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Exercise 3.6

Find the minimal path sets and the minimal cut sets of the system in the
system below.

Minimal path sets:
Py ={1,3,6,8}, P, ={
P5 = {2737678}! PG = {

NN —

Minimal cut sets:
Ki={1,2}, Ko = {3,4}, Kz = {3,5,7}, Ky = {4,5,6}, Ks = {6, 7}, Ks = {8}.
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Exercise 3.6 (cont.)

Find two different expressions for the structure function of this system.

8
o(X) =TT X

j=1ieP;

6
o(X) =TT X

j=1iekK;

H(X) = (X1 T X2) - [Xs - (X311 Xy) - (Xs 1T X7)
+ (1= X5) - (XaXe) L (XaX7))] - X
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Exercise 3.7

Show that if (C, ¢) is a bridge structure, then (CP, #P) is a bridge
structure as well.

Minimal path sets:
P1 = {174}3 P2 = {1>375}s P3 = {27374}3 P4 = {275}

Minimal cut sets:
Ki ={1,2}, K2 = {1,3,5}, K3 = {2,3,4}, Ky = {4,5}.



Exercise 3.7 (cont.)
The dual system (CP, ¢P):

Minimal path sets:
Py = {1P,2P}, P, = {10,30,5P}, Py — {2 3P 4P}, P, — (40,57}

Minimal cut sets:
K = {1D,4D}, K> = {19,39,59}, Kz = {2”,39,49}, Ky = {29,59}.



Exercise 3.8

Let (A, x) be a module of (C, ). Assume that x4 and Xo are such that
x(x4) =1 and x(x3) = 0. Prove that for all (-4, x*) we have:

o(x, x7) = 6(1", x7) and o(x§, x3) = 6(0", x7).

PROOF: Let ¢ be the organising structure function for ¢ and x. That is, we
have: i
o(x) = ¥(x(x*),x?)  forall x.

Hence, since y is non-decreasing we have by the assumptions that:
6(x1) = B (x(x7), x{) = v(1,x7)
= (x(1%), %) = (1%, x{).

Similarly:

6(X0) = V(x(x6). X3) = (0, X5)
- ¢(X(0A)7xé) - ¢(0A7x6‘)'
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Exercise 3.9

Find all the modules of the following structure function:
B(X) = (x1 - (X IT x3)) IT (X4 1T X5).

SOLUTION: (Only non-trivial modules are included here)
© A ={23}, x1(x")=xaIIxs, o1(x1,X*) = (X1 x1) I (X4 I X5)

@ Ay ={1,2.3}, xa(x®) =x1011xs), ¥2(x2,X®) = x2II (x4 11 X5)
@ Ay ={4,5), xa(x®)=xallxs, t3(x3,X™) = (0% 11x3)) 1l xs
@ Ay ={1,234}, xa(x™)=(q(ex3)) I Xs, wa(xs,x™)=x41l%5

@ Ay ={1,2,3,5}, xs(x™)=(x(x11x3)) I x5, 5(x5,X") = x51Ix4
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Exercise 3.10

Let (C, ¢) be a k-out-of-n system where 1 < k < n, and assume that (A, x) is
a module of (C, ¢) such that 1 < |A] < n.

We can then find a minimal path set P (i.e., a set where |P| = k) such that:
A\P#0 and ANP#() and P\A=#.
It then follows that:

d)(OA\P, 1AﬂP’ 1P\A, 0) — 1 ,
5(07\P, 0777 1P\A 0) = 0.

If x(0*\",147P) = 0, by Exercise 3.8 this implies that:
1 — ¢(0A\P’ 1/‘\(‘11:'7 1P\A’ 0) — ¢(0A\P’ OAF‘IF'7 1P\A’ 0) — O

That is, we have arrived at a contradiction.

A. B. Huseby & K. R. Dahl (Univ. of Oslo) STK3405 — Exercises Chapter 3 8/10



|
Exercise 3.10 (cont.)

Since (P\ A) # 0 and A\ P # (), we can find a component j € (P \ A) and a
component j € (A\ P).

Since (AN P)U((P\A)\ )| =|P\il=k—1, we have:
(b(OA\P’ 1AnP7 1(P\A)\i, 0) = 0.

Since |(A\ P)U(ANP)U((P\ A)\ )| >|jU(P\ )| = k, we have:

$(1A\P AATP {(P\AN gy _ 1,

If x(0"\P 147P) = 1, by Exercise 3.8 this implies that:
0— ¢(0A\P7 1AﬂP’ 1(P\A)\i’0) _ ¢(1A\P7 1AﬂP7 1(P\A)\i7o) —1.

That is, we have arrived at a contradiction.
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Exercise 3.10 (cont.)

Since both x(04\",1477) = 0 and (0*\F,14"") = 1 lead to
contradictions, we conclude that it is not possible to find any binary
function x(x*) such that (A, x) is a module of (C, ¢).

Hence, A cannot be a modular set of (C, ¢).

Since this is true for all sets A C C such that 1 < |A| < n, we conclude
that a k-out-of-n system (C, ¢) where 1 < k < n has no non-trivial
modules.
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