) (3)
S2 (17(,01) — 252 (1,(,02) + SQ (1,(,4}3)7
which combined with A € (1/2,3/4) yields the following inequalities that ensure
that the set of risk neutral measures in the enlarged market is non-empty
2—82 (1,002) —SQ (1,w1) > 0, (4)
4—352 (1,601) —SQ (1,&)3) < 0. (5)

A

The conditions given by equations (2), (4), (5) ensure that the enlarged market is
arbitrage free and complete. It is straighforward to check that Sy (1) = (2,1,1/2)"
satisfies the previous set of equations and equation (3) gives

and we can conclude that the unique risk neutral measure in the extended market
is given by .
Q=0Qs = (15,9,2>
26 26" 26" 26

Note: The statement of the problem is misleading because it implies that if the
market is complete then necessarily we must have a unique risk neutral measure.
But it well may be that the set of risk neutral probability measures is empty. For
instance, if Sy (1) = (1,2,1)" then the market is complete, because equation (2) is
satisfied, but there are no risk neutral probability measures, because equations (4)
and (5) are not satisfied.
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