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Problem 1 General insurance

1a

The moment estimates are given by

β̂

α̂− 1
= z

and

z
√

α̂

α̂− 2
= s,

such that
α̂ =

2

1− z2

s2

= 4.02

and
β̂ = z(α̂− 1) = 12.71

The variance is only defined when α > 2. Therefore, moment
estimation cannot be used for the Pareto distribution when α ≤ 2, and
one may also run into numerical problems when α > 2, but close to 2, i.e.
when the Pareto distribution is very heavy-tailed.

1b

Simulation of Z using the inversion method requires an expression for the
inverse cdf F−1(u):

F(z) = 1− 1(
a + z

β

)α = u

(Continued on page 2.)
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z = β
(
(1− u)−

1
α − 1

)
= F−1(u).

Simulation algorithm:

1. Input: α, β

2. Draw U∗ ∼ U(0, 1)

3. Return Z∗ = β
(
(1−U∗)−

1
α − 1

)
or Z∗ = β

(
(U∗)−

1
α − 1

)
1c

Simulation algorithm for X :

1. Input α, β, λ, m

2. for i = 1, . . . , m do

3. Draw N ∗ ∼ Poisson(λ)

4. X ∗i ← 0

5. for j = 1, . . . ,N ∗ do:

6. Draw X∗ ∼ Pareto(α, β)

7. X ∗i ← X ∗i + Z∗

8. end for

9. end for

10. Return X ∗1 , . . . ,X ∗m.

Estimate of the mean: X ∗ = 1
m ∑m

i=1X ∗i .

Estimate of the standard deviation: S∗X ∗ =
√

1
m−1 ∑m

i=1(X ∗i −X ∗)2

The 100 ∗ ε% reserve rε is given by P(X ≤ qε = ε and estimated by
q∗ε = X ∗(mε), where X ∗(1) ≤ · · · ≤ X

∗
(m).

1d

Using double expectation and double variance to show that.

E(X ∗) = E(E(X ∗|N )) = E(N β

α− 1
) = λ

β

α− 1
= 84.2

var(X ∗) = var(E(X ∗|N ))+E(var(X ∗|N )) = var(N β

α− 1
)+E

(
N (

β

α− 1
)2 α

α− 2

)
=

(Continued on page 3.)
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= λ

(
β

α− 1

)2

+ λ

(
β

α− 1

)2 α

α− 2

sd(X ∗) = β

α− 1

√
λ

(
α

α− 2
+ 1
)
= 32.56

1e

The 95% and 99% reserves are 142, 71 and 180.01.

1f

Simulations of cedent net portfolio payoffs X ce,∗
1 , . . . ,X ce,∗

m are obtained by
applying:

X ce,∗
i = X ∗i −min(max(X ∗i − a, 0), b)

to the simulations from c. The corresponding 100 ∗ ε% cedent net reserve
is estimated by qce,∗

ε = X ce,∗
(mε)

, where X ce,∗
(1) ≤ · · · ≤ X

ce,∗
(m)

.

1g

The cedent net 95% and 99% reserves are 110.0 and 131.8, respectively.
Obviously, the reserves become lower when part of the responsibility is
transferred on a reinsurer.

The reinsureance pure premium is πre,pu = E(X re) = X − X ce = 3.9
and the actual premium is πre = (1 + γ) ∗ πre,pu = 6.63.

Problem 2 Life insurance

2a

πl0 =

{
s ∑∞

k=lr−l0 dk
k pl0 , l0 < lr,

s ∑∞
k=0 dk

k pl0 , l0 ≥ lr,

where k pl0 takes the risk of death into account and dk is the discount factor.

2b

The longer the time between the start age l0 and the age of retirement lr,
the more the pension is discounted, and the smaller the present value.
Thus, πl0 is an increasing function of l0, so the order is: 57, 37, 47

2c

Present value of payments: ζ ∑lr−l0−1
k=0 dk

k pl0 .

(Continued on page 4.)
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2d

Equivalence means that the expected present value of the payments ζ
should be equal to the expected present value of the pension πL0 , so that:

ζ = s
∑∞

k=lr−l0 dk
k pl0

∑lr−l0−1
k=0 dk

k pl0

Problem 3 Financial risk

3a

The premium for put option in terms of single asset is

π(ν0) = e−rTEQ(max(rg − R, 0))ν0,

where R = eξqT+σ
√

Tε− 1 for ε ∼ N(0, 1). There is positive payoff if R < rg
or equivalently if ε < a where

a =
log(1 + rg)− ξqT

σ
√

T

and the option premium becomes

π(ν0) = e−rT
(∫ a

−∞
(1 + rg − eξqT+σ

√
Tx)φ(x)dx

)
.

Splitting the integrand gives

π(ν0) = e−rT
(
(1 + rg)

∫ a

−∞
φ(x)dx− eξqT

∫ a

−∞
eσ
√

Txφ(x)dx
)

where the second integral on the right is∫ a

−∞
eσ
√

Tx(2π)−
1
2 e−

x2
2 dx = eσ2 T

2

∫ a

−∞
2π)−

1
2 e− f rac(x−σ

√
T)22dx.

If Φ(x) =
∫ x
−∞ φ(y)dy is the Gaussian integral then

π(ν0) = e−rT((1 + rg)Φ(a)− eξqT+σ2 T
2 Φ(a− σ

√
T))ν0

and inserting ξq = r − σ2

2 into the expression and into a yields the Black-
Scholes formula.

(Continued on page 5.)
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3b

1. Input: parameters rg, r, σ, T, m etc

2. for i = 1, . . . , m do:

3. Draw N(0, 1)

4. R∗i ← erT−σ2 T
2 +σ
√

Tε − 1

5. X∗i ← max(rg − R∗i , 0)

6. end for

7. return π∗ = e−rT

m ∑m
i=1 X∗i

3c

XP = max(rg − R, 0)ν0 and XC = max(R− rg, 0)ν0.
If rg > R then XP = (rg − R)ν0 and XC = 0 so XC − XP = (R− rg)ν0.
If rg < R then XP = 0 and XC = (R− rg)ν0 so XC − XP = (R− rg)ν0.
πP/C = e−rTEQ(XP/C) so

πC(ν0)− πP(ν0) = e−rTEQ(XC)− e−rTEQ(XP) = e−rT(EQ(R)− rg)ν0.

Using similar method as before (on the exam you need to write the
derivations) we get that EQ(R) = −1 + erT so

πC(ν0)− πP(ν0) = e−rT(−1 + erT − rg)

and finally
πC(ν0) = piP(ν0) = +(1− e−rT(1+rg))ν0

3d

We know that rc > rg

XP(rg)− XC(rc) = max(rg − R, 0)ν0 −max(R− rc, 0)ν0 =
i f R ≤ rg : (rg − R)ν0 − 0 = (rg − R)ν0,
i f rg < R ≤ rc : 0− 0 = 0
i f R > rc : 0− (R− rc)ν0

and so we get the definition of a cliquet option.
The cliquet option lowers the cost by allowing the option seller to keep

the top of the return. Any return above a ceiling rc is kept by the seller.
The quarantee is still rg but the instrument is cheaper.

(Continued on page 6.)
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3e

X can be priced as e−rTEQ(X) = e−rTEQ(XP(rg) − XC(rc)) =

e−rTEQ(XO(rg)) − e−rTEQ(XC(rc)) = πP(rg) − πC(rc). We know from
the previous exercises that πC = πP + (1 − e−rT(1 + rg))ν0 so π =

πP(rg)− πC(rc)− (1− e−rT(1 + rc))v0

END


