Solutions to exercises - Week 36

Beta function:
e Additional exercise

Exponential family of distributions:

» Exercises 3.28b-d, 3.30b and 3.33b-c

Bivariate distributions:

 Exercises 4.4a-b and 4.5

Additional exercise

We have the gamma function

o0

(o) = f x*le * dx

and the beta function

1

B(a, 3) = f X (1— x)*dx

0
We will prove the relation

INCIINE)

B =Tt

We have to prove that
I'(a)L'(B) =T'(« + 5)B(a, 5)

Now we may write

F(a)l“(ﬁ):f x“'e ’def y* eV dy
T a-1.—X \,B-1—Yy
[[X e “y’ e Ydydx

— jj Xa—lyﬂ—le—(x+y) dde
0 0

We then perform a change of variables:

X
u=x+y and v=
X+y

Note that u>0 and O<v<l1

This gives x=uv and y=u(l-V)

The Jacobian becomes

| ox O
ou ov \Y; u

JuV)= gy ay| |1-v —u|=—w-(@-Vu=-u
Bu ov

We then obtain1
T'(a)0(3) = f f (W) [u(l—Vv)]* e ¥ |—u|dvdu

1
fu“**’ e v (1—v)" " dvdu
0

2 O%g

1

_ f U teUdu f VI 1-v)"tdv =T(a+)B(a,3)
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Exercise 3.28b

1 a—1.—x/j3

~ X'e if x>0
f(x]a,8)=1 BT(x)

0 otherwise

For all x we may write:

1 1
(x| =1 (09 exp{(a—l) logx + 5];}
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Exercise 3.28c

1
f (x|, 3) =1 Bla.5)

X*1—x)"t if 0<x<1

0 otherwise

For all x we may write:

F (X[ B) = g (X ﬁ exp{(a—1) logx +(5—1) log(l—x) }

—_— —— —_— Y~ e Y
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Exercise 3.28d

f(x|x)={ xI

For all x we may write:

FXIN) = sz, (9 - @ expflogh) x }
I~ N
h(x)  c(A)  w() t,(x)

Exercise 3.30b
From exercise 3.28.d we have:

FXIN) = iz (9 - & " exp{logy) x }
—
h(x) c(A)  w(\) t(x)

The relations in Theorem 3.4.2 become

E[1x|=1 var| 1 x :o—E[—izx]
A A A
From these relations we obtain
EX =)\

Var(X):AZ{OJri)\}:)\ ,
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Exercise 3.33.b
Assume X ~ n(6,ad?)
The pdf takes the form

f(x|0)—;exp —M] a>0 known
V2r N ah? 2a0°
This may be written
1 1 1 1
f(X]0) = ———exp| —— |exp| — (—x*) + = x
(x16) == ep| | 50z () + 5
. Y Y~ v

c(0) w(0) 4(x) w(0) L)

For the normal distribution the full parameter
space is

{(,u,az): —00 < 1 < 00, 02>0}

Here we have a curved exponential distribution
with parameter space

{(,u,az): w==0, 0% = ab?, —oo<9<oo}
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Exercise 3.33.c

Assume X ~ gamma(a,1/ «)

The pdf takes the form

«

f(x|a)=| T(a)

uflef(yx |f X > O

0 otherwise

For all x we may write:

«

f(x[a) = l0q (X % exp{(a—1) logx + a(—x) }

ﬁ_’a—J

h(x) c(a)

Y — N

W) t(x) Wy(a) t,(X)
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For the gamma distribution the full parameter
space is

{(Oz,ﬁ): a >0, ﬁ>0}

Here we have a curved exponential distribution
with parameter space

{(a,ﬁ): a>0, ﬁzl/a}
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Exercise 4.4.a

C(x+2y) O0<x<2,0<y<1
f(xy)=

otherwise
We have:

dy

—00 —00

77 f(x,y)dxdy :]j‘C(ijZy)dxdy :lex—22+2yxl

0

1
=C[(2+4y)dy =C[2y+2y?| =4C
0
. . 1
From this we obtain C =2
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Exercise 4.4.b

E(X—f— 2y)

0<x<2,0<y<1
f(xy)=14

0 otherwise

Marginal distribution of X (for 0 < x <2)

o0

L= [ Ty = [20c+29)dy

—00

1 A 1
z[z(xwy )L =51
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Exercise 4.5.a
X+y
f(xy) =
0

We have

P(X >Y) =P(Y < X?) :ff(x-l—y)dydx

0<x<1,0<y<1

otherwise

i y? ) r x*
0 2 0 0 2
_x x_5 7
|4 10 20
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Exercise 4.5.b
2X
f(xy) =
0

We have

0<x<1,0<y<1

otherwise

1

P(X? <Y < X) :]ijdydx :f[nyK2 dx
0 2

0

yd

3 4

:](2x2 — 2x3> dx =
0

0

ol
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