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A continuous-time Markov chain

We recall the following from Chapter 6.2:

A continuous-time Markov chain with stationary transition probabilities and
state space X is a stochastic process such that:

@ The times spent in the different states are independent random variables
(because of the Markov property).

@ The amount of time spent in state / € X is exponentially distributed with
rate v; (because of the Markov property and stationarity).

@ When the process leaves state J, it enters state j with some transition
probability Q; where:

Qi=0, forallieXx

> Qj=1, foralliex

jeX
@ The transitions follow a discrete-time Markov chain.
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A continuous-time Markov chain (cont.)
We now introduce the following notation:

gj = viQy,

i,jeX.
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A continuous-time Markov chain (cont.)
We now introduce the following notation:

qgij = V,'Q,'j, i,jeX.

INTERPRETATION: Since v; is the rate at which the process makes a
transition when in state / and Qj is the probability that this transition is into
state j, it follows that gj is the rate, when in state /, at which the process
makes a transition into state j.

The quantities gj are called the instantaneous transition rates.
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A continuous-time Markov chain (cont.)
We now introduce the following notation:

qgij = V,'Q,'j, i,jeX.

Since we have:

Vi = ViZQij:ZViQij:Zqijv

jex jex jex

gij g
Q=1 — 7
! Vi Zjex qjj

the probabilistic properties of {X(t) : t > 0} is determined by the gj’s.



IS
6.4 Kolmogorov’s Backward Equations
Lemma (6.2)

Let Pj(t) = P(X(t) = j|X(0) =), i,j € X. We then have:

A= Py(h)
@ fm—p =

. Pi(h) L
(b),l7[>n0 H = i foralli # j
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6.4 Kolmogorov’s Backward Equations

Lemma (6.2)
Let Pj(t) = P(X(t) = j|X(0) =), i,j € X. We then have:

1 —=Pi(h)
@ = =

(b) lim ’fT: i, foralli #j

PROOF: We start by noting that the amount of time until a transition occurs is
exponentially distributed.
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6.4 Kolmogorov’s Backward Equations

Lemma (6.2)
Let Pj(t) = P(X(t) = j|X(0) =), i,j € X. We then have:

1 — Pi(h)

@ Jm g v
. Py(h) .
(b) fL'LnoT_ i, foralli# j

PROOF: We start by noting that the amount of time until a transition occurs is
exponentially distributed.

Hence, the probability of two or more transitions in a time h is o(h).
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6.4 Kolmogorov’s Backward Equations (cont.)
Hence, it follows that:

P(X(h) # i|X(0)

i) =1— P(X(h) = i|X(0) = i) = 1

Pll(h) =vih+ O(h)
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6.4 Kolmogorov’s Backward Equations (cont.)

Hence, it follows that:
P(X(h) #ilX(0)=i)=1—-P(X(h)=ilX(0)=1i)=1—- Pij(h)=v,h+ o(h).
By dividing both sides by h and letting h go to 0, we get:

vih+ o(h) o(h)

jim 1= Pith) _ lim —— =" — v+ lim =~ =
h—0 h—0 h h—0 h

which proves (a).
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6.4 Kolmogorov’s Backward Equations (cont.)
Similarly, if i # j, we get:

P(X(h) = jIX(0) = i) = P;j(h) = v;Qjh + o(h).
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6.4 Kolmogorov’s Backward Equations (cont.)

Similarly, if i # j, we get:

P(X(h) = jIX(0) = i) = P;j(h) = v;Qjh + o(h).

By dividing both sides by h and letting h go to 0, we get:

- Pythy . viQh+oth) . oh)
flzlino h _flwinoT_ V’Q”—i—flrlino h viQj = aj
which proves (b).
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6.4 Kolmogorov’s Backward Equations (cont.)
Lemma (6.3 — Chapman-Kolmogorov equations)
Foralls,t >0andi,je X we have:

Pj(t+s) =Y Pi(t)Py(s)

kex
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6.4 Kolmogorov’s Backward Equations (cont.)

Lemma (6.3 — Chapman-Kolmogorov equations)
Foralls,t > 0 andi,je X we have:

,/ t—l— S Z P,k Pk/
kex

PROOF: We have:

Pj(t+s) = P(X(t+s) =j|X(0) =)

=Y P(X(t+ ) =j, X(t) = k|X(0) = i)

kex
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6.4 Kolmogorov’s Backward Equations (cont.)

Lemma (6.3 — Chapman-Kolmogorov equations)
Foralls,t > 0 andi,je X we have:

,/ t—l— S Z P,k Pk/
kex

PROOF: We have:
Pji(t+s) = P(X(t+s) =j|X(0) =)

=Y P(X(t+s) =], X(t) = k|X(0) = i)

kex

= Z P(X(t+s) =jIX(t) = k, X(0) = i) - P(X(t) = k| X(0) =)

kex
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6.4 Kolmogorov’s Backward Equations (cont.)

Pj(t+s) = Z P(X(t+ s) =jIX(t) = k, X(0) = i) - P(X(t) = k| X(0) =)

kex

=] = = E E Qe
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6.4 Kolmogorov’s Backward Equations (cont.)

Pj(t+s) = Z P(X(t+ s) =jIX(t) = k, X(0) = i) - P(X(t) = k| X(0) =)

kex

=Y P(X(t+ ) = jIX(t) = k) - P(X(t) = k|X(0) = i)

kex
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6.4 Kolmogorov’s Backward Equations (cont.)

Pj(t+s) = Z P(X(t+ s) =jIX(t) = k, X(0) = i) - P(X(t) = k| X(0) =)

kex

=Y P(X(t+ ) = jIX(t) = k) - P(X(t) = k|X(0) = i)

kex

_ Z P(X(s) = j|X(0) = k) - P(X(t) = k|X(0) = i)

kex
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6.4 Kolmogorov’s Backward Equations (cont.)

Pj(t+s) = Z P(X(t+ s) =jIX(t) = k, X(0) = i) - P(X(t) = k| X(0) =)

kex

=Y P(X(t+ ) = jIX(t) = k) - P(X(t) = k|X(0) = i)

kex

_ Z P(X(s) = j|X(0) = k) - P(X(t) = k|X(0) = i)
kex

= Z Pk/'(S) . Pik(t)
kex
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6.4 Kolmogorov’s Backward Equations (cont.)
Theorem (6.1 — Kolmogorov’s backward equations)
Forallt > 0 and states i,j € X we have:

Pi(t) = > qwPu(t) — viPy(1).

kex\i
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6.4 Kolmogorov’s Backward Equations (cont.)

Theorem (6.1 — Kolmogorov’s backward equations)
Forallt > 0 and states i,j € X we have:

=" quPy(t) — viPy(1).

keXx\i

PROOF: By Lemma 6.3 we have:

Py(t+h) = Py(t) = ) Pi(h)Py(t) — Py(t)

kex
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6.4 Kolmogorov’s Backward Equations (cont.)

Theorem (6.1 — Kolmogorov’s backward equations)
Forallt > 0 and states i,j € X we have:

Pj(t) = z Qi Pri(t) — viPy(t).

kex\i

PROOF: By Lemma 6.3 we have:

P,'j(t-i- h) — P,j(t) = Z P,’k(h)ij(t) — P,"(t)

kex

= 3= Pulh)Py(t) + PAMPI1) ~ Py()
kex\i
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6.4 Kolmogorov’s Backward Equations (cont.)

Theorem (6.1 — Kolmogorov’s backward equations)
Forallt > 0 and states i,j € X we have:

Pj(t) = z Qi Pri(t) — viPy(t).

kex\i

PROOF: By Lemma 6.3 we have:

P,'j(t-i- h) — P,j(t) = Z P,’k(h)ij(t) — P,"(t)

kex

= 3= Pulh)Py(t) + PAMPI1) ~ Py()
kex\i

= > Pulh)Py() ~ [1 = PiIPY(D)
kex\i
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6.4 Kolmogorov’s Backward Equations (cont.)

By dividing both sides by h and letting h — 0, we can use Lemma 6.2 and get:

im Pilt+h) — Py(t) _ Pr(h) 1= Pi(h)
flvano h N ,/lvino h Py(1) _llvino h Pi(1)
keXx\i
= Y quPy(t) — viPi(t)
kex\i
]
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6.4 Kolmogorov’s Backward Equations (cont.)

Kolmogorov’s backward equations:

Pi(t)= > quPy(t) — viPi(t), ijeX.
kex\i

We recall that v; = >, .1 ik = D ke ViQik- Since Q;; = 0, this implies that:

Vi= Z Qi k

kex\i

Hence, we have:

D Gk—Vi= D> Gk— D> qGx=0

keXx\i keXx\i keXx\i

Thus, in each of the backward equations the sum of coefficients is equal to
zero.
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6.4 Kolmogorov’s Backward Equations (cont.)

We now assume that X = {1,2,..., n}, and introduce the following matrices:

Vi GQi2 Qi3 - Qin
Q21 —Vo Q23 -+ Q2p
R—=| 91 Q2 —V3 --- Q3np
Qn1 Gn2 Qnz -+ —Vp
P171(t) P1,2(t) P173(t) P17n(t)
P271(t) P272(t) P273(t) P27n(t)
P(t)= | Ps1(t) Paa(t) Pas(t) --- Psn(t)
Pn71(t) Pn72(t) Pn73(t) Pn7n(t)
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6.4 Kolmogorov’s Backward Equations (cont.)

It is then easy to see that Kolmogorov’s backward equations:

P,;(t) = Z q,'kij(t) — V,'P,'j(t).

keX\i

can be written in the following form:

P'(t) = RP(t).
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Example 6.10 — Pure birth process
For a pure birth process with birth rates Ao, A1, ... we have:
Gijiv1 =X, i=0,1,...
qij=0, forallj#(i+1)

Hence, we also have:

Vi=> gj=qp1 =X, i=01,..
j=0

By inserting this into the backward equations we get:

Pit) = 3 aquPy(t) — viPy(1)

keX\i

= \iPit1,j() = AiP(t), t>0, 0<i<j
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——
Example 6.10 — Birth and death process

For a birth and death process with birth rates Ao, A1, ... and death rates
11, 2, - - ., we have:

qi,i+1:)\i7 i=0,1,...

Qii—1 = Wi, i=1,2,...
gij =0, otherwise

Hence, we also have:
oo
Vo= doj=Xo
j=0

o0
Vi:Zq,-j:/\,-—l—M, i:1,2,...
j=0
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Example 6.10 — Birth and death process (cont.)

By inserting this into the backward equations we get:

o (1) =" qokPyi(t) — voPoy(t)

kex\0

= )\0P17j(l') — )\()Poj(f)7 t>0, j>0

Pi(t) = awPi(t) — viPy(1)

keXx\i

= AiPip1j(8) + piPizq j(t) = (N + i) Py(t), t>0, i>0,j>0

A. B. Huseby (Univ. of Oslo) STK2130 — Lecture 13 30/ 61



Example 6.11
The lifetimes and repair times of a system are independent and exponentially
distributed with rates respectively A and .

We model this system as a continuous-time Markov chain {X(f) : { > 0} with
state space X = {0, 1}, where':

X(t) = I(The system is functioning at time t), t> 0.

The only non-zero instantaneous transition rates are qo1 =  and gio = A.
Hence;

VOZZqu:qm =H

jex

Vi :ZCIU:Qm:)\

jex

'In the Ross(2019) state 0 is the functioning state and state 1.is the failed state.



——
Example 6.11 (cont.)

By inserting this into the backward equations we get:

Poo(t) = uPio(t) — 1Poo(t) = p[Pio(t) — Poo(t)]; (1)
Po1(t) = 1Pr1(t) — pnPo1(t) = ulP11(t) — Pot (1], ()
Pio(t) = APoo(t) — APio(t) = A[Poo(t) — Pio(1)], 3)

11(1) = APo1(t) — AP11(t) = A[Pot (£) — P11 ()] (4)

We start by computing Py+(t). In order to solve this, we multiply (2) by A and
multiply (4) by . and add the resulting equations:

1P (8) + APg(8) =0
By integrating both sides we get:

uP11 () + APoi(t) = ¢
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Example 6.11 (cont.)

In order to determine the constant ¢, we note that P;1(0) = 1, while
Py1(0) = 0. Hence, ¢ = p, and we get:

1P (1) + APo1 (1) = p
or equivalently:
APot (1) = p[1 = P11 ()]

We insert this into the right-hand side of (4) Pj,(t) = APo1(t) — APs1(t) and
get:

Piy(t) = 1 — P11(£)] — APy (1)
=p—(n+N)Pi(t)
or equivalently:

Pio(t) + (i + NPy (1) =
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Example 6.11 (cont.)

In order to solve the differential equation P, (t) + (1 + A\)P11(t) = p, we
multiply both sides by the integrating factor e(#*)! and get:

Py (8)e N 4 (14 X) el NPy (1) = pelt !
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Example 6.11 (cont.)

In order to solve the differential equation P, (t) + (1 + A\)P11(t) = p, we
multiply both sides by the integrating factor e(#*)! and get:

Pl (D! (g + A)el 1Py (8) = et )

By using the product rule for derivatives, the left-hand side can be simplified
to:

(P11 (t)e(u+>\)t)/ _ ,ue(”+>‘)t
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Example 6.11 (cont.)

In order to solve the differential equation P, (t) + (1 + A\)P11(t) = p, we
multiply both sides by the integrating factor el*+*)! and get:

Pl (1))t 4 (14 \) eV Py (1) = peln !

By using the product rule for derivatives, the left-hand side can be simplified
to:

(Piy(D)el V1 = gkt
By integrating both sides of this equation we get:

Py (t)et Mt = _Z__outNt ¢
() ,u+>\ N
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Example 6.11 (cont.)

In order to solve the differential equation P, (t) + (1 + A\)P11(t) = p, we
multiply both sides by the integrating factor el*+*)! and get:

Pia (D8 1+ (u+ A)elr Py (8) = et )

By using the product rule for derivatives, the left-hand side can be simplified
to:

(Pri(£)e V1Y = pugl 1
By integrating both sides of this equation we get:

P (ptMt — 7 gt | o
11(t)e " + 3 +

or equivalently:

P (t) = ﬁ + Ce it
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Example 6.11 (cont.)

In order to determine the constant C, we again use that Py1(0) = 1. That is:

1=_F#

—+C
A
Hence, C is given by:
I A
C = _— = —
[T DT D
and thus:
H A (Nt
=——+——e ¥
() u+A+u+A
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Example 6.11 (cont.)

This also implies that:

P1o(t) =1- P11(t)

We recall that we also have established that uP1(t) + APo1(f) = u. Hence,
we get that:

Poi (t) = §[1 — P (t)] = %Pw(’)

— L — Le*(l‘+)‘)t
X p4A
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Example 6.11 (cont.)

Finally, we get that:

B —(u)t
— t+ ——€
LH+X T p4A

—(ut+)t
e
A
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Example 6.11 (cont.)

Summarizing all these results we get:

Pi1(t) = # +

—(p+A)t
e
JT N
A A
P1o(t) = e (A
__H H o —(ut
Poi(t) = —— — ——e™ ¥

A B
Po(t) = —— + 1 o= (u+)t
oo (1) u+)\+u+)\
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Example 6.11 (cont.)

We observe that:
. o oop AT
Jim Pt = im P () = 105 = e
and that:

lim Poo(t) = lim P10(t) =
t—o0 t—oo
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6.4 Kolmogorov’s Forward Equations
Theorem (6.2 — Kolmogorov’s forward equations)
Forallt > 0 and states i,j € X we have:

Pj(t) = Z Pi(t)aqk — Pj(t)v

kex\j
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6.4 Kolmogorov’s Forward Equations

Theorem (6.2 — Kolmogorov’s forward equations)
Forallt > 0 and states i,j € X we have:

= > Pu(t)ag - Pyt

kex\j

PROOF: By Lemma 6.3 we have:

Pj(t+ h) — Py(t) = > Pi(t)Py(h) — Py(1)

kex
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6.4 Kolmogorov’s Forward Equations

Theorem (6.2 — Kolmogorov’s forward equations)
Forallt > 0 and states i,j € X we have:

= > Pu(t)ag - Pyt

kex\j

PROOF: By Lemma 6.3 we have:

Pij(t+ h) — P,,(t)—ZP,k )Pyi(h) — Pj(t)

kex

Z Pic(t)Pii(h) + Pj(t)Py(h) — Py(t)
kex\j
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6.4 Kolmogorov’s Forward Equations

Theorem (6.2 — Kolmogorov’s forward equations)
Forallt > 0 and states i,j € X we have:

z P/k QKj Ij )

kex\j

PROOF: By Lemma 6.3 we have:

Pij(t+ h) — P,,(t)—ZP,k )Pyi(h) — Pj(t)

kex
Z Pic(t)Pii(h) + Pj(t)Py(h) — Py(t)
kex\j

Z Pic(t)Pii(h) — Pi(t)[1 — Pj(h)]
kex\j
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6.4 Kolmogorov’s Forward Equations (cont.)

By dividing both sides by h and letting h — 0, we can use Lemma 6.2 and
get:

. P,/(t—l—h ( ) . 1—="Pj(h)
i - 2 Pl PO 5
kex\j
= > Pi(t)ay — Pi(t)y,
kex\j
m

2Unfortunately, the interchange of limit and summation is not always valid. This
holds, however, for all birth and death processes and for all finite:state- models
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6.4 Kolmogorov’s Forward Equations (cont.)

We again assume that X = {1,2, ..., n}, and recall the following matrices:

Vi GQi2 Qi3 - Qin
Q21 —Vo Q23 -+ Q2p
R—=| 91 Q2 —V3 --- Q3n
Qn1 Gn2 Qnz -+ —Vp
Pii(t) Piao(t) Pra(t) - Pya(t)
P271(t) P272(t) P273(t) P27n(t)
P(t)= | Ps1(t) Paa(t) Pas(t) --- Psn(t)
Pn71(t) Pn72(t) Pn73(t) Pn7n(t)
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6.4 Kolmogorov’s Forward Equations (cont.)

It is then easy to see that Kolmogorov’s forward equations:

Pty =" Pi(t)ay — Pi(t)v.
keXx\j

can be written in the following form:

P'(t) = P(t)R.
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Pure birth processes

Assume that {X(t) : t > 0} is a pure birth process with birth rates Ao, A1, .. ..
From this it follows that we have:

Qi,i+1:)\i7 I'=0,17...
qij=0, forallj#(i+1)

Hence, we also have:

v,=Zqij=Qi,i+1 =X\, [=0,1,...

By inserting this into the forward equations we get:

Pi(t)y= > Pi(t)ay — Py(t)y;

kex\j
= Pij_1(t)Aj—1 — Py(t)N;, t>0, i, j=0,1,...
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Pure birth processes (cont.)

Note, however, that Pj(t) = 0 whenever j < i (since this is a pure birth
process with no deaths).

Hence, we get the following simplified equations:
P,-/,-(t) = \i_q P,’7,'_1(t) — AiPi(t) = =A\iPi(t), i=0,1,...

Pi(t) = A=t Prja () = NPy(8), j =i+ 1
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Pure birth processes (cont.)

Proposition (6.4 — Pure birth processes)
We then have:

Assume that {X(t) : t > 0} is a pure birth process with birth rates Ao, A1,
P,“(t) = e"\"’,

i=0,1,2,...

t
Pj(t) = A,-,1e_’\ft/0 eNoPj 1(s)ds, j>i+1.
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Pure birth processes (cont.)

We start out by noting that since Pj(t) = —\;P;(t), it follows that

Pi(t)
Py = IR =

By integrating both sides, we get:
In(P;(t)) = —Ait+c¢
This implies that:

Pii(t) — e—>\,-t+c

Since P;(0) = 1, it follows that ¢ = 0. Hence, we get:

Pi(t) = e Mt
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Pure birth processes (cont.)
In order to prove the corresponding result for Pj(t) where j > i+ 1, we
assume that we have determined P;;_1(t) already, and rewrite the differential
equation as:
Pi(t) + NPy(t) = Aj-1Pij-1(1)
We then multiply both sides by the integrating factor e*! and get:
P,fj(t)eAft + )\/eAﬂP;j(t) = Aj_1 eAftP;,j,1 (9).
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Pure birth processes (cont.)

In order to prove the corresponding result for Pj(t) where j > i+ 1, we
assume that we have determined P;;_1(t) already, and rewrite the differential
equation as:

Pj(t) + NiPj(t) = Nji—1Pij—1(t)

We then multiply both sides by the integrating factor e*! and get:
P,fj(t)e*ft + )\/GAJTP,'/(I‘) = Aj_1 eAftP;,j,1 (9.

Using the product rule for derivatives, the left-hand side can be simplified to:

(Pi(H)eN) = N1 Pyj4(t)
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——
Pure birth processes (cont.)

In order to prove the corresponding result for P;(t) where j > i+ 1, we

assume that we have determined P;;_1(t) already, and rewrite the differential
equation as:

Pj(t) + APy(t) = A1 Pij-1 (1)

We then multiply both sides by the integrating factor e! and get:
P{j(t)eAﬂ + /\,-e*ffP,-,-(t) = /\1;1 eAitP,-,,-,1 (t)

Using the product rule for derivatives, the left-hand side can be simplified to:

(Pi(t)eN) = \_1eM'Pij_1(t)
Integrating both sides of this equation we get:
t
P,,-(t)eAf’:)\,-,1/ ehs ,j 1( )dS+C
0
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Pure birth processes (cont.)
We note that:

Py(t)eMt = Ay /0 'eh5P, 4 (s)ds + C
is equivalent to:

t
Pji(t) = \j_1 e‘*f’/ e¥°P;;_1(s)ds + Ce™ !
0

In order to determine the constant C we use that when j > i + 1, we have
P;i(0) = 0. Hence, we must have C = 0, and we conclude that:

t
P,"(t) :)\j_1e‘Aft/ eMis ,'7j_1(S)dS
0

|
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Example 6.12 — Birth and death processes

We recall that for a birth and death process with birth rates A\g, A1, ... and
death rates uq, 2, . .. we have:

qi,l'+1:)‘f7 120317

ql'7l'—1::ui7 I:1727
gij =0, otherwise
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Example 6.12 — Birth and death processes

We recall that for a birth and death process with birth rates Ao, A1, ... and
death rates ju1, u2, . .. we have:

qi,i+1:)\i7 i=0,1,...
Qii—1 = i, i:1,2,...
gij =0, otherwise

Hence, we also have:
oo
Vo= doj=Xo
j=0

oo
Vi:ZqU:/\i+Hia i=1,2,...
=0
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——
Example 6.12 (cont.)

We insert this into the forward equations, handling the case where j = 0
separately:

Pi(t)= > Pi(t)gro — Pio(t)vo

kex\0

= Pi1(t)g10 — Pio(t)vo = 11 Pi(t) — MoPio(t)
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——
Example 6.12 (cont.)

We insert this into the forward equations, handling the case where j = 0
separately:

()= > Pi(t)ako — Po(H)vo
kex\0

= Pi1(1)g10 — Pio(t)vo = 1 Pi (1) — Ao Pio(t)

Pj(t) = Z Pi(t)qi; — Pj(t)v;

kex\j
= Pij1(t)qi—1; + Pijs1() 15 — Py(t)y
= Njo1Pijo1 (&) + pip1 Pijia (1) — (N + 1) Py(2)
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