UNIVERSITY OF OSLO

Faculty of mathematics and natural sciences

Exam in: STK-MAT3700/4700 — An Introduction to Mathematical
Finance

Day of examination: Thursday 26. November 2020
Examination hours:  15.00-19.00

This problem set consists of 12 pages.

Appendices: All

Permitted aids: All

Please make sure that your copy of the problem set is
complete before you attempt to answer anything.

Problem 1

a (weight 10p)

The price of a zero-coupon bond at time ¢ is given by B (t,T) = e (T where r is the
implied annual (continuous) compounding rate. Moreover, the return of this bond bond
over a period [s,t] C [0,T7] is given by

B(t,T)— B (s,T) e 7Tt _ = r(T=s)

R(s,t) = B(s,T) = e—r(T—s)

Here, we have s = 0,7 =1,B(0,1) = 0.93 and R (0,t) = 0.04. Hence,
0.93=B(0,1)=e "0 «—= r = —1og (0.93) ~ 0.0726 = 7.26%.
On the other hand,

"= — B (0,1)
B(0,1) ’

R(0,t) =
which yields

log (B (0,1) (1 + R(0,1)))
log (0.93 (1 fo.o4))
0.0726

t=1+

=1+ ~ 0.5406 ~ 197.3190 ~ 198 days.

(Continued on page 2.)
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b (weight 10p)

Suppose that
V()< (F@tT)—F(0,T))e T, (1)

Then, at time t¢:
e Borrow the amount V(¢).
e Pay V(¢) to enter a long forward position with forward price F' (0, 7).
e Take a short forward position with forward price F' (t,T") (at no cost).
Next, at time T
e Close the forward positions, getting:
e S(T)— F(0,T) for the long position,
o F(t,T)— S(T) for the short position.
e Pay V (t) e’ to settle the loan.
This will yield a risk free profit of

S(T)—F(0,T)+ F(t,T)—S(T)—-V(t) o (T—1)
= P (L)~ F(0.7) =V ()70 >0

c (weight 10p)

Let 0 < K1 < Ky < Ks. In this strategy you buy a call option with strike K; (for
C¥ (0,K1)) and a call option with strike K3 (for C¥ (0, K3)) and sell two call options
with strike Ko (for 207 (0, K3)). The profit of the strangle as a function of the final
price of the stock S (T') is given by

P(S(T) = (S(T) — K1)" + (S(T) — K3)" —2(S(T) - K2)" — C,
where C = CF (0, K1) + CF (0, K3) — 2C¥ (0, K3) is the initial cost of the strategy. In
this case, the table of profits is given by
S(T) Profit
S(T) < Ky -C
K, <S(T)< Ks S(T)—-K,—-C
Ky <S(T)< K3z 2Ky—K;—S(T)-C
5 < S(T) 2Ky — Ky — K3 — C

=

(Continued on page 3.)
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Problem 2

a (weight 10p)

Let B denote the price process for the bank account. We have that B (0) = 1 and
B(1) = %. The discounted price processes for the risky assets are given by Sy (0) =
Sy (0) /B (0) = 7,85 (0) = S5 (0) /B (0) = 8, S:(1) = S1 (1) /B (1) = (8,10,6,6)" and
S3(1)/B(1) = (12,6,6, 10)T. A risk neutral probability measure Q=(Q1, @2, @3, Q4)T

must satisfy the following conditions

Eq [T (D] =571 (0),
Eq [S3 (1)] = 53 (0),

which are equivalent to the following equations

8Q1 + 10Q2 + 6Q3 +6Q4 =7, (2)
6Q1 + 3Q2 + 3Q3 + 5Q4 = 4, (3)
Q1 +Q2+Q3+Qs=1 (4)

with the following restrictions @; > 0,Q2 > 0,Q3 > 0,Q4 > 0. From (4) we have that
Q4 =1— Q1 — Q2 — Q3 and substituting this value in (2) and (3) we obtain

2Q1 + 4Q2 = 17 (5)
Q1 —2Q2 —2Q3 = —1. (6)

From (5) we get that Qo :%. Substituting this value in (6) we get

1-2 1+4
Q1 —2 Q1) Q= 16 Q= 11291
4 4
and
1-2Q7 14+4Q:1 1-3Q
Q4 Q1 1 1 5

. _ _ T . . ..
Hence, setting Q1 = A, we get Q) = ()\, 1 42>‘, 124)‘, 1 23>‘) . Finally, using the restrictions

Q; > 0,i=1,...,4, we have the following conditions on the parameter A

Q1:A>0
1—-2X 1
Q2 = >O<:>/\<§,
144X\ 1
= 0 A>——
Q3 1 >0 A> g
1—3X\ 1
Q4= >O<:>/\<§,

(Continued on page 4.)
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which yield that A € (0, %) Therefore, the set of risk neutral measures M is given by

M = {Qx = </\,

1—-2X 144X 1 -3

LO< A< =

4 )

T
4’2> 3

)

By the first fundamental theorem of asset pricing we know that the market is arbitrage

free because the set of risk neutral probability measures is non empty.

parametrizations of M are

MZ{Q,\

(
(
(

b (weight 10p)

Alternative

1—4x 3-8\ 122 —1\7 i<)\<§
2 T4 4 12 8
AN—1 3—4X _ T—12)\ T1<A<l
4 8 s "4 12

1 =2\ 1+4X 7—8A

3 7 12

T2

T 1
A>,0<A<2}

By the second fundamental theorem of asset pricing we can conclude that the market is
not complete because there are infinitely many risk neutral measures in this market.
A contingent claim X = (X3, X9, X3, X4)T is attainable if there exists a portfolio
H = (Hy, Hy, Hy)"'such that X = HoB (1) + H1S; (1) + HyS5 (1). This translates to the

following system of equations

9
Xlzé o+
9
X2:§H0+
9
X3:§H0+
9
X4:§H0+

27
9H, + 7H2, (7)
45 27
—H — H.
4 1 + 4 25 (8)
27 27
—H — H.
A 1 + 4 2 (9)
27 45
—H{+ —H,. 1
gt (10)

From (7) we get that %Ho =X —9H, — %Hg. Substituting this expression for %Ho in

(8),(9) and (10) we obtain

(Continued on page 5.)

Xo=X1 +
X3 =X —
X=X —

H - ZH 11
1= Hs, (11)
9 27

H - ZH 12
1= Hs, (12)
9 9

H, - H 1
gt Tyt (13)
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Solving (11) and (12) in Hy and Hy we get that

2
H1:§(X2—X3),
41X —2X, —2X
Hy = 1 2 3’
27

and substituting these values in (13) we get

92 94X, — 2X, — 2X;3 B
X4_X1_Z§(X2_X3)_1 97 <—2X7 — X9 +2X3—-3X,=0.
Alternatively, since Ml # (), we have that X is attainable if and only if Eg, [X/B (1)]

does not depend on A. We have that

B 1 X 3 Xo+ X35+2Xy
Bou [X/B (1) = g {3 (%= 2 + X - Sy ) 4 TE 2

and the previous expectation does not depend on A if and only if

X
X1_72+X3—§X4:0<:>2X1 Xo+2X3-3X4=0.

c (weight 10p)
We have that

max (0,52 (1,w1) — 51 (1,w1) — 9/4) max (0, 2f — 9 — 2) 2
X max (0, 52 (1,wz) — S1 (1,w2) — 9/4) _ | max (0,2 — £ - 9) _ 0
max (Oa 52 (17("}3) Sl (17(4‘]3) - 9/4) max (O % — % — %) 0
max (0,52 (1,ws) — S1 (1, ws) —9/4) max (0, 475’ — %7 -9 3
and, therefore, it is not attainable because
9 9 9
2X1 —Xo+2X3—-3Xy,=2x 1—1X0+2X0—3XZ:—Z7&0.

Hence, there is an interval of arbitrage free prices [V_ (X), V4 (X)], where V_ (X) is the
lower hedging price of X and V4 (X) is the upper hedging price of X. Moreover, we
know that

0= gt (% [ = 2 P [0

and

- g ]} - o )

(Continued on page 6.)
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We have that

X 8
Eo, | =——| = -Eq, [X
819 1—-2X 144X 9 1-3)
_9{4x)\+0>< 1 +0 x 1 +ZX 5 }

:2{)\+1_23)\}:1—)\.

The previous computation yields

- _2

V-0 = it (13 =

Vi(X)= sup {1-A}=1
xe(0,3)

d (weight 5p)

The algebra of events generated by S7 (1), denoted by a (S7 (1)), is the algebra generated
by the partition

n={sw=9{sn-Fl{s0-T}
— {{or} () (s}

Moreover, a random variable (contingent claim) is measurable with respect to a (S1 (1))
if it is constant over the elements of 7r1. In this case, since Y3 =Y (w3) # Y (wy) = Yy,
Y is not constant over the elments of mjand, hence, it is not measurable with respect to

a (51 (1)),
However, the algebra of events generated by Si (1), denoted by a(S2(1)), is the
algebra generated by the partition

= {f0-2).fs0- ). - 2]
= {{w1}, {w2, w3}, {ws}},

and Y is constant over the elements of .

Problem 3 (weight 5p)
a (weight 5p)
We first compute the partitions associated to Sp (0),S1 (1) and S; (2) . We have

Ts,0) = {51 (0) = 3} = {Q},
T 1) = {{51 (1) =2}, {51 (1) = 4}} = {{ws, wa}, {wr,wa}} = {A11, A1 2},
T 2) = {{51(2) = 1},{51(2) =4}, {51 (2) = 6}} = {{w2, wa}, {ws}, {wi}} = {A21, A2, A2 3} .

(Continued on page 7.)
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The partitions associated to (51 (0),S1 (1)) and to (S7(0),51(1),S1(2)) are given by

T(51(0),5:(1)) = Ts1(0) N Tsp 1y = {2N A1, QN A} = {A11, A2},

T(51(0),51(1),51(2)) = T51(0) 7T51(1) M8, (2) = T81(0),81(1) N TSy (2)
={A11NAy1, A1 NA2, A1 NAx3, Ao NAs1, Ao N Azo, Ao N Axs}

= {{UJ4} ) {W3} 0, {WQ} 0, {wl}} = {{wl} ) {WQ} ) {OJ3} ) {W4}} :

The filtrations are given by

Fo=a(51(0) =a({}) ={0,0},
F1=a(81(0),51 (1) =a({A11,412}) = {0,Q, A11, A1 2} = {0, Q, {ws, wa} , {w1,wa}},
Fo=a(51(0),51(1),51(2) =a({{wi},{wa}, {ws},{ws}}) =P (Q),

where P (Q) is the set of all subsets of .

b (weight 20p)

Since Ml = {@Q} the market is arbitrage free and complete, due to the first and second
fundamental theorem of asset pricing. Then, we can use the martingale method to solve
the optimal portfolio problem. In this setup, M = {Q}, the martingale method consists
in the following two steps:

1. We first solve the constrained optimization problem

max E[U (W)]

subject to Eq {BVE/?)} =,

and obtain the optimal attainable wealth w.

2. Given W we find the optimal trading strategy H such that its associated value
process V replicates W, that is, V (2) = W.

The previous constrained problem can be solved using the Lagrange multipliers method.
The optimal attainable wealth W is given by

— AL
7= (5t

where I is the inverse of U’ (u), L is the state-price density vector L = %, B (2) is the
price of the risk-less asset at time 2 and ) is the optimal Lagrange multiplier associated
to the constraint Eq [%} = v. Taking into account that r = 0,U (u) = 2ul/?,

(Continued on page 8.)
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1 1 1
P= (311

PN

i=U (0)=u =T =u=1i2

T
/64 2 4\
- \5’5’3"3)

—~ ~ —2 ~
which yield W = ()\L) . The optimal Lagrange multiplier \ satisfies the equation

h
Il
=/
»\H\g\m
.J;\:t\m\)—-
NN
INESHES

o~

w

B (2)

[(XiL

v=Eg = Eo BB}(;))) = Eg [(XL) 2] = (X) TEQ LY.

Therefore, we get

R —o1\ /2 . 2
AI@%W), T

and the optimal objective value is given by

MM@FE4%$%Y2

where we have used that E [Lfl] =E [LL*2] =Eg [L*Q] . Moreover,

{OORORION

E[L7]
Eq L2/

1/2

= 20!/2 = 20'2Eq [L72] 7,

and T
o (ST (AT (2 (AT (2259 9V
o 51 "\'5 "\'3 "\ 3 -\ 3671674’ 16 ’

Hence, we obtain E [U (W\)] = 2p1/2 (%)1/2 and

25 25 9 9\7 25 15 27 21 T
— s | = | ==v, ==, v, — .
36" 164’ 16 39 '52 13 ' 52

. ~ ~ T
Finally, we have to compute the optimal trading strategy H = { (Ho (t),Hy (t)) } ,
t=1,2

that is, a self-financing and predictable process such that its asociated value process V

—

W =

Rl <

(Continued on page 9.)
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satisfies V (2) = W. We first compute, taking into account that » = 0, the discounted
increments of the risky asset

ASF(2) = AS; (2) = (2,-3,2,-1)T
ASE (1) = AS; (1) = (1,1, —1,-1)T

e For t = 2, using that H must be self-financing we have that W = % =

V* (1) + Hy (2) AS} (2).

— Assuming that w € A1 1 = {w3,ws} and the predictability of H we get the

equations
27 _ . ~
v=Ws= V* (Lws) + Hy (2,w3) x 2,
27 A ~
51} =Wy = V* (1,W4) + Hp (27(*)4) X (_1) )

V*(1,ws) = V* (1,wy),
Hy (2,ws) = Hy (2,w4)

which, using that r = 0, yield

r* r* > % 27
0 (L) = 7 (L) = ¥ (L) = ¥ (L) = oo,

~ ~ 27
H1 (2,(4}3) = H1 (2,(4}4) = 53’0.

— Assuming that w € A;2 = {w,ws} and the predictability of H we get the

equations
25 . ~
@U—Wl V (1,0J1)+H1 (2,&)1) X 2,
75 ~
ﬁ’l}—W V (1,0.)2)—!—H1 (2,0.)2) X (—3),

V*(1Lw) = V* (1L,w),
ﬁl (2,0.)1) = ﬁl (2,0.)2) s

which, using that r = 0, yield

e T 5 o 25
4 (1,(4}1) =V (1,&.}2) = V(lvwl) = V(LWZ) = %'m

~ ~ 25

H1 (2,(./J1) = H1 (2,(.02) = —E’U.

e For t = 1, the predictability assumption yields that H 1(1) is constant. Moreover,
using that H must be self-financing we have that V* (1) = V* (0) + Hy (1) AS} (1)

(Continued on page 10.)
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and we get the following two equations

55! = V*(Lw) =V*(0) 4+ Hy (1) x (1),  (forw e Ay,)
;—gv = V*(1,w) = V*(0) + Hy, (1) x (1), (for w € Ay 2)
which, using that r = 0, yield
O =T (0) =0, (1) = _27161).

e Finally we compute Hy (1) and Hy (2) from the definition of value process. We
have

ﬁ0(1):1?*(0)—1?1(1)51‘(0)=U+%“X3:%”’
and
Hy (2,w) = V* (1,w) — Hy (2,w) S5 (1,w)
%U—%UXQIO if weAj;
a Do+ Zoxa=10y if weAp,
Problem 4

a (weight 10p)
The conditional expectation of X given G is the unique random variable E[X]| (]
satisfying:

1. E[X]|G] is G- measurable.

2. E[X15] =E[E[X]|G]15], Beg.

1 = 2) That Z is G-measurable follows from the G-measurability of E [ X|G]. Moreover,
we can reason as follows

E[(X-2) Y] YE[(X -E[X|¢) Y] LE[E[(X -E[X|F]) Y|4,

CEE[(X-E[X|0)|g)Y] YE[E[E[X|¢] ~E[X|g)|GY] =0,
where we have used that: (a)By assumption, (b)Law of total expectation, (¢) what is
G-measurable goes out, (d)Linearity of conditional expectation and what is G-measurable
goes out again.

2 = 1) Property 1. of conditional expectation follows by assumption. Property 2.
follows by taking Y =1, B € G. Then,

0=E[(X-2)Y]|=E[(X-2)1p| <= E[X1p|=E[Z15].
Since B is an arbitrary set in G, the previous equality shows that Z satisfies property 2.

of the conditional expectation.

(Continued on page 11.)
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b (weight 10p)
A process M is an F-martingale if M is F-adapted and satisfies
E[M({t+1)|F]=M()), t=0,..T7-1.

Let M be a G-adapted process that is an F-martingale, with G; C F;. To prove that
M is also a G-martingale we only need to prove the martingale property because by
assumption is G-adapted. Then,

EME+D)G CREME+)FENGCEM®IG Y M@, t=0,...T-1,

where we have used that: (a)The tower property of conditional expectation and G, C Fy,
(b)M is an F-martingale, (c) M is G-adapted (M (t) is Gi-measurable ) and the property
that if Z is a G-measurable random variable then Z =E[Z]§G].

c (weight 10p)

Note that

.7:0 = {@,Q}, .Fl = {(Z),Q, {wg,w4},{w1,wg}}, .FQ :P(Q)

where P () is the set of all subsets of Q. Therefore, the predictability constraint on
the process A implies that A (1) = a11 (a constant) and A (2,w) = a211y; w) (W) +
a2,21 (05 04} (w). The square of the price process is given by
S7(0)=9
S% (17(")) = 161{w1,w2} (w) + 41{0.)3,0.)4} (w) )
ST (2,w) =361, (W) + 1614, (W) + 11, 00 (W)

The process A is F-adapted because it is F-predictable. This yields that M, is F-
measurable because it is a function of the two Fi;-measurable random variables S; and
A;. Hence, M is F-adapted. Now we only need to prove the martingale property, which
boils down to check

M (0) =E[M (1) Fo] = E[M (1)] (14)

and
M (1) =E[M (2)| F1]. (15)

Since A (0) = 0, we have that M (0) = S? (0) — A (0) = $?(0) = 9 and
EMM)]=E[ST(1)] — A1) =16(P1 + P) + 4 (P + P1) — ax,1.
Hence, using equation (14), we get

A(l)=a11 =16 (P + P2) + 4 (Ps + Py) — 9.

(Continued on page 12.)
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On the other hand,

M(1)=8%(1)— A(1)
= (16 —a11) 1{p; wyy (W) + (4 —a11) Ly ) (W),
M (2)=5%(2)— A(2)
= (36 —az1) 1{y,} (W) + (1 = az2;1) Ly ()
+ (16 — a2,2) Ly (W) + (1 — az2) 1,y (W)

and
E[M (2)] ;] = E[M (2)[{w1, w2 }] Tw, wp} (W) + E[M (2)] {ws, wa}] 1eg gy (@) -
Moreover,

E[M (2)] {wi,w2}] = E[M (2)| {w1,ws}] = (36 —ag1) PL+ (1 —az1) P

P+ P
- 36P + Py a
- P+P >b
16 —as9) P3+ (1 —az3) Py
E[M (2)] {wswil] = E[M (2)] {wseq}] = L0 —922) P (17 a20)
P;+ Py
- 16P3 + Py a
- P+ Py 22

and, therefore,

36P1+P2 16P3‘|‘P4
E[M (2)] F1] = <P1+P2 - 0271) 1wy w} (W) + (M —a22 | L} (W)

Finally, using equation (15), we get

36P + P
ag1 = —————16+4+ a1,
2,1 Pt Py 1,1
16P3 + Py
agg = ————" —4+4ay.
2,2 P+ P, 1,1
If we take P = (i, %, %, %) we get

36 x 141 37 7
ag,) = 16+ 1= 5 - 15=,
2
16 x 1+ 1 yi1 T 11
Qa = — = — — = —
2,2 % 9 2



