Abel Summation. Let {a,}52 and {b, }2°; be two sequences of real numbers,
and let s, = ,_; ag. Then

N N—-1
D anby = snby + Y sn(bn — bota).
n=1 n=1

If imy_soo sSyby = 0, then

Z anbn = Z Sn(bn - bn+1)
n=1 n=1

in the sense that either the two series both diverge or they converge to the same
limit.

Proof: Note that a, = s, — sp—1 for n > 1, and that this formula even holds
for n = 1 if we define sg = 0. Hence

N N N N
Z anbn = Z(Sn - Sn—l)bn = Z snbn - Z Sn—lbn
n=1 n=1 n=1 n=1

Changing the index of summation and using that sy = 0, we see that ZnN=1 Sp—1bn =
Zf::ll Spbpy1. Putting this into the formula above, we get

N-1

N N N-1
Z anbn = Z snbn - Z Snbn-i-l =snyby + Z Sn(bn - bn—i—l)
n=1 n=1 n n=1

=1

and the first part of the lemma is proved. The second follows by letting N — oo.



