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Problem 1 General insurance

1a

The moment estimate is given by

median = µ̂ log(2)

so that
µ =

3.8216
log(2)

= 5.5134

Theoretical moment should match observed moment.

1b

L(µ) = log

(
n

∏
i=1

f (zi|µ)
)

=
n

∑
i=1

log ( f (zi|µ)) =
n

∑
i=1

log

(
exp(− zi

µ )

µ

)
=

=
n

∑
i=1

log
(

exp(−zi

µ
)

)
−

n

∑
i=1

log(µ) = −n log(µ)−
n

∑
i=1

zi

µ

∂L(µ)
∂µ

= −n
µ
+

∑n
i=1 zi

µ2

− n
µ + ∑n

i=1 zi
µ2 = 0 when µ = ∑n

i=1 zi
n .

(Continued on page 2.)
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1c

Simulation of Z using the inversion method requires an expression for the
inverse cdf F−1(u):

F(z) = 1− exp(− x
µ
) = u

z = −µ log(1− u) = F−1(u).

Simulation algorithm:

1. Input: α, β

2. Draw U∗ ∼ U(0, 1)

3. Return Z∗ = −µ log(1−U∗) or Z∗ = −µ log(U∗)

1d

Simulation algorithm for X :

1. Input α, β, λ, m

2. for i = 1, . . . , m do

3. Draw N ∗ ∼ Poisson(λ)

4. X ∗i ← 0

5. for j = 1, . . . ,N ∗ do:

6. Draw X∗ ∼ exponential(µ)

7. X ∗i ← X ∗i + Z∗

8. end for

9. end for

10. Return X ∗1 , . . . ,X ∗m.

Estimate of the mean: X ∗ = 1
m ∑m

i=1X ∗i .

Estimate of the standard deviation: S∗X ∗ =
√

1
m−1 ∑m

i=1(X ∗i −X ∗)2

The 100 ∗ ε% reserve rε is given by P(X ≤ qε) = ε and estimated by
q∗ε = X ∗(mε), where X ∗(1) ≤ · · · ≤ X

∗
(m).

(Continued on page 3.)
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1e

E(X ∗|N ) = E(
N
∑
i=1

Zi) =
N
∑
i=1

E(Zi) =
N
∑
i=1

µ = N µ

E(X ∗) = E(E(X ∗|N )) = E(N µ) = λµ = 110.2681

var(X ∗|N ) = var(
N
∑
i=1

Zi) =
N
∑
i=1

var(Zi) = N µ2

var(X ∗) = var(E(X ∗|N )) + E(var(X ∗|N )) = var(N µ) + E
(
N µ2

)
=

= λµ2 + λµ2 = 1215.905

sd(X ∗) = 34.86983

The theoretical and simulated results are consistent.

1f

The 95% and 99% reserves are 172.05 and 203.62.

1g

Pure premium is 110.17 so premium is 110.17 ∗ (1 + 0.3) = 143.221

1h

X re = ∑ Zre = ∑ aZi = a ∑ Zi = aX

1i

X ce = (1− 0.4)X
For 95%:

0.95 = P(X < 172.05) = P(
X ce

0.6
< 172.05) = P(X ce < 0.6 · 172.05) = P(X ce103.23)

Similar for 99%.
The 95% reserve is 103.23, the 99% reserve is 122.172

(Continued on page 4.)
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Problem 2 Life insurance

2a

Probability of surviving from age 60 to age 65 is equal to the probability of
surviving 5 years given that the individual is of age 60

5p60 = 1p60 · 1p61 · 1p62 · 1p63 · 1p64

1p60 corresponds to (1−probability of dying between ages 60 and 61) from
the life table. That means that

5p60 = (1− 0.009093) · (1− 0.009768) · (1− 0.010467) · (1− 0.011181) · (1− 0.011922) = 0.9486547

2b

0p60 = 1, 1p60 = 0.990907, 2p60 = 0.9812278, 3p60 = 0.9709573, ,
4p60 = 0.960101.

−π
lr−l0−1

∑
k=0

dk
k pl0 = −1000

65−60−1

∑
k=0

(
1

1 + 0.05

)k

k p60 = −1000
4

∑
k=0

(0.952381)k
k p60 =

= −1000(1+ 0.952381 · 0.990907+ 0.9523812 · 0.9812278+ 0.9523813 · 0.9709573+ 0.9523814 · 0.960101)

= −4717.328

Probabilities of survival for women are generally higher than for general
population and for men - lower than for general population. Because of
that the absolute value of the insurance value after contributing stage for
women will be higher than for the general population and for men - lower.

2c

It’s easier to simulate the numbers of people surviving and subtract from
the original numbers at the end. pi,k - probabilities of surving.

There are two options.
Simulation algorithm 1: use probabilities 2p60

1. Input: l0 = 60, K = 2, JM, JW = 500, p1,M, p2,M, p1,W , p2,W

2. Draw N ∗2,M ∼ Binomial(JM, p1,M · p2,M)

3. Draw N ∗2,W ∼ Binomial(JW , p1,W · p2,W)

4. Return 1000−N ∗2,M −N ∗2,W

Simulation algorithm 2: use probabilities 1p60, 1p61

1. Input: l0 = 60, K = 2, JM, JW = 500, p1,M, p2,M, p1,W , p2,W

2. Draw N ∗1,M ∼ Binomial(JM, p1,M)

(Continued on page 5.)
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3. Draw N ∗1,W ∼ Binomial(JW , p1,W)

4. Draw N ∗2,M ∼ Binomial(N ∗2,M, p2,M)

5. Draw N ∗2,W ∼ Binomial(N ∗2,M, p2,W)

6. Return 1000−N ∗2,M −N ∗2,W

Problem 3 Financial risk

3a

The premium for put option in terms of single asset is

π(ν0) = e−rTEQ(max(R− rg, 0))ν0,

3b

The premium for put option in terms of single asset is

π(ν0) = e−rTEQ(max(R− rg, 0))ν0,

where R = eξqT+σ
√

Tε − 1 for ε ∼ N(0, 1).
There is positive payoff if R > rg or equivalently if ε > a where

a =
log(1 + rg)− ξqT

σ
√

T

and the option premium becomes

π(ν0) = e−rT
(∫ ∞

a
(eξqT+σ

√
Tx − 1− rg)φ(x)dx

)
.

Splitting the integrand gives

π(ν0) = e−rT
(
−(1 + rg)

∫ ∞

a
φ(x)dx + eξqT

∫ ∞

a
eσ
√

Txφ(x)dx
)

where the second integral on the right is∫ ∞

a
eσ
√

Tx(2π)−
1
2 e−

x2
2 dx = eσ2 T

2

∫ ∞

a
(2π)−

1
2 e−

(x−σ
√

T)2
2 dx.

If Φ(x) =
∫ x
−∞ φ(y)dy is the Gaussian integral then 1− Φ(x) = Φ(−x)

and

π(ν0) = e−rT(−(1 + rg)(Φ(−a)) + eξqT+σ2 T
2 (Φ(−a + σ

√
T)))ν0

and inserting ξq = r − σ2

2 into the expression and into a yields the Black-
Scholes formula.

(Continued on page 6.)
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3c

1. Input: parameters rg, r, σ, T, m, w1, w2, ρ etc

2. for i = 1, . . . , m do:

3. Draw ε1, ε2 ∼ N(0, 1) iid

4. ε2 ← ρε1 +
√

1− ρ2ε2

5. R∗i,1 ← erT−σ2
1

T
2 +σ1

√
Tε1 − 1

6. R∗i,2 ← erT−σ2
2

T
2 +σ2

√
Tε2 − 1

7. X∗i ← max(1
3 R∗i,1 +

2
3 R∗i,2 − rg, 0)

8. end for

9. return π∗ = e−rT

m ∑m
i=1 X∗i

the higher the correlation - the higher the price

3d

1. Input: parameters rg, r, σ, T, m etc

2. for i = 1, . . . , m do:

3. Draw ε1, ε2 ∼ N(0, 1) iid

4. R∗i,1 ← erT−σ2
1

T
2 +σ1

√
Tε1 − 1

5. R∗i,2 ← erT−σ2
2

T
2 +σ2

√
Tε2 − 1

6. X∗i ← max(R∗i,1 − R∗i,2, 0)

7. end for

8. return π∗ = e−rT

m ∑m
i=1 X∗i

END


