
 

Exercise 1 Let IP be a transition probability matrix

Argue that if for some positive integer r P has all

positive entries then so does P for all integers n г

Solution Let P have all positive entries It is

enough to prove that P has all positive

entries

Since It tр we have that for any i.jo S

PII ftp.Isps.j Since Pis 0 and Psy 70

Pij о if and only if Psg о for all SES i e

IP must have j th column consisting of only zeros

However for such IP Pj 0 for all SES and

n s i e for matrix with zero j th column it is

impossible that Pr with all positive entries

Thus we conclude that P cannot have zero j th column

ftp.Isps.j PIJ о



Exercise 2 Prove that if the number of states

in a Markov chain is Max and if state

j can be reached from state is then it

can be reached in Mt steps or less

Solution Let N ns.olpjso We know

that since i d N 0 so we can

consider M mind
Assume that M M By definition of MY

Pills о there exist states in is inn
such that

Pi.isPin.in Pint j
Denote io i and observe that since M М

there must be n.me 0,1 2 M 1 men

such that in im However in this case

Pig Pai Pini Pim i im.PE in sPinn intr Pim

s.jtOThusMntmE N but M name M

which contradicts to the fact that ME mind

Therefore MEIN which is required



Exercise 3 Let 113 be a Markov chain with state space

S 01.2.3.43 and transition probability matrix

IP_

о о о

I о о о

о о E о

0 0 3 2 0

4 0 0 2

By direct computation of III i find out

which States are recurrent and which states

are transient

Solution In order to compute III i we will

compute IP Note that P has a block

structure with many zero entries
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о о о

2 о о о

о о I I O

о 0 E 2
44 о о 2

so we denote I E A в 3 02.2

в 02 1 1 1 B о о Она Ой
and represent matrix IP as follows

D
А 02 0

а а о
By 01 2 2



and use block matrix multiplication it is

similar to standard matrix multiplication but blocks

are treated as elements

А Она 0 А 02 2 О

9 tE 9E.SI
A 02 2 02 1

B ALB Он 3 в
note that

А ЕЕ ЕЕ а

Basis ct.tk EIsEI 155

Да в
B 01 2 I

where B 2.2
By multiplying further it is easy to see that

P
022 Дах

02 2 А 02 1

Вы One 3
where Bn 37.37

i e
1 2 0 0

I о о о
IE о о I I

0 0 2 2 0

3232 о 02



Now for any I 0,1 2,3

Ё Pii III states 0,1 2,3 are recurrent

for E 4

EIR TIE 11 state 4 is transient


