Solutions to exercises - Week 35

Transformations of univariate random variables:
» Exercises 2.1 and 2.6.a

Moment generating functions:
» Exercises 2.30 and 2.33

Miscellaneous:
 Exercises 3.13 and 3.17

Location and scale families:
» Exercises 3.38 and 3.39

Exercise 2.1.a (a direct argument)
f (X)=42x°(1-x) forO0<x<1
Y=g(X)=X?®

For ye V=(0,1) the cdfofY is obtained by
F(Y)=P(Y <y) =P(X’<y) =P(X <y**) = F, (y**)
Then for ye »=(0,2) the pdfis given by

L =F/) =B 5y ™ = ")y >

1
=42y°W-yP) 3y P —14ya-y")

Exercise 2.1.a (using Theorem 2.1.5)
f (X)=42x’(1—x) forO0<x<1
Y =g(X)=X?®

~1(y) — U3 i -1 _} ~2/3
gy =y dyg (y)—3y

For ye »V=(0,1) the pdfofY is given by
1 _
L=y ™
— 42y5/3(1_ yﬂ3)% y72/3

=14y(1—y"°)

Exercise 2.1.b
f.(x)=7e"™ forx>0

Y =g(X)=4X +3

ey — Loy d ot
g(W—4W 3) dyg(y)—4

For ye V=(3,00) the pdf of Y is given by

_ ¢ [¥=38)1
w0153

_ 7e77(x73)/4£
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Exercise 2.1.c
f (X) =30x*(1—x)*> forO0<x<1
Y = g(X) = X2
d 1
~1 _ 2 Bl ! _ = —1/2
gy =Yy" &y =3y
For ye V=(0,) the pdfofY is given by
1
L= LOH 5y ™

1 _
— 30y?2(1— y'?)? > y 2

=15y"°(1- y**)’

Exercise 2.6.a (a direct argument)
fx(x):%e"x' for —oco<Xx<oo

Y =g(X)=|x[

For ye V=(0,00) the cdfof Y is obtained by

R(Y)=PY<y) =P(X[<y)

= P(X[<y*)
=P(-y”?<X<y”)
=R (y®) =R (=y")

Then for ye =(0,00) the pdf is given by
f, (¥) = F/(y)
/ 3 1 —2/3 / 3 _1 —2/3
= Fe(y” )gy —Fe(—y! )?y

1 1
= Ty (yy?’)gy 1y (—yys)gy 2
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Exercise 2.30.a

fX(x):l for O<x<c
C

Mx(t):iietx £, (x)dx

:foce“%dx




Exercise 2.30.b

f (X)=— for O<x<c

M (t)_f e” f, (x)dx _f e —dx

:l}etxg C}e“%dx (integration-by-parts)
t ¢, Jot ¢

Exercise 2.30.c

f (X)= e‘“‘” for —oo<X<oo
For —1/8<t<1/3 we have that
M (t)—f e f (x)dx_f e e‘X”de

:fa gx L gl dx+fwetxie<x")"3 dx
—~ 20 a 203

2 2
oo @’
0
1 —a/d (t+1/3) x oz/J (t—1/3)x
= e dx+ e dx
— 2 (cte® —e° +1) A J.
c’t?
9 10
Exercise 2.30.d
1 s 1 (t+1/8)xa 1 s 1 (t—w)xOO f _ o [rEx=1) X _
- — e _—- | — el —__¢ (X)=P(X=x)= )] for x=0,1,...
23 t+1/3 OO+ 23 |t-1/3 X X
Note first that
1 — /3 1 (t+1/3) o 1 alB 1 (t—1/3) a
= — _ ——e _ 00 r—I—X—l r X_ H
TR TR Sl X - e (a-pe) <1 if @ pie <1
Cet(t-1g)-et(t41/5)  —2et/g Therefore (v:/Ohen t<—|og(1—ocp) ) e
M= ¢ 60 =307, (" XY pe-py

26(t+1/8)(t-1/8)  28(t*-1/6°)

eat
1- 5%?
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= [ Y pe
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Exercise 2.33.a

X

P(X:x):/\—leA for x=0,1,...
X!
00 oy A
M) => " & (¥ => & =e
Ae‘)
A OO( 7/\e_)\(el)
_ ZX:O X! T e(\
R (t)=10gM, (t) = A(€ ~1)
R (t) =\ R (t) = \é

EX = R,(0) =\
Var X = R/(0) = A
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Exercise 2.33.b
P(X=x)=p@l—p)* for x=0,1,...

M ®=3"7 € (0 =57 ¢ pa— p)*

—p>", (a-p)e)’ ﬁ when (1— p)e <1

R, (t) =logM, (t) = log p—log{1—(1— p)e}

R=_A=PE oy @-PF 1-a-p)e)+(a-pe)

1-(1- p)¢ (1_(1_ p)et)Z

EX:R)’((O)zl_—pp

J— 2 J—
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Exercise 2.33.Cc

f (X)= > —— @ ) for o< X< 00
yiyea

M (t) f e f (X)dX —f X \/708 (x—1)21(202) dx

f e—[x —2x(ut0?t)+u211(20?) dx

J_a

f °° o 10X (PP ~(ut o™t 171207 gy

Fa

_ e luro??—421i(20%) f ¥ 1 et gy
oA\ 2T0

o) —p2li(20%) gt+o?t?l2
—e —¢ s

R, (t) =logM, (t) = ut +ot*/ 2

R.(t)=pu+ot

RI(t) =0’
EX = R, (0) =

Var X = R/(0) = 0°
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Exercise 3.13
Discrete random variable X with range

+={0,12,..}

The O-truncated random variable X; has pmf
P(X; =x)=P(X=x|X>0)
P((X =x)N(X>0))
P(X >0)

_ P(X=Xx)
~ P(X>0)

for x=1,2,.... 17

We have (n>1)

:f:x”P(XT = X) :i n P(X=X)

= P(X>0)
o e = B
P(X >0) 55 P(X > 0)
Hence
X, = EX_
P(X >0)

EX? [ EX
P(X >0) [P(X>0)

Var X, = EX2 —(EX;)" =

_ VarX+(EX)? ( EX
P(X > 0) P(X > 0) e

a) X ~Poisson()\) EX=VaX=)\
P(X>0)=1-P(X=0)=1-¢"

A A4+ A2 A
EX. = _ _
1-e? var X, = 1—e? [1— e’

2

b) X ~ negative binomia(r, p)

p P
P(X>0)=1-P(X =0)=1—
_rd-=p)

T

p(l—p')
Varx. _1A=p)+r*@—py _[ ra-p) ]
! p’(l—p") pd—p") .

Exercise 3.17
X ~ gamma(c, ()

(X)=— x* e for x>0
' 3 F( )
7 T 1 v 1 a—1.—xI3
EX"= | X" f,(X)dx = | X" — x“e " dx
[O " f 5°I(a)
Xu+a71e7x/ﬁ dx _ 1 vto T
ﬁ"T(a)[ @ T

I'v+a)

=& I'(a)
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Exercise 3.38 N
Z~ f(2) a:P(Z>za):ff(z)dz

1 _
X has pdf fx(X)ng[X a

o

Exercise 3.39

fL() =+ ! for —o0< X< o0

om 1+ ((x—p)/ o)’

The pdf of Z=(X—pu)/o is given by

f(2) = 1: for —oco<z<o
z°
Then
%) 00 d 1
a=P(X>x)= ff (x)dx_fl [ dx = f f (z)dz Recall that W=
g
’ The cdf of Z becomes
Therefore 1 . . .
X — F( )— 7 du = =[arctan(u)]* ==arctan(2) +=
o :Za and XQ:O_ZQ_’_M 7Tl+ T v 2
g 21
22
We have
P(Z<0)=F(0) = —ar(:tan(0)+E o+%:%

Further we have
PZ<-D)=F(-) :larctan(—l)Jr1 :1[—£]+ L :%

s 2 xl 4] 2
PZ>D=1-F1) =+ lacam@ =1 17 _1
2 7 2 w4 4

Finally for X =0Z+pu we have
P(X<X)=P(Z<(x—p)/o)=F((x—p)/0)
P(X<p)=F(0)=1/2

PX<pu—o)=F(-D)=1/4
PIX>pu+0)=1-P(X<pu+o)=1-FQ)=1/4 23




