
 

1 Definition of Poisson process

Definition A stochastic process Net trot is said to be a counting

process if Not represents the total number of events

Net E 10,1 2 for all to

Net is non decreasing in t i e Ness Net if set

If sat then Not Nes equals the number of events in s.tl

Example 1 Net member of people arriving at a store upto and

including time to

2 Net Number of children being born upto and

including time to

3 Not Number of reported accidents upto and

including time to

Definition A counting process is said to have independent increments

if for each sect 15 ta random variables Net Nes and

Nita Ness are independent

Definition A counting process is said to have stationary increments it

fora fixed t the distribution of Nest Nes is the same for all s.to



Definition The fiction fc is said to be och as hoo if

Est о

Example s feat as Its E high о E och b о

2 f h G first 1 7 h is not oh в о

3 If f and g are oil b o then fig is also

014 в 70

4 If f is oil b 0 then c f is also och в 70

5 Any finite linear combination of oh b 0 functions is

also och в 50

Definition The counting process LNA to is said to be a

standard Poisson process with rate I 0 if
I Nco 0

lil Net thot has independent increments

Iii BC Netta Nit 1 ха och в о

Civ DC Nitta Net 2 och в 70

2 Properties of Poisson process

ветта 5.1 Assume that Net to is a Poisson process with rate

Iso Then let sso and define

Nct Nest Nes tho

Then Nsa to is a Poisson process with rate Iso as well



Proof We will simply check the definition

I Nco Net Net о

Cii NSAJ.to has independent increments since Net to has independent increments

Ciii Netta Nst 1 NISHA Nest 1 tht 011 в о

in I Netta Nst 2 NISHA Nest 72 011 в о

Lemma 5.2 If I is the time of the first event of
the Poisson process i e I inf to Nit 13
then

BC Ist DINA о ё too

That is I has exponential distribution

Proof let P.lt PC Nlt 0 Then

Potter DC Nitta o
N is a counting process

it is non decreasing

PC Netto A Netta Not 03 Nco о

P Not Nco ons Nitta Not 03 independent

ecwa
o.ISEIlIlianad

1 Dht och

Poet 1 th och в 70

Hence we get

Pitta Poet xhP.lt och Poet в о

Dividing by h and letting bio we obtain

Pott iPolt Poco 1 since Nia 0



Thus

ДЕД а Iia с

log Poet it С

Taking into account that Polo 1 we finally get
Pott e

i

Proposition5.4 Let I I be the sequence of interarrival times of a Bisson

process Not tso with rate do That is I is the time of the

first event I the time between the n 2 st and n th event

Then I T are independent and identically distributed exponential

random variables with rate 2

Proof We have already shown that I expel For Ta we get

I t I T g
DC Iast I S

PCT g

NITTI NITs O T s

PCI S

ECNIII.is
0 I S

independent increments

DC Notts Nes 0 Density o e ants
The result now follows by repeating the argument for T.tn

We now introduce S F T n 1,2 By Proposition 5.4 Sn is a sum

of independent identically distributed exponential random variables

Snr Gamma n M n 1,2

Theorem 5.1 Assume that Net to is a Poisson process with rate

То Then for each 170 Net is a Poisson random variable

with rate it That is



Net n e n 0,1 2

Proof Ву ветта 5.2 we have

DINA o e
it Gte

In order to determine Net n we condition on the event Sues

If sit we obviously have that

DC Nets n S S 0

probability that Net n given that the Poisson process reaches n for the firsttime at times

Consider or set

Nit n S S DC Tnt t.gl su g
and 5 ETI

are independent I
I This t s e

acts

hence

Not n
continuous version of the law
of total probability

JPCNitt nlsu SJ.fsu.es ds

IDINA n S S fs.es ds

Stents tis e as

Й e t.gs ds

ftp.e
tt

n 1,2

Example 5.13 Suppose that people immigrate into a territory according

to a Poisson process with rate d 2 per day
a Find the probability that there are 10 arrivals in the

following 7 days
b Find the expected number of days until there have

been 20 arrivals



Solution a We recall that PCNA n II e
t hence

PCNA 10 tell 7 0.06628

b We recall that

Sn FIT The point of time of the n th arrival Gamma n I

Hence we get ITIS FILITTI F
In particular II 520 21 10

3 Further properties of the Poisson process

Consider a Poisson process Net trot with rate 2 Assume

that N counts some events and each event can be

classified as either a Type I event or Typed event

p DCA given event is of Type I

1 p A given event is of Type I

We then introduce

Natt The number of type I events in 0,13

Natt The number of type I events in 0,13
Remark Not Nacht Nait and for set we have

Net N.es I Not Nes Binln.pl
Nat Ness I Not Nes Bin n t p

From this we get

NICE N.IS K II BGN.CH NICS KINH NCS n PCNA NG n

Ё I pkcr ptkcxse dct.si

II Itp c р СУД cnet.syn ke xpetsexapct.si



Ite Ethicists enacts
ПРЁ

i e Nlt Nils Poisslxplt.SI Similarly Natt Naldo Poisscxa.pt51

Proposition Net trot and Natt too are both Poisson

processes with parameters Xp and 211 p respectively

and both processes are independent

Proof Since Nio 0 we have that Nico о I 1,2

Let s.it 52,12 be disjoint Since Net to

has independent increments we have for I 1,2

Nitta Nils K I Nitti Nils 1

TIP Nitta Nics K Nita Nisa n Nitti Nils 1

xD Nita Nisa n Wilt Nils l

IT Nitta Nils K Nita Nis n BC Nita Nes n

PC Nitta Nils K

therefore Nit to has independent increments

Next by the Remark above

DINING NH L ДРЁ P xphe th

xphtochysinakhe.ITxp e 1 о h о and

Netta N.lt 32 I PC Nitta N.it L DENIAL N.lt a

1 xpв och e P och а о

since the e
P 1 ipht och by

Taylor's formula

ЕЕ о в о

Similarly DI Natta Natt 1 in p в och h о



PC Natta Natt 2 012 в о

Thus I Natt tool and I Natt to are both Poisson

processes

To show that IN it to and Enact to are

independent we let set and consider

PLENA N.IS KINE NA NCS 13

P NA NLCS K NENA NIS НЕ

PCNA NLCS KINA NIS KE PCNA NIS Ke

E pkcn pt see xpct.si
Tt e ipit s.Etsbee xu.net у

NICE N.IS K DINAH NCS E

i e we conclude that N.lt Nils and Natt Nats

are independent random variables for all set implying

that Nscts.to and Natt to are independent

4 Alternative definition of the Poissonprocess

Definition The counting process LNA to is said to be a

standard Poisson process with rate I 0 if
I Nco 0

lil Net thot has independent increments

iii BC Netta Nit 1 ха och о

Civ DC Nitta Net 2 och в 70



It turns out that the definition above is equivalent

to the following one

Definition The counting process LNA to is said to be a

standard Poisson process with rate I 0 if
I Nco 0

lil Net thot has independent increments

ciii for any set Nit Nes rpoisscxct.SI i e

is a Poisson distributed random variable with

parameter acts

Proposition Two definitions are equivalent

Proof cistciistciiiltcivlimplyciistcii.lt iii

see Lemma 5.1 and Theorem 5.1

cist Cii's Ciii also imply iltciistcii.it in

i and Cii are the same as it and

Cii respectively and Ciii gives
D Netta Net 1 IIE the tht och

since theft х ё 1 о h о and

BC Netta Net 32 I PC NATL Not L HINATA Not a

1 ха och ё och а о

since tie e
a

e detach b ад о

Taylor's formula в о


