
1

Solutions to exercises - Week 35

Transformations of univariate random variables:

• Exercises 2.1 and 2.6.a

Moment generating functions:

• Exercises 2.30 and 2.33

Miscellaneous:
• Exercises 3.13 and 3.17

Location and scale families:
• Exercises 3.38 and 3.39
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3( )Y g X X= =

Exercise 2.1.a  (a direct argument)
5( ) 42 (1 ) for 0 1Xf x x x x= − < <

( ) ( )YF y P Y y= ≤

For                        the cdf of Y is obtained by(0,1)y∈ =Y�

5/3 1/3 2/31
42 (1 )

3
y y y−= − 1/314 (1 )y y= −

3( )P X y= ≤ 1/3( )P X y= ≤ 1/3( )XF y=

Then for                        the pdf is given by(0,1)y∈ =Y�

( ) ( )Y Yf y F y′= 1/3 2/31
( )

3XF y y−′= 1/3 2/31
( )

3Xf y y−=
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3( )Y g X X= =

Exercise 2.1.a (using Theorem 2.1.5)
5( ) 42 (1 ) for 0 1Xf x x x x= − < <

1 1/3( )g y y− = 1 2/31
( )
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d
g y y
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3Y Xf y f y y−=

For                         the pdf of Y is given by(0,1)y∈ =Y�

5/3 1/3 2/31
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3
y y y−= −

1/314 (1 )y y= − 4

( ) 4 3Y g X X= = +

Exercise 2.1.b
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 − =   

For                         the pdf of Y is given by(3, )y∈ = ∞Y�

7( 3)/4 1
7

4
xe− −=

(7/4)( 3)7

4
xe− −=



5

2( )Y g X X= =

Exercise 2.1.c
2 2( ) 30 (1 ) for 0 1Xf x x x x= − < <

1 1/2( )g y y− = 1 1/21
( )

2

d
g y y
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1/2 1/21
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2Y Xf y f y y−=

For                         the pdf of Y is given by(0,1)y∈ =Y�

2/2 1/2 2 1/21
30 (1 )
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1/2 1/2 215 (1 )y y= − 6

3
( )Y g X X= =

Exercise 2.6.a (a direct argument)
| |1

( ) for   
2

x
Xf x e x−= −∞< <∞

( ) ( )YF y P Y y= ≤

For                          the cdf of Y is obtained by(0, )y∈ = ∞Y�

3
( )P X y= ≤

1/3( )P X y= ≤

1/3 1/3( )P y X y= − ≤ ≤

1/3 1/3( ) ( )X XF y F y= − −
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Then for                        the pdf is given by(0, )y∈ = ∞Y�

( ) ( )Y Yf y F y′=
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Exercise 2.30.a
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Exercise 2.30.b
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c
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−∞
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c
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0

1 2 1 2
(integration-by-parts)
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Exercise 2.30.c
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11

/ ( 1/ ) / ( 1/ )1 1 1 1

2 1/ 2 1/
t x t xe e e e

t t

α

α β β α β β

α
β β β β

∞

− + −

−∞

   
   = +   + −   

/ ( 1/ ) / ( 1/ )1 1 1 1

2 1/ 2 1/
t te e e e

t t
α β β α α β β α

β β β β

− + −= −
+ −

( ) ( )
( )( )

1/ 1/

2 1/ 1/

t te t e t

t t

α αβ β

β β β

− − +
=

+ − ( )2 2

2 /

2 1/

te

t

α β

β β

−
=

−

2 21

te

t

α

β
=
−

Exercise 2.30.d
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+ −= = = − =
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∞
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Exercise 2.33.a

( ) for   0,1,...
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P X x e x
x
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X Xx
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Exercise 2.33.b
( ) (1 ) for   0,1,...xP X x p p x= = − =
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=
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∞
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Exercise 2.33.c
2 2( ) /(2 )1

( ) for   
2

x
Xf x e xµ σ

πσ

− −= −∞< <∞
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( ) ( )t x
X XM t e f x dx

∞

−∞
= ∫
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2
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∞
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−∞
= ∫
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∞
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= ∫
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∞
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= ∫
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2 2( ) log ( ) / 2X XR t M t t tµ σ= = +

2( )XR t tµ σ′ = +

2( )XR t σ′′ =

E (0)XX R µ′= =

2Var (0)XX R σ′′= =



Exercise 3.13
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( ) ( | 0)TP X x P X x X= = = >

Discrete random variable X with range 

The 0-truncated random variable XT has pmf

{0,1, 2,....}=X� 

( )( ) ( 0)

( 0)

P X x X

P X

= ∩ >
=

>

1,2,....x=for

( )

( 0)

P X x

P X

=
=

>
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Hence

E
E

( 0)T

X
X

P X
=

>
22E E

( 0) ( 0)

X X

P X P X

  = −  > > 
( )22Var E ET T TX X X= −

22Var (E ) E
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X X X
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 +  = −  > > 
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∞
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=
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1
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> ∑

E

( 0)
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=
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Poisson( )X λ∼a) E VarX X λ= =

( 0) 1 ( 0) 1P X P X e λ−> = − = = −

E
1TX

e λ

λ
−=

−
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Var
1 1TX

e eλ λ

λ λ λ
− −

 + = −   − −

negative binomial( , )X r p∼b)

( 0) 1 ( 0) 1 rP X P X p> = − = = −
(1 )

E
(1 )T r

r p
X

p p

−
=

−
22 2
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(1 ) (1 ) (1 )
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(1 ) (1 )T r r

r p r p r p
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p p p p

 − + − −  = −  − − 
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−
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−
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1 /1
( ) for  0
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Xf x x e xα β

αβ α

− −= >
Γ

( , )X gamma α β∼

Exercise 3.17

E ( )XX x f x dxν ν
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∞
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∞
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=
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( ) ( )
z

P Z z f z dz
α

αα

∞

= > = ∫( )Z f z∼

Exercise 3.38

X has pdf 
1

( )X

x
f x f

µ

σ σ

 − =   
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x

P X x f x dx
α
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∞

= > = ∫
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∞  − =   ∫ ( )
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= ∫
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x
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α

µ

σ

−
= and x zα ασ µ= +
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Exercise 3.39

( )2
1 1

( ) for
1 ( ) /

Xf x x
xσπ µ σ

= −∞< <∞
+ −

The cdf of Z becomes 

2

1 1
( )

1

z

F z du
uπ

−∞

=
+∫

Recall that 2

1
arctan ( )

1

d
u

du u
=
+

The pdf of                      is given by( ) /Z X µ σ= −

2

1 1
( ) for

1
f z z

zπ
= −∞< <∞

+

[ ]1
arctan ( )

z
u

π −∞
=

1 1
arctan ( )

2
z

π
= +
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We have 

( 0) (0)P Z F≤ = 1 1
arctan (0)

2π
= + 1 1

0
2 2

= + =

( 1) ( 1)P Z F≤− = − 1 1
arctan ( 1)

2π
= − +

Further we have 
1 1

4 2

π

π

 = − +  
1

4
=

( 1) 1 (1)P Z F≥ = − 1 1
arctan (1)

2 π
= −

1 1

2 4

π

π
= − 1

4
=

Finally for                      we have  X Zσ µ= +

( ) ( ( ) / ) (( ) / )P X x P Z x F xµ σ µ σ≤ = ≤ − = −

( ) (0) 1/ 2P X Fµ≤ = =
( ) ( 1) 1/ 4P X Fµ σ≤ − = − =
( ) 1 ( ) 1 (1) 1/ 4P X P X Fµ σ µ σ≥ + = − ≤ + = − =


