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Consider a discrete-time Markov chain {X,, : n > 0} with state space
X ={0,1,2,3}, and transition probability matrix:

0 0

oo o
QO
Q[ o

q
p
P 0

where 0 <p<1l,0<g<land p+qg=1.

2)

c)

Describe the Markov chain by a diagram.

SOLUTION:
See Figure 1.

The chain has two classes, C; = {0} and C; = {1,2,3}. For each of
these classes discuss whether the class is transient or recurrent.

SOLUTION:
We consider the probabilities:

fi:P<G{Xr:’i}|X0=i>, i€X.
r=1

From the textbook we have that state i is transient if f; < 1 and
recurrent if f; = 1.

In this case we have:

fozp(D{X,:oHXo:o) =1—P<ﬁ{XT7éO}|XO=O)

—1-P(X;=1|Xo=0=1-g<1.
Hence, we conclude that C; = {0} is transient.

From the diagram it is easy to see that i <> j for all 7,5 € Cy. Hence,
these states belong to the same class. Since transience and recurrence
are class properties, it follows that either all states in Co are transient
or all states in Co are recurrent. However, the Markov chain has a finite
state space, which implies that at least one state must be recurrent.
Thus, the only possibility is that Co = {1, 2, 3} is recurrent.

Show that the two-step transition probability matrix is given by:

> pg pg ¢

p

po_| 0 200 ¢ p
0 p* 2pq ¢
0 ¢ p* 2pq



Problem 1

Figure 1: Diagram representing the Markov chain in Problem 1la



SOLUTION:
We have that:

p g 00 p g 0 0
@_p.p=|0 0 P4 00 pg
P PP 0 g 0 p 0 g 0 p
0 p g O 0 p g O
p> pg pg ¢°
_| 0 2p9 ¢ p
0 p* 2pg ¢
0 ¢ p* 2pq

In more detail:

Pz% = ZPik'ij’ for all 3,5 € X.
keX

Hence, we have:
P02,o = PooFPoo+ FPo1Pio+- -+ P3P0 = p?
P31 =PyoPo1+ Po1Pia+ -+ PysPs1=pq
P02,2 =PooPo2+ PoiPi2+- -+ PosPs2 = pg

P02y3 = PO,OPO,-?’ + P0,1P1,3 + e + P0,3P3,4 = q2

d) Conditioned upon that the chain has entered Co, find the stationary
distribution over these three states.

SOLUTION:
We let:
P, Py P 0 p g
Q=|PR1 P2 P3|=|q 0 p
P31 P3s Ps3 p q O

denote the submatrix of P containing the transition probabilities for
the recurrent states 1,2, 3. Furthermore, we let @ = (71, 72, 73) denote
the stationary distribution over these states. Then 7 must satisfy
T + m + w3 = 1 and:

TQ=m



From the last set of equations we get that:

qmo + pmg = M
PT1 + qm3 = M2

Since ¢ = 1 — p, these equations can be written as:

(1 —p)mg +pmg =m;
pmi + (1 —p)m3 = my

We then multiply the first equation by p, and rearrange the terms:

p°ms = pm — p(1 — p)ma
(1 —p)ms = —pm1 + ™2

We then add the two equations and get:
P —p+1ms = (p* —p+ 1)m

This implies that mo = w3. By inserting this into e.g., the first equation,
we get that:

qmo + pmy = M

This implies that m = ;. Thus, we conclude that 7 = mo = 73, and
since also m + mo + w3 = 1, it follows that:

W=

Tl = T = T3 =

Alternatively, the result that the stationary distribution is uniform
follows directly by the fact that the matrix @ is doubly stochastic.



