UNIVERSITY OF OSLO

Faculty of mathematics and natural sciences

Exam in: STK3405/4405 — Introduction to risk
and reliability analysis

Day of examination: Friday December 17th 2021.
Examination hours:  09.00-13.00.

This problem set consists of 11 pages.
Appendices: None.

Permitted aids: Approved calculator.

Please make sure that your copy of the problem set is
complete before you attempt to answer anything.

All subpoints will be equally weighted in the marking.

Problem 1
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Figure 1: Block diagram of (C, ¢)

Consider the binary monotone system (C,¢) shown in Figure 1. The
component set of the system is C' = {1,2,...,5}. Let X = (X1, Xo,...,X5)
denote the vector of component state variables, and assume throughout
this problem that X, Xs,..., X5 are stochastically independent. We also
let p = (p1,p2,-..,ps) denote the vector of component reliabilities, where
p,L:P(Xzzl),Z: 1,2,...,5.

(Continued on page 2.)
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a) Find the minimal path sets (3 sets) and the minimal cut sets (5 sets)
of the system.

SOLUTION:
Minimal path sets: {1,2,3}, {1,2,4}, {2,3,4,5}.
Minimal cut sets: {1, 3}, {1,4}, {1,5}, {2}, {3,4} B

b) We let h(p) = P(¢ = 1) denote the reliability function of the system.
Show that:

h(p) = p2 - [p1 - (p3 U pa) + (1 — p1) - p3paps)]

SOoLUTION: We note that component 2 is in series with the rest of the
system. Hence, h(02,p) = 0, and we get:

h(p) = p2 - h(12,p) + (1 — p2)h(02, p) = p2 - h(12,p)

In order to find h(le,p) we do a pivotal decomposition with respect to
component 1. If component 1 is functioning, the rest of the system is a
parallel connection of components 3 and 4, while if 1 is failed, the rest of
the system is a series connection of components 3, 4 and 5. Hence, we get:

h(p) = p2 - h(12,p)
=p2- [p1-h(11,12,p) + (1 — p1) - h(01, 12, p)]

=po-[p1-(p3ps)+ (1 —p1)-papaps] W

The Birnbaum measure for the reliability importance of component 4 is
defined as:

Ig) = P(Component i is critical for the system), i=1,2,...,5.

c¢) Show that:

SoLUTION: Component i is critical for the system if and only if:

(b(ll,X) = 1, and QS(OZ,X) = 0 (1

~—

Since ¢ is non-decreasing in each argument, we always have that: ¢(1;, X) >
¢(0;, X). Thus, the condition (1) is equivalent to:

(1, X) — 6(0;, X) =1 (2

~—

(Continued on page 3.)
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Hence, since the component state variables are assumed to be
independent, it follows for ¢ = 1,2,...,5 that:

1Y = P(Component i is critical for the system)
= P(6(1;, X) — ¢(0;, X) = 1)

= E[p(1i, X) — 6(0;, X)]

= E[¢(1;, X)] — E[¢(0;, X))

= h(1;,p) — h(0;, p)

0

=3 -[pi - h(Li,p) + (1 — pi) - h(0i, p)]
Di

_ohlp) g
Op;

d) Show that:

12 = p1 - (p3 1 pa) + (1 — p1) - p3paps
11(35) = (1 —p1) - p2p3pa

SOLUTION: By using the result from (c) we get:

@ _ 9

B = 87)2[172 “[p1 - (p3s U pa) + (1 — p1) - p3paps]]

=p1 - (p3 L pa) + (1 — p1) - P3PaPs

i _ 9

B = 875[])2 “[p1 - (p3s Wpa) + (1 = p1) - p3paps]]

=1 —p1)- -popsps N

In the remaining part of this problem we assume that 0 < p; < 1,
i=1,2,...,5.

e) Show that if ps > po, then I'2) > I\,

SOLUTION: In order to compare [g) and 11(35), we consider:

11(32) - IS’) =p1-(p3s U ps) + (1 —p1) - p3paps — (1 — p1) - papapa

=p1-(p3 U ps) + (1 —p1) - p3pa(ps — p2)

If ps > po, we observe that both terms in the difference between Ig) and
I](35) are non-negative. Moreover, since we have assumed that 0 < p; < 1 for

all 7. the first term is strictly positive. Hence, we conclude I](;) > [g)) |

(Continued on page 4.)
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f) Show that if p; > %, then 11(32) > 11(35).

SOLUTION: In order to compare Ig) and Ig’), we again consider:

19— 1 = p - (ps T pa) + (1 — p1) - pspa(ps — p2)

Since we have assumed that 0 < p; < 1 for all 4, it follows that (1—p1)-p3ps >
0 and that (ps — p2) > —1. Hence, when p; > %, we get that:

Ig) —Ig’) >p1-(p3sps) — (1 —p1) - p3pa

+(ps I ps) — 5 - p3pa
(p3 + P4 — P3p4 — P3P4)

[p3(1 —pa) +pa(l —p3)] >0

NI— NI Nl

Here the second inequality follow since both p; - (p31Ips) and —(1—p1) - pspa
are increasing functions of p; combined with the assumption that p; > %
Moreover, the last inequality again follows since 0 < p; < 1 for all . From

this we conclude that Ig) > 11(35) [ |

g) In this point we assume more specifically that p; = p5 = %0 and that
P2 =pP3 = pg = %. Calculate Ig) and 11(35) and compare the results.

Comment your findings.

SOLUTION: By using the result from (d) we get:

2
I;_;) =pi-(p3ps) + (1 —p1) - p3paps

L. (249 _ 99 9. 991
— 10 (10+10 1010)+10 101010

— 990 4 729 __ 1719
10000 10000 — 10000

11(35) = (1 —p1) - pap3pa

=39 .999 _ 6561
— 10 101010 — 10000

Thus, in this case we have I g) <I g) which is the opposite ranking compared
to the cases considered in the two previous points. We note that with these
component reliabilities we have:

p < % (Thus, the result from (f) does not apply in this case)

ps < p2  (Thus, the result from (e) does not apply in this case)

Indeed when p; is small, then the system is, with a high probability, reduced
to a series connection of the components 2,3,4,5. In a series system the

(Continued on page 5.)
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most important component is the one with the smallest reliability, i.e.,
component 5 in this case W

The Birnbaum measure for the structural importance of component 7 is
defined as:

g 2512 (1, 2) — ¢(05, )], i=1,2,...,5.

h) Explain briefly why: Jg) > Jg) fori =1,3,4,5.

SOLUTION: It is obviously possible to solve this problem by calculating Jg)

for all 4, and then compare J](32) to Jg) fori =1, 3,4,5. However, we observe
that component 2 is in series with the rest of the system, while none of the
other components are in series with the rest of the system. From this it
follows that the structural importance of component 2 is greater than the
structural importance of any of the other components. See Exercise 5.3 in
the text book. A formal proof of this result is as follows:

Since component 2 is in series with the rest of the system, we have:
$(0g,) =0, for all (-o,) € {0,1}*

We then choose another component j # 2. Since j is not in series with
the rest of the system, we have:

¢(0;,x) =1, for at least one (-;,x) € {0,1}*

Hence, we then get:

2170 = 3 [#(la, ) — G(02,2)] = S [$(12, @) + ¢(02, )]

('27‘1’.) ('27:1:)

—Z¢ Z (1j7x)+¢(0j7x)]

(5:)

>Z (1;,2) — $(0;, )] =2*7Y m

Problem 2
Let X1,...,X,, be n binary associated random variables.

a) Show that:
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SoLuTIiON: We introduce X = (Xq,...,X,). Since Xq,...,X,, are binary
associated random variables, we know that:

Cov(I'(X),A(X)) > 0,

for all binary, non-decreasing functions, I' and A. Hence, in particular:

Cov(Xy, [[Xi) = E(][ X:] - E(X1] - E[[[ Xi] > 0
=2 =1 1=2
Hence, it follows that:
E[][xi] > E[X1] - E[] | Xi]
i=1 1=2

Repeated use of the same argument yields that:

and thus, (3) is proved. In order to prove (4) we note that since Xi,..., X,
are binary associated random variables, it follows that (1—X7),...,(1—X,)
are binary associated random variables as well. Hence, by using (3) it follows
that:

EJJa-x) > [[ - Elx:)
i=1 i=1
Hence, we get that:
E[[xi=1-E[JJa-X) <1-]J0 - EX)) =[] ElX4,
=1 =1 =1 =1

and thus, (4) is proved as well B

Let X1,..., X, be the associated component state variables of a binary
monotone system (C, ¢) with minimal path sets P, ..., P, and minimal cut
sets Kq,..., K.

b) Show that:

max E[X;] < E[¢] < min E[X;] (5)

1<4< 1<5<k
=I=Picp; =120k

SOLUTION: We have that:

min X; < max min X; = ¢(X) = min max X; < max Xj,
i€l 1<r<pieP: 1<s<k i€K5 €K

(Continued on page 7.)
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forallr=1,...,pand all s =1,...,k. This implies that:

Emin X;] < Ef¢] < E[max X;]

ic Py i€Ks
forallr=1,...,pand all s=1,...,k. Hence, we must have:
i 1< < i 1B
fggE%g&]_EW]_lg&E@%XA (6)
Furthermore, since X1, ..., X, are associated, we may use the result from
(a) and get:
E[
%an B[] x> [] EIX
ZEPT iEPr
E
[%%XX B[] xi <[] BEX:
€K €K

Inserting these inequalities into the bounds (6) we get:

max || E[Xi] < E[¢] < min E[Xi]

1<4< 1<45<k
=I=P e, SISV ek

and thus, (5) is proved W

c¢) Show that:

H [TT xi1 < El0] < [TEI]] X1 (7)

7=1 1€K; Jj= 1€ P;

SoLuTION: We introduce:

:HXZ‘, jZl,...,p,

1€EP;
=[x i=1.. .k
1€K;
Since p1,...,pp and K1,..., K are non-decreasing functions of X, they

are associated. Hence, by the result in (a) we have:

= B[] [] Xi= E[H pi(X)] < [T Eles01=TTEI]] X4l

J=li€p; j=1 j=1 icP;
k k k

H 1 xi0=E(]#x)) > [[ Elxs X)) =[] EI]] X

j=licK; j=1 J=1 j=1 i€K;

Hence, (7) is proved B

(Continued on page 8.)



Exam in STK3405/4405, Friday December 17th 2021. Page 8

We denote the lower and upper bounds on E[¢] given in (5) by L; and
U, respectively. Similarly, we denote the lower and upper bounds on E[¢]
given in (7) by Lo and Us respectively.

In the rest of this problem we assume that (C, ¢) is a 2-out-of-3 system.
That is, C' = {1,2,3} and the structure function, ¢, is given by:

H(X) = X1 Xo + X1 X3+ XoX3 — 2X1 X0 X3,

where X = (X1, X2, X3). Moreover, we assume that the joint distribution
of the component state variables satisfies the following properties:

E[X,] = E[Xs] = E[X3] =p,
E[X1X5] = E[X1X3] = E[XoX3] = p*~°,
E[X1X2X3] = p* 2,

where 0 < p < 1 and 0 < o < 1. It can be shown that these properties
imply that X7, X, X3 are associated random variables.

d) We now consider the correlation between the component state
variables. Show that:
2—« 2
p — P . .
Corr(X;, X;) = ————, fori #j.
T p(1 - p)
Moreover, show that the correlation is increasing in «. In particular,
calculate the correlation for the cases a = 0 and @ = 1. Comment
your findings.

SOLUTION: For ¢ # j we have that:

Var(X;) = E[X}] — (E[Xi])* = E[X,] — (E[Xi))* =p—p* = p(1 — )

Var(X;) = E[X}] - (E[X;))* = BIX;] - (E[X;])* =p—p* = p(1 - p)
Cov(X;, X;) = E[X;X;] — E[Xi|E[X;] = p*~* — p?
Hence, we get that:

Co (X X ) COV(Xian) p2—a _p2
IT Qs i) = =
/ \/Var(XZ-) . Var(Xj) p(l - p)

Obviously, showing that Corr(X;, X;) is increasing in « is equivalent to
showing that p?>~ is increasing in «. In order to show this, we compute the
derivative with respect to a:

0

%p%a = (—In(p))p*®

(Continued on page 9.)
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Since 0 < p < 1, we have that (—In(p)) > 0. Hence, it follows that p>~¢ is
increasing in a.
If @ =0 we get:

P2 _ p? B p? — p?

ComtXe X3 ="y = w=p ~°
Thus, in this case X; and X are independent.
If a =1 we get:
2—a _ 2 _
Corr(X;, X;) = £ pw_pll=p)_,

p(l1—p)  p(l—p)

Thus, in this case X; and X; are completely dependent R

e) Show that:
Li=p*> and Uy =1-(1-p)?
and that:
Ly=2p—p*%)? and Up=1—(1-p?)>3
and that:
Elg] = 3p*~* — 2p°7%*
SOLUTION: We note that the minimal path and cut sets of (C, ¢) are:

Minimal path sets: {1,2}, {1, 3}, {2,3}

Minimal cut sets: {1,2}, {1,3}, {2,3}

Hence, by using the properties of the joint distribution of X, Xo and
X3 we get:

Ly = E[X;] = p?
V= L P =
ZGP]'

_ ; 1—=1_(1—p)2
Ur=min || BXi]=1-(1-p)
ZGK]'

Furthermore,

3
HE [T %1 = [[ EX: + X — X1 0] = (2p — p*)°

j=1 €K 7=1
HEHX ]_[ [X1Xo] =1—(1—p* @)
7j=1 1€EP; 7=1

Finally,
E[¢] = E[X1Xo 4+ X1 X3+ X0 X3 — 2X1 X0 X3] = 3p> 2 —2p°2* W

(Continued on page 10.)
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f) Show that Lo is decreasing in « while Uj is increasing in . What
can you say about the quality of these bounds when the correlation
between the component state variables increases?

SoLuTION: We recall from (e) that:
Ly = (2p—p* )
Upy=1-(1-p* )3

We observe that Ly is decreasing in « is equivalent to that p?>~® is increasing
in a which was shown in (d). Similarly, that Us is increasing in « is
equivalent to that p?~¢ is increasing in o which was also shown in (d).

When the lower bound, Lo, is decreasing, while the upper bound Us, is
increasing, the difference between Lo and U is increasing. Thus, the quality
of these bounds become worse when the correlation between the component
state variables increases W

g) Assume that a = 1. Show that we in this case have:
L2<L1<E[¢]<U1<U2

Which bounds would you recommend in this case?

SOLUTION: When a = 1, we get that:
Ly=(2p—p* )P = (2p—p)*=p°
Up=1—(1-p"*)P=1-(1-p)°
E[g] =3p* > —2p*** =3p—2p=p

At the same time L = p? while U; = 1 — (1 — p)? (since these bounds do
not depend on «). Combining all this, and the assumption that 0 < p < 1,
we get:

PP<p’<p<l-(1-pP<l-(1-p)’
Hence, it follows that:
L2<L1<E[¢]<U1<U2

Obviously the bounds should to be chosen as close as possible to the true
value, E[¢]. Thus, we recommend using L; as lower bound and U; as upper
bound W

h) Assume that a = 0. What kind of bounds would you recommend in
this case?

(Continued on page 11.)
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SoLUTION: When a = 0, we get that:
Ly=(2p—p* )P =(2p—p°)°
Up=1-(1-p")P° =1-(1-p*°
E[¢] = 3p*~* — 2p* %% = 3p® — 2p°

At the same time L; = p? while U; = 1 — (1 — p)? (since these bounds do
not depend on «).

In this case it can be shown that L1 < Lo for some values of p while the
opposite inequality holds for other values of p. Moreover, it can be shown
that U; < Uy for some values of p while the opposite inequality holds for
other values of p. To ensure that we get the best bounds, we recommend
using the lower bound L* and the upper bound U* given by:

L* = HlaX(Ll,LQ)
U* :min(Ul,Ug) [ |

END



