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Mandatory assignment

You can typing the solution directly on a computer (for instance with LA-
TEX). The assignment must be submitted as a single PDF file. Scanned
pages must be clearly legible. The submission must contain your name,
course and assignment number. It is expected that you give a clear presenta-
tion with all necessary explanations. Remember to include all relevant plots
and figures. Students who fail the assignment, but have made a genuine
effort at solving the exercises, are given a second attempt at revising their
answers. All aids, including collaboration, are allowed, but the submission
must be written by you and reflect your understanding of the subject. If we
doubt that you have understood the content you have handed in, we may
request that you give an oral account.
To pass the assignment you need a score of at least 60p.

Problem 1.

1. (5p.) How long will it take for a sum of NOK 8000 attracting simple
interest to became NOK 8300 if the rate of interest is 9% per year?
Also compute the return on this investment.

Solutions From formula for simple interest we have
V(t) =V(0)(1+ rt),

or
8300
= 140.09t) &t = [ —— — 1) - (0.09)
8300 = 8000(1 + 0.09¢) < <8000 )(009),
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and
5

t=—.
12
So, it takes 5 months for the sum of NOK 8000 to become NOK 8300.
For daily bases t ~ 0.4167 year, which is approximately 153 days.

Further the return on this investment will be

V(t) = V()
K(0,t) == ————
(07 ) V(O) )
8300 — 8000
K 4167) = ———— = 0.0375
(0,0.4167) 8000 ,

ie. 3.75%.

In the case of simple interest, the return on this investment can be
calculated in the next form:

K(0,t) = tr = 0.4167 - 0.09 = 0.0375.

. (5p.) Suppouse that NOK 24500 is deposited at 5.25% compounded
continuously. Find the compound amount the interest earned after 6.5
years, effective rate. Find the time required for the original NOK 24500
to grow to NOK 100000.

Solutions. Continuous compounding is given by V(t) = V(0)e
effective rate is given by r.; = € — 1. So, we get

V(6.5) = 24000 - 20052565
V(6.5) = 34464.27 NOK.

After 6.5 years by continuous compounding the amount value will be

NOK 34464.27.

Effective rate:

rand

rep = €952 _ 1,

rer = 0.0539,
i.e. 5.39%.
The time needed for the original NOK 24500 to grow to NOK 100000
is
1 V(T)
T=-1 —
P (vm)) |
T ~ 26.79 years.
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3. (5bp.) A loan of NOK 25000 at a rate of 61.5% is paid off in ten years,
by paying ten equal installments at the end of every year. How much
is each installment?

Solutions. We have ordinary annuity certain. Assume that each pay-
ment is C'. The payments are made at the same time at the end of each
interval. Then the present value is

P‘/;)G,C =C- dnl’ru
where a,|, = (iaﬂ:)zl. The value of a,|, will be
y (1+0.615)1° — 1
a =
1061570 615 - (1 + 0.615)10
a}0|0,615 = 1.613.
Then

C= PV, .. : a10|0_615 < (' = 15503.44.
Each installment is NOK 15503.44.
4. (5p.) Find the present value of an annuity-due of NOK 20000 per

quarter for 2 years, if interest is compounded monthly at the nominal
rate of 6%.

Solutions. This is the situation where the payments are made less
frequently than interests is converted. We first calculate the effective
rate in the interest per quarter, which is

0.06°

e =(1+—-—) —1=1.005—1,

(1)

ie. 1,5%.

As there are n = 8 payments, the required present value is
PVad =C- dnlra

1—(14r)—™

where a,|, = EE

Now we can calculate a,|, with n = 8 and Te, = 1.005% — 1 :

1—(1+7,)"% 1-—(1.005)"%
il = o ~ 7.5962899977
e T ) T T (o)




Then
PVad = 20000 - d0‘0.015 ~ 151925.8.

The Present value of annuity due is NOK 151925.8.

. (bp.) The cash flows received for every NOK 10000 of the five-year
corporate bond that pays annual coupon payments of 6% represented on
the time-line (see. Figure 1.) An investor requires an interest rate of
5 % from this bond. What is the value of this bond?

0 Year 1 Year 2 Year 3 Year 4 Year 5

600 600 600 600 10600

FIGURE 1. The cash flows of bond

Solutions. Consider a bond with face value F' = 10000 NOK maturing
in five years, T = 5, with coupons of C' = 0.06 - 10000 = 600 NOK paid
annually, the last one at maturity. This means a stream of payments
of 600, 600, 600, 600, 10600 NOK at the end of each consecutive year.

P 600 600 600 600 10600
rice = .
(14 0.05)* " (14 0.05)5

1+0.05 (14 0.05)2 * (14 0.05)3
The price of the bond is NOK 10432.94.

. (bp.) Find the return on a 65-day investment in zero-coupon bonds if

B(0,1) = 0.8.

Solution. Since |

147

the effective rate implied by the bond is 25%. The price of bond after
65 days will be

=0.8

b (% 1> = B(0,1)(1 + 1) = 0.8(1 + 0.25)%5 ~ 0.83243



and the return will be

" Oﬁ :B(%, ) — B(0,1)
365 B(0,1) ’

and

65
K — | = 0.04
(0, 365) 0.04,

ie. 4%.

. (10p.)Let C¥, PE C4, and P# denote prices of a European call option,
a European put option, an American call option and an American put
option, respectively. All of them with expiry time T and the same
strike price K. Let r > 0 be the continuously compounded interest
rate. Show that:

1. If
CE—-PF_S(0)+Ke <0,

then you can make a sure risk-less profit.

2. If
CA— P~ S(0)+ Ke >0,

then you can make a sure risk-less profit.

Solution. To answer this question we will build risk-less strategies
with positive profit.

1) Assume that
CF—PF—S(0)+Ke ™ <.
At time 0
e Sell short one share for S (0).
e Buy one call option for C*.

e Write and sell one put option for P¥.

e Invest S(0) — C¥ + PE, (note that by assumption this quantity
is positive), risk free at rate .

The value of this portfolio is zero.

At time T



e Close the money market position, collecting the amount
(5(0)— C¥ 4+ P¥) '™,

e Buy one share for K, either by:

— exercising the call option if S(T") > K
— settling the short position in the put option if S (7T') < K.

— Close the short selling position by returning the stock to the
owner.

This will give a total profit of
(S(0)—CF + PF)e” — K >0,
which is positive by assumption. 2) Assume that
C4 — P~ S(0)+ Ke™™ > 0.
At time t = 0

e Sell a call, buy a put and buy a share, financing the transactions
in the money market.

If the American call is exercised at 0 < ¢ < T':

e We get K for the share, closing the short call position.
e We close the money market position.

e We still have the put option which has a non negative value.
The final balance of this strategy is the value of the put at time ¢ and
the amount

K+ (C*=P*—=8(0) e =
= (Ke™"+C*—P*—5(0))e" >
> (Ke"'+C*—P"—S(0)) e’ >0
If the American call is not exercised:

e We sell the share for K, exercising the put option at time 7.
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e We close the money market position.
The final balance of this strategy gives us
K+ (C*=P*"—5(0) e >0.

. (10p.) A call option with strike price of NOK 60 costs NOK 6. A put
option with the same strike and expiration date costs NOK 4. Construct
a table that shows the profit from a straddle. For what range of stock
prices would the straddle lead to a loss? You may assume that the
interest rate is zero.

Solutions. To make a straddle you buy a call option and a put option
with the same strike K. The profit of the straddle as a function of the
final price of the stock St is given by

P(Sr)= (St — K)" + (K — Sr)" — C*(0) — P¥(0).
In this case, the table of profits is given by

St Profit
ST <60 50— ST
ST > 60 ST —70

If the final price of the stock lies in the interval (50,70) the strategy
gives a loss.

Problem 2.

. (5p.) The price of the stock today is NOK30. Using Table 1 find the
price of the shares and draw a graph of changes in the price of the
shares.

Table 1.

K(1) K(2) K(3)
5% 5% -10%

-5% -10% 5%
5% 5% 5%

g
5

Find the coefficients of return K (0; ) K(0;3) and compare the results
with the values of K(1) + K(2) and K(1) + K(2) + K(3). Make a
conclusion.



Solutions. The return over a single step [n — 1, n] is

S(n)—S(n—1)

Kn)=K(n-1,n)= Stn—1) ,

which implies that S(n) = S(n —1)(1 + K(n)).

So, values prices of shears for w; will be:
S(1,w) =S0)(1+ K(1,wy)) < S(1,w;) = 30(1 + 0.05);

S(1,wy) =
S(2,wy) =S(1)(1+ K(2,w)) & (2 wi) = 31.5(1 4+ 0.05);
S(2,w1) = 33.075;
S(3,w1) = S@2)(1 + K(3,w1)) & S(3,w) = 33.075(1 — 0.1);
S(3,w1) = 29.77.

The values prices of shears for wy will be:
S(1,wy) = S(0)(1+ K(1,ws)) < S(1,ws) = 30(1 — 0.05);

S(1,wy) = 28.5;
S(2,wz) = S(1)(1 4+ K(2,w2)) & S(2,ws) = 28.5(1 = 0.1)
S(2,wy) = 25.65;
S(3,ws) = S(2)(1 + K(3,ws)) & S(3,ws) = 25.65(1 + 0.05)
S(2,wy) = 26.93;

The values prices of shears for ws will be:

S(Lws) = S(0)(1 + K(1,ws)) & S(1,ws3) = 30(1 + 0.05);
S(1,ws) = 31.5;
S(2,ws) = S(1)(14+ K(2,ws3)) < S(2,ws) = 31.5(1 — 0.05)
(2, w3) = 29.93;
S(3,w3) = S(2)(1+ K(3,w3)) & S(3,ws) = 29.93(1 + 0.05)
(2, ws) = 31.42.



w1 w2 w3
t=0 30 30 30
t=1 31,5 28,5 31,5
t=2 33,075 25,65 29,933
=3 31,5 29,925 31,42
Shears prices
-] = w2 w3
36
34
¢« 32 ——
S a0
= 28 \/
g 2
1
22
t=0 t=1 t=2 t=3
Years

We can find the coefficients of return K(0,2) and K(0,3) for each
Wi, 1= 1, 2, 3.
5(2) - 5(0) 53) = 5(0)

5(0) S
The values for different type of returns for given data represented in
following table:

K, (0,2) = and K,,(0,3) =

Scerario |K(1) |K(@) K@ [KA)+KE) [KO)+K@+K@) [K©0,2)  [K(©,3)

[ 5%| 5%| -10% 10% 0%| 10,25% -0,80%
I 5% -10% 5% -15% -10% 15% -10,20%
1 5%| 5% 5% 0% 5%| 0,25% 4,70%

It is easy to see that

K(0,2) # K(1)+ K(2) and K(0,3) # K(1) + K(2) + K(3).
The coefficient of return does not have the additivity property.

The precise relationship between consecutive one-step returns and the
return over the aggregate period is

1+ K(n,m)=14+K(n+1)1+ K(n+2)..(1+ K(m)).
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2. (bp.) The price of one bond at time t denoted by B(t). The price of
one share at time t denoted by S(t). Let B(0) = 80 NOK, B(1) = 100
NOK, S(0) = 30 NOK and let S(1) = 40 NOK with probability 0.6,
25 with probability 0.4. For a portfolio with x = 10 shares and y = 15
bonds calculate V(0), V(1) and Ky .

Solutions. The total wealth of an investor holding x stock shares and
y bonds at a time instant t = 0,1 is

V(t) =xS(t) + yB(t).

The pair (z,y) is called a portfolio,V'(¢) being the value of this portfolio.
So, for t = 0:

V(0) =25(0) + yB(0) < V(0) =10-30+ 15- 80
The value at time 0 of a portfolio with = 10 stock shares and y = 15

bonds is NOK1500.
The time 1 value of this portfolio will be

10-40 4+ 15-100 with p = 0.6;

V(1) =105(1) + 15B(1) = { 10-25+15-100 with p = 0.4.

or
1900 with p = 0.6;

Vi) = { 1750 with p = 0.4.
So the return on the portfolio will be

V(1) —V(0) { 0.267 with p = 0.6;

Ky = V() | 0.167 with p=0.4,

ie. 26.7 % or 16.7 %.
Problem 3.

Consider a single-period market consisting of a probability space 2 =
{w1,we, w3}, a probability measure P (w) > 0,w € €, a bank account with
B(0) =1, and 7 = 5, and two risky assets, denoted by Sy = {S;(t)},_,, and
Sy = {52 (t)},—,- (See Table 2.)

1. (10p.) Find S}(0), Sk(1,w;), for n = 1,2 and i = 1,2,3. Express
magnitudes V* through the strategy H = (Hy, Hy, Hy) for w;,i = 1,2, 3.
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Table 2.

S,(0)

S,

2

20/3

203

309

40/3

80/9

80/9

2. (10p.) Define dominant trading strategy and arbitrage opportunity.

How are these concepts related?

3. (10p.) Define linear pricing measure and risk neutral pricing measure.

How are these concepts related?

Solutions.

1. Given that B(0) =1and B(1) =1+r

Using the following equations
_ S

we find the shears discounted prices For trading strategy H = (Hy, Hy, H)

_ 51(0)

10

where r = %. Then

_ 52(0)

L S:(0) S, (D

), @, o,
i 5 6 6 4
2 10 12 8 8

the discounted value process is given by
V*(t) = Ho+ H157(t) + HyS5(1).

Then
V*<1,W1) = HO + 6H1 + 12H2
V*(l,w2) = Ho + 6H1 + 8H2

V*(l,wg) = Ho + 4H1 + 8H2
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2. An arbitrage oportunity is a trading strategy H = (H,, Hi, HQ)T
such that its value process

V (t) = HoB(t) + Hi S (t) + HoS5 (1),  t=0,1,

satisfies that V' (0) = 0, V (1,w) > 0 for all w € {wi,ws, w3} and
E[V (1)] > 0.
A trading strategy H = (HO,Hl,HQ)T is dominant if there exists
N . N\T

another trading strategy H = <H0,H1,H2> such that their value
processes satisfy that V (0) = V (0) and V (1,w) > V (1,w) for all
w € {w1, ws, ws}.
Here

V(t) = HyB (t) + H15:1 (1) + Ha52 (1), t=0,1,

and

~

V(t) = HyB (t) + HiS; (¢) + HsSo (t),  t=0,1.

If there exist dominant trading strategies then there exist arbitrage
opportunities. However, the existence of arbitrage opportunities do
not imply, in general, the existence of dominant trading strategies.

By definition of arbitrage trading strategy we have set of conditions:

V(O>:H0+5H1+10HQZO, H0:—5H1—10H2=O;
V*(l,wl) :H0+6H1+12H220, PN H1+2HQZO,
V*(l,(JJg) :H0+6H1+8H2 20, H1—2H2 20,
V*(I,W3) :H0+4H1+8H2 ZO —H1—2H2 20

Then

Hy=-2H,, Hy >0, Hy <0.

Let Hy = —1, then H; = 2 and Hy = 0. The trading strategy H =
(0,2, —1) is a dominant trading strategy. Really, for this strategy there
exists w = wy, such that V(1,wy) = % > 0.

3. A linear pricing measure is a non-negative vector = = (my, 7o, m3)"
such that for every trading strategy H we have that

3
VE0) =D mV (Lwy),
k=1
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where V* = {V* (t) = V*(t)} is the discounted value process asso-
t=0,1

B(t)
ciated to H.
A probability measure ) on ) is a risk neutral pricing measure if
Q (w) > 0,w € {w;,ws,ws} and

B(t)
cesses for the two risky assets. A risk neutral pricing measure is always
a linear pricing measure. However, a linear pricing measure is a risk
neutral measure if only if all its components are strictly positive, i. e.,
m > 0.

where S} = {S;‘ = S"(t)} for 1 = 1,2 are the discounted price pro-
t=0,1

Let us find linear pricing measure © = (71, 79, m3). Set of conditions
for a linear pricing measure have the next form:

1 +7T2 +7T3 = 1;
6 + 67 + 4mg = 5;
127T1 —|—87T2 —|—87T3 = ]_0

The solution of this system is 7 = (%, 0, %) If there exist a linear pricing

measure, then doesn’t exist dominant trading strategy. Conclusion.
The given financial market has arbitrage opportunities. For this market
exist a linear pricing measure, do not exist dominant trading strategies.

Problem 4.

Consider a single-period market consisting of a probability space ) =
{w1,ws, w3}, a probability measure P (w) > 0,w € £, a bank account
with B (0) =1, and B(1) = 1+, where r > 0 is a given interest rate,
and one risky asset, denoted by S1 = {S1(¢)},_;,

4 if w=w
S1(0) = 3, S1(Lw) =% 3 if w=uws
2 if w=uws

(a) (10p.) Determine the risk-neutral probability measures. Is the
market free of arbitrage? Discuss the result in terms of the possible
values of 7.
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(b) (10p.) What is the definition of a complete market? Is the market
complete? Determine (characterize) the attainable claims. Dis-
cuss the result in terms of the possible values of r.

(¢) (10p.) Setr = 1/6. Consider the contingent claim X = (4,7/2,4)".
Determine the arbitrage-free prices of X.

(d) (10p.) Set r = 1/6. Assume that in the market is introduced a
new risky asset Sy with S5 (0) = £. Give conditions on S (1) =
(S2 (1, wy), S (1,ws), Sy (1, ng))T such that the extended market
is complete. Check if S (1) = (3/2,1/3,1/4)" completes the mar-
ket and, if this is the case, give the unique risk neutral measure.

Solution. We have that S} (0) = S; (0) = 3 and
40+ i w=uw
St(lLw)=< 30+r)" if w=w, ,
2(1+7r) " if w=uws
(1=3r1+r)" if w=w
AST (w) = —3r(1+7)"" if w=wy .

Q = (Q1,Qq, Qg)T is a risk neutral pricing measure if and only if @) is a
probability measure and Eg [AS]] = 0, that is, the following equations
are satisfied

(1—37‘)621_3TQ2—(1+3T)Q3:O,
Qi+ Q2+ 03 =1,
Q1>O,Q2>O,Q3>O.

These equations are equivalent to

Qs =1-0Q1— Qo
1+ 3r =2Q1 + @2,
Q1 >0,02>0,Q3 > 0.

Solving the second equation for ()5 we get that

Q2 =1+ 3r —2Q,
Qs=1-Q1—1-=3r+20Q, = =3r+ @y,
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Let Q1 = A, then Q3 = 1+ 3r — 2\, Q3 = —3r + A. By definition
0 < @; <1. It mean that 0 < A < 1, and

0<143r—2X<1,

0< =3r+ A<l

And combining the previous expressions we get that, for » € (0,1/3)
the set of risk neutral probability measures is given by

1
Qr=(\1+3r—2)\=3r+N" \e <3r, +23r)_

By the first fundamental theorem of asset pricing the market is ar-
bitrage free if the set of risk neutral pricing measures is non-empty.
Hence, if » > 1/3 there are arbitrage opportunities because risk neutral
probability measures do not exist. And if 0 < r < 1/3 then the market
is arbitrage free because exsist RNPM: @, = (A, 1 4+ 3r — 2\, —3r + )\)T.

. A single period market model is complete if any contingent claim X
is attainable, that is, if for any contingent claim X there is a trading
strategy H such that its value process at time 1 coincides with X, that

is,
N

X=V(1)=HB(1)+> H.S ).
n=1
The set of attainable claims X = (Xl,XQ,Xg)T is given by the equa-
tions

X1 = (1+T> H0+4H1,
X2 = (1+T>H0+3H1,
X3 = (1+7‘)H0+2H1

From the first equation we get that (1 + r) Hy = X; — 4H; and substi-
tuting in the second and third equation this expression for (1 + ) Hy
we obtain

X2 - Xl = _H1>
X3 — Xy = —2H,,
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which is equivalent to
X3 —2Xo+ X; =0. (1)

Hence, the attainable claims are characterized by equation (1). This
implies that the market is not complete, regardless of the value of r.

5. If we set r = 1/6 we have that B (1) = 7/6 and

3 1\"

The contingent claim X = (4,7/2,4)" does not satisfy the equation
(1). Therefore, the claim X is not attainable and there is an interval of
arbitrage free prices [V_ (X)), Vy (X)], where V_ (X) is the lower hedg-
ing price of X and V. (X) is the upper hedging price of X. Moreover,
we know that

Vo (X)

inf | {Eq, [X])

Ae(1/2,3/4

7/3 1
inf A+ (2—2x)4+4(r—2
Ae(fﬁ,g/@{ *3 (2 ) + ( 2)}

f At 13 6 (1 n 13
in — = =< =4+ —
AE(1/2,3/4) 4 7|2 4

= — ~ 3.2143

~NlOS NI No

and

sup  {Eq, [X]}
AE(1/2,3/4)

. {/\+ 13} 6 {3 . 13}
AE(1/2,3/4) 4 T4 4
= — ~ 3.4286.

7

6. Let X = (X3, Xo, X3)T be an arbitrary contingent claim. The enlarged
payoff matrix is given by

4 52 (1, wl)

3 SQ (1, CUQ)

2 SQ (1, CU3)

S(1,Q) =

[N EN BN EN]

—
D



The enlarged market is complete iff S (1,Q2) H = X always have a
solution. As this is a system with 3 equations and 3 unknowns, it has
a solution iff

det (S (1,9)) # 0.
We have that

% 4 SQ (1,w1)
det (S (1,Q)> = % 3 52 (1,CUQ) =
% 2 SQ (1,0J3)

7
= 6 {—SQ (1,0.11) + 252 (1,&)2) — SQ (1,0.}3)} .
Therefore, the market is complete iff
—SQ (1,w1) + 252 (]_,CUQ) — SQ (1,&)3) 7é 0. (2)

However, this condition may be fulfilled and still have a market with
arbitrages. That is, a market with no risk neutral probability measures
(actually, if there are risk neutral probability measures there can only
be one, by the SFTAP). In order to ensure the existence of risk neutral
probability measure for BOTH assets, we will find A € (1/2,3/4) for
which such that @, with r = % are still risk neutral probability mea-
sures in the extended market. That is, the set of @), with r = % and

A € (1/2,3/4) such that
Eq [S3 (1)] = 55 (0) = 52 (0) = 6/7,
This translates to the following equation

1

Sy (1,wn) A+ S5 (1, w5) (g _ 2)\> + 5 (1, ws) ()\ _ 5) _1,

with A € (1/2,3/4). From this equation we get that
_ 1-— %SQ (1,CUQ) + %SQ (1,&]3) (3)
SQ (1,&)1) — 252 (1,WQ) + SQ (17(,03)’

which combined with A € (1/2,3/4) yields the following inequalities
that ensure that the set of risk neutral measures in the enlarged market
is non-empty

A

2 — 55 (1,wy) — Sz (1,wq) >0, (4)
4—35’2 (l,wl) —SQ (1,603) < 0. (5)
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The conditions given by equations (2), (4), (5) ensure that the enlarged

market is arbitrage free and complete. It is straighforward to check that

Sy (1) = (2,1,1/2)" satisfies the previous set of equations and equation
(3) gives

A= 13_ %1+ %1 - E’

5 23+y 26

NG
=

and we can conclude that the unique risk neutral measure in the ex-
tended market is given by

T
Q=Qu - <1_5,3,3) .
26 26" 26" 26
Note: The statement of the problem is misleading because it implies
that if the market is complete then necessarily we must have a unique
risk neutral measure. But it well may be that the set of risk neutral
probability measures is empty. For instance, if Sy (1) = (1, 2, 1)T then
the market is complete, because equation (2) is satisfied, but there are
no risk neutral probability measures, because equations (4) and (5) are
not satisfied.
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