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Exercise 6.3: Prove the upper bound of Corollary 6.2.8.

A. B. Huseby & K. R. Dahl (Univ. of Oslo) STK3405 - Exercise 6.3-6.6



I
SOLUTION: The upper bound is

hp) < TTI] e

j=1ieP;

To prove this, note that for independent component state variables, the
reliability of the minimal path series structures is

P(o(X") = 1) = EI]] X1 = [] -

IEP IGP/'
Hence,

h(p) < H Pl =1 =] [ o

j= j=1ieP;

where the inequality follows from Corollary 6.2.6 (or alternatively, by
using the same proof technique as in this result).
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Exercise 6.4: Prove the upper bound in Corollary 6.2.6 by applying
the lower bound on the dual structure function ¢°.
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SOLUTION: We know that

max i < h.
1<j<p H Pi =
ieh;

Applied to the dual structure function ¢°, we get:

max H pP < AP,
pD

1<j<pP
1

From the definition of hP, pP and the fact that minimal path sets for ¢
are minimal cut sets for 2, this is equivalent with
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Hence, using that max{-} = —min{—-} and the definition of the
coproduct,

h < 1 —maxigjck [Tiek(1 = Pi)
miny <j<k(1 — HieKj(1 — pi))
= minigjck [iex Pi

which is the upper bound of Corollary 6.2.6.
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Exercise 6.5: Prove the upper bound in Corollary 6.2.8 by applying
the lower bound on the dual structure function ¢°.
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SOLUTION: We know that
k
IT11»i < hip)
j=1iek;

Applied to the dual structure,

HHpD<h”

j= 1/eKD

By using the definition of hP, pP and that minimal path sets of ¢ are
minimal cut sets of ¢°, we find that this is equivalent to

o
ITTI( —p) < 1= h(p).

j=1ieP;
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That is,

hp) < 1-TI Iiep (1 — Pi)
= 1- f:1(1 - Hier(1 —(1-p)))
— =TI (1 ~ TTicy, P)
= Hf:1 [Ticp, pi

where we have used the definition of the coproduct and some algebra.
Note that this is the upper bound we wanted to prove, so this
concludes our solution.
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Exercise 6.6: Consider the network in Figure 1 consisting of
independent components with component reliabilities p.

Figure: Illustration of the network for Exercise 6.6.
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a) What is the reliability h(p) for this system?
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SOLUTION: We factor w.r.t. component 7:

h(p) = ph(17,p) + (1 — p)h(07,p).

If component 7 works (make a drawing!): In this case, components 4
and 5 are in parallel. Hence, we can parallel reduce these two
components to a new component 4’ where py, = p]]p.

The resulting structure is a bridge structure, so

h(17,p) = pa(PLIP)(PLIP)+ (1 — Pa)(P? 11 P?)

— (pLIP)® + (1 — PRRPILP).
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If component 7 doesn’t work (make a drawing!): The resulting
system is an s-p system. In this case, components 3 and 4 are in
series, and so are 5 and 6. Hence, we can series reduce 3 and 4 to a
new component 3’ with reliability ps = p?. Similarly, we can series
reduce components 5 and 6 to a new component 5" with reliability

ps: = p°. Then, we can parallel reduce 3’ and 1 to a new component 1’
with reliability p;, = p][ p?. Similarly, we can parallel reduce 5’ and 2
to a new component 2’ with reliability po,. Then,

h(07,p) = pip
= (pLIP*)>.
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So,

h(p) = p{(p]] P+ (1 = P)(P* ] P*)} + (1 = P)(P ] ] P*)*.
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b) For p € [0, 1], write a program to compute the reliability h(p). Plot
h(p).
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SOLUTION:
Please ask via e-mail if you have trouble with this. You should end up
with an S-shaped curve starting at (0,0) and ending in (1,1).
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c) In the same plot, illustrate the bounds from Corollary 6.2.6 and
6.2.8. Comment on the result.
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SOLUTION:
Recall from Corollary 6.2.6 that

max < h< min i
1</<pHp’ - 1</<kal

The minimal path and cuts sets are:

Minimal path sets: Py = {1,2}, P = {2,3,4}, P; = {1,5,6},

P, ={3,4,5,6}, Ps ={3,6,7}, P = {2,3,5,7}, P, ={1,4,6,7}.
Minimal cut sets: Ky = {1,3}, Ko = {2,6}, K3 = {1,4,7},

Ky =1{2,3,4,5}, Ks = {2,5,7}, Ks = {1,4,5,6}.
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So the lower bound is

_ 2 3 40 2
12]ag)(pie| Pljp— max{p-, p°,p"} = p
since p € [0, 1].

Similarly, the upper bound is

min [[p=min{t=(1-p*1-(1=p)° 1 =(1=p)} =1-(1 - p)°
==Yiek;

since p € [0, 1].
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From Corollary 6.2.8,

ﬁHPiSh(P ﬁll

j=1iek;

Hence, the lower bound is

k
[T1Ip=0 - -pPR(1 - (1-pPP(1

j=1iekK;

And the upper bound is

j=1ieP;
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4)3.

p
[MIIp=1-0-P01-P) 0 -p

—p)*")>.
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If you plot all of these bounds, you see that the bounds from Corollary
6.2.8 look overall better than those from Corollary 6.2.6. However, they
are not always better: For small p’s, the lower bound from 6.2.6 is
better than that from 6.2.8. For large p’s, the upper bound from 6.2.6 is
better than that from 6.2.8.
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d) Is it possible to improve these bounds further?
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SOLUTION:

To improve the bounds further, one can take the maximum of the two
lower bounds and similarly a minimum of the two upper bounds. This
will still be lower and upper bounds, respectively, but these new bounds
will be better than those from Corollary 6.2.6 and Corollary 6.2.8.
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