Solutions to exercises - Week 38

Transformations:
 Exercises 5.5 and 5.6

Estimation of the standard deviation:
e Exercises 5.11 and 5.13

F and t distributions:
 Exercises 5.17 and 5.18a-b
Order statistics:

 Exercises 5.24 and 5.25

Exercise 5.5

The pdf of X, +...4+ X, is fx. .x (X

X :1(X1+....+ X,) s a scale transformation
n

Hence X has density (cf. section 3.5)

X
1/n

1
fe (X)= in fxiix,

Exercise 5.6.b
The joint pdf of (X,Y) is fxy (% Y)= f(YTR(Y)
Consider the transformation Z=XY and W= X

Inverse transformation: X =W and Y=Z/W

0 1
1/w  —z/w

_o -1

Jacobian: J(z V\bz‘
w w

Joint pdf of (Z,W): L
fz,W(Z1V\b: fx,Y(W z/ W'|_1/ W: fx(W) fY(Z/V\)‘V_V‘
Marginal pdf of Z:

oo

fz(z) = f

—00

fx(W /(2 W dv

1
w

Exercise 5.11

The function g(x)= X is convex

Hence by Jensen's inequality
o? =ES? =Eg(S) > 9(ES) = (ES)’
Taking square roots we obtain

ESS\/?zU

The inequality is strict unless P(S* = a+ bg=1

But this is the case only if ¢*=0




Exercise 5.13

Hence we obtain

If X ~gammad § |, then (exercise 3.17) F[n_l+
1/2 A
INGCERY)] o (n-1)S __ T ouw 2
EX'=p8"——= for v>-— ES= E =
St LAl
In particular for U ~ 2 we have (a=p/2, 3=2) \/T r'(n/2)
= -0
-1T'((n=1)/2
Euvzsz forv>—p/2 n ((n ) )
(p/2) Thus
Now we have that . [n=1T((n-1)/2)
“=\"2 Trnig °
n-1s8 , (n/2)
2 ~ Xn-1 . . .
g s is an unbiased estimator of o
Exercise 5.17 We consider the transformation
We have X ~F,, X=U/p/(VI9 Y=U+V
Then X =(U/ p)/(V/d, where U in The inverse transformation is
and V ~ ¢ areindependent Pxy
u-=_4 Y
: T V=
Question a) 1+ ; 1+ P
The joint pdf of (U, V) is given by (for u,v>0) a
The Jacobian becomes
fU,v(u’V): fu(u) t/(\b
1 L (p/a)y (p/ 9 x
_ yP2lgul2 12-1 5 vi2 1+ (p/q) 2 1+ (p/q)x
2°2D(p/2) 221 (q /1 2) I(x y)= | X __(play
1 —(p/9y 1 1+ (p/ Q)
Pzt vz 1+ (p/a){" 1+ (p/a)x

~ 22D (p 20 (q/ 2) .




The joint pdf of (X, Y) is given by (for x,y>0)

£ (xy)= fuv[ (P/ Q) xy y ] (P Ay

1+ (p/a)x " 1+ (p/ A X) 1+ (p/ @) ¥

_ 1 (p/a)xy |
22 (p [ 2 (q/ 2)| 1+ (p/q)x

X[ ] e (PIAY
1+ (p/ g)x 1+ (p/ @)X’

_ (p/ Q)™ . (P+a)/2-LgyI2
277920 (p/ 20 @/ 2) (14 (p /)X

The marginal pdf of X is (for x> 0)
fx (X) = f fX,Y(X’ y) dy

(p/ q)P/2 Xp/271
22D ([ 2 (q/ 2) (1—i— (p/ )X

o0
(p+0)/2—1y/2
(p+q)/2fy e dy
0

(p/ q) p/2 Xp/271
o 2(P+Q)/2F(p / Z)F (q / 2) <1+ (p / q) X)(FH-Q)/Z

2PH92 ((p+ )/ 2)

_ I'(p+09/2) [_p]plz oo
I(p/2)'(a/2)( g (14 (p/q) X)(p+q)/2
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Question b)

X=U/p/(V/d, where U~x2 and V~x’
are independent

We know that
EU=p
EU2=VarU + (BU ¥ = 2p+ p°

Further from exercise 3.17 (with a=q/2, 3=2)
we have that

_om I'q/2+m)
B I'(q/2)

EV™ form>—q/2
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By the independence of U and V, it then follows
that when g>2 we have

U/p q -1 q -1
EX=El——| =—EUV =—(EU)(EV
[V,q} JEQVY = EUEV )
»11(9/2-1)
I'(a/2)

T(q/2—1)
(q/2—1)(q/2— 1)

_4a
Y
:ﬂ pzil
Y

a1
- 2(q/2-1)

__9q
q—2
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In a similar manner we have when gq>4

2 (U / p)Z CI]Z 2 2
EX“=E =|—| (EU°)(EV
viar| ~lp) EUED)
(9] (2p oty22L(@12-2)
| @p+ P2
_(a) r(q/2-2)

9 2y 92
o) P P2 @iz 2r @iz 2)

Hence the variance becomes (when q>4)

N N U I ]

varx =BXC (B = a—2)a-4) (a2
_a(pP+2)(a-2)- g a4 _ 2¢°(p+9-2)
p(a—2)*(q—4) p(a—2)*(q—4)

Question ¢)
We have that 1/X =(V/q)/(U/ p where V~x;

_ a(pt2) and U ~x2 are independent
pP(q—2)(g—4)
Hence 1/X~F,
13 14
Question d)

Consider the transformation

_ _ (p/gX
Y_(‘]’(X)_H(p/q)x

The inverse transformation is

1-Y
Note that
d qa/ p
—g (Y=
dy (1-y)
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The pdf of Y is given by (forO<y<1)

f(y)= fx(gl(mj'y gy

" T(p/2)N(a/2)| q
1+ (p/q)

_ T((p+9)/2) {p]

@/ py)] " @-y)”
1-y

_ T(p+9)/2) [1—y] 1
r(p/Z)r(qu)[ y ]“’*W (1-y)

1+
1-y

_ T(p+a/2) 21y o2t
ORI M

It follows that Y ~beta(p /2,9 /2 16




Exercise 5.18
X has a Student's t distribution with df = p

Then X=U/\V/ p, where U ~n(0,1) and
V ~ x; are independent

By the independence of U and V, it then follows
that when p>1 we have

U

Wip

Further, when p>2 we have

EX=E — (Eu)[E(pllz\/*l/Z)] _ 0. pY2EV ¥2= 0

Question a) u ¥
VarX = EX? =E|———| |=(EU?)|[E(pV ") =1. pEV*
. Wip
From exercise 3.17, we have that
m_ ~mL(p/2+m) B _ gt fP/2-) 5. I(p/2-1)
= gy Moo pE I(p/2) (p/2-1)(p/2-1)
— p2_l 1 — p
17 p/2—1 p—2 18
Question b) Exercise 5.24
The joint pdf of the i-th and j-th order statistic is
We have that given by (1<i<j<n)
2
(v u/1 f )= n
W) =T T T (R T

Now U?*~y/ and V ~x; areindependent, and
it follows that X* ~ F |

19

x fy (U) F (D[ F (W] 7[R = F(0] " 1= R’

Fori=1 andj=n this gives

~n!
~ (h—=2)!

=n(n-2) f, (W) f (W[ K(V— K ("

Fr i (U4V) (W) KO R R
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Here we have
f.(x)=1/0 if 0<x<6

Fe(X)=x/0 if 0<x<6

Therefore (for O<u<v<@)

Fx oy %, (U V) = N(N=1) £ (1) L R(Y— K"

2

Consider the transformation Z= X,/ X

@
Inverse transformation: X

. L w
Jacobian: J(z V\b—‘ o 1

The joint pdf of (Z, W) is given by
(for 0<z<1, O<w<@)

- and W= Xn)

o=ZW and X, =W

n-2
w—z
_n(n-piiy_u " (@ W= T s (2w = n(n_1)<0—”MW
0616 0 _ n(n—1) Wi(1— 2)"?
n— 0"
(v—u) . :
=n(n—1) o The joint pdf may be factorized, so Z and W
2 are independent 22
Exercise 5.25 Here we consider the transformation
. TS _Xo v - X _ Koy oy
The joint pdf of all the order statistic is given by Y, = Y, ===, ., Y, = s Y= X
X2 X Xy
¢ (XX )= MO KOG) I <<y, The inverse transformation is
T R otherwise Xy =00, Xy = YO.OY, o %= Yo Y %=

Here we have
fx(x)zeiaxa-1 if 0< x<0

Therefore (for 0<x <...<x,<0)

n'a"
Qna

)q—l. . )€—1
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The Jacobian becomes

IIy IIv Iy - gy

i>2 i=2 i=3

0 Hyi I_Iy| Hy

i>3 i>2i=3 i>2i=n

IO %)= o o IIv -~ Il =y, y; .0y

i>4 i>3,i=n

0 0 0 1

24




The joint pdf of (Y,,..., Y) is given by
(for O<y <Li=1..n—-1 &Ky <6 )
e Yo Yo ot Yaen Yo ) J

n! a’ a " ) i
=g e ) (s W) g Y
nta' .1 o N 1
i=1 0

We see that Y, ,..., Y, are independent and that
f, (y) = jay*™';i=1,..,n—1

and
na ..

fYn (yn) = ena n
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