Solutions to exercises - Week 39
Sufficient statistic:

« Exercises 6.2, 6.3, 6.4, 6.5, 6.6 and 6.7

Minimal sufficient statistics:

 Exercises 6.8 and 6.9a-c

Exercise 6.2
X,,-» X, are independent with pdfs
£ (x 16) e’*  for x >if
= 0 otherwise
Note that for all x we may write
1:xi (x 10)= e’ I[ia,oo)()ﬁ) =€’ I[e,oo)()ﬁ )
Hence the joint pdf may be written

f(x]0) = ﬁeﬂH Loy (% 1) = €21, (min,(x /1)) & =
i=1 1

J

g(min?(fx 1i)16)  h(x)

Thus T(X)=min (X, /i) is sufficient for ¢

Exercise 6.3
X, X, are iid with pdf

L/o)e ™ p<x<oo
f(x|p,0)=

0 otherwise
Note that we may write
f(X|p,0)=@1/o)e M (o) (X)

Hence the joint pdf may be written

n

f(xlpo)=T]Wa)e ™1, (%) =

n
i=1 g

en;L/ o

e 25

Thus T(X)=(min X, , > X;) is sufficient for (u.0)

i=1

(p,00) (ml I’]i )g )

3

Exercise 6.4
X X, are iid with pmf or pdf of the form
k
f (x]0) = h(x)c(6) eXIO[ZWi (0t (x)
i=1
where 0=(0,,0,,...,.0,), d<Kk
The joint pmf or pdf may be written

n

f(x]0)= H{h(xj )c(6) eXD[ZWi (0)6 (x; )]}

i=1

n

3 w.(9>2ti(xj)]ﬁh(xj)

=1

=c(0)" exp[

AN

v S
9T 10)  h(x)

Thus T(X)= Zn:tl(xj),...,

is sufficient for o

(X))
-1

]




Exercise 6.5
X, X, are independent with pdfs

1
fXi (x |6)=120
0 otherwise

—1(0-D < x <i(@+17)

Note that for all x, we may write

Hence the joint pdf may be written

f(xw):ﬁ{;lgl(w,oﬂ)(x Iy (X /i)}

i=1

RS S

1
fy (% 10) = (0-1),i0+1) (%) 1" 1 . . .
20 |G-y i) :[%] - | e geny (MX (XTI gy oy (MIN (X /1))
1
:ﬂl(*OO,i(9+l))()§)|(7i(971),oo)()§) Thus
. T(X) = (min; (X, /i) , max, (X, /i))
:ﬂh—m,eﬂ)(‘ I ooy, (6 1) is sufficient for ¢ ]
Exercise 6.6 Exercise 6.7
X, X, are iid with pdf (X, Y),...(X,,Y,) are independent with a pdf that is
arl xe  for x>0 given by
f(x|a,B)=16"T () | 1
0 otherwise

1 a—1—xI3 |

o € (o,oc)(x)
BT (c)
Hence the joint pdf may be written
f(XIa,ﬁ)—H

i1 ﬁalf( )
[ﬁ r<a>] [H § .
o(T(X)10) h(x)

X, ,ixi} is sufficient for (o, 5)

We may write: f(x|a,p)=

-1 )q/i

— 18
e 2%

Thus T(X)_[ ;

fXY(X1y|91’02’03’04):

(02 _01)(94 _03)
when 0, <x<#6, and 6,<y<6, and by
fXY(X’ y|91192193104) - 0

otherwise

Thus we may write

1

fo (X, Y16,,0,,0,,0,) = | X)|
xv (% Y16,,65,65,6,) 0 —0)0—0) ) N ) (Y)




Hence the joint pdf may be written
fxyla,B)= ﬁ frr (%, Y 16,,6,,65,6,)

: 1
- Em o0,y (5 g0 (W)

1 ! . .
= [(9 ) )(9 ) )] l((il,oo) (mm X)l(_xﬁz)(max )Q)l((g,og) (mm yi)I(H—oo,(iA)(max yi)
2 1 4 3

Thus T(X,Y)=(minX;,max X;,minY,maxY,) is
sufficient for (6,,6,,6,,0,)

Exercise 6.8
X, X, are iid with pdf f(x—0)

The joint pdf takes the form f(x|0) = f[ f(x—0)

Hence

f(xw)_gf(x—@ _gf(xm—Q)

VIO -0 11f0n-9

For a general f this does not depend on ¢ if and
only if y and x have the same order statistics

Thus the order statistics are minimal sufficient
(cf. Theorem 6.2.13) 0

Exercise 6.9.a .
Xy, X, are iid with pdf ~ f(x|0) = g 0’1
i

The joint pdf takes the form
n 1 )
f 0) — L (x-0)%02
(x16) g@e

= (2r)™"? exp{—%lz X — 2n9X + nh?
i=1

|

Hence
f 0 1 n 2 ! 2 v _
O i

This does not depend on ¢ ifandonly if y=xX
Thus X is a minimal sufficient statistic for 6
(cf. Theorem 6.2.13)
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Exercise 6.9.b
X, X, areiid with pdf  f(x|0)=

g (9 0 < X< 00
otherwise

The joint pdf takes the form

n

Hﬂﬂzne“m@mM):@bquw@M)
= i=1
— e 2% N (111 '9)
Hence
f(x]6) _ e =71, (min x)
f(y|0) e’zy‘lwyx)(miniyi)

This does not depend on ¢ if and only if miny, =minx
Thus min, X; is a minimal sufficient statistic for ¢

12




Exercise 6.9.c
X X, are iid with pdf ~ f(x]0) =

o (0)

(et
The joint pdf takes the form
n o (60 enee—Zx

f(x|0)= -
(XI ) E (1+ e_(’*_o) )2 ﬁ(l“‘ e*(&*ﬁ) )2

i=1

Hence

ezyi*Z’? ﬁ(1+ g =0 )2 eZV«rZXmﬁ(1+ e o=0 )2

f(x19) _ 1 i1

fylo) [T(a+esn) [Tfa+e )

i=1 i=1
This does not depend on ¢ ifand only if ¥ and x
and have the same order statistics

Thus the order statistics are minimal sufficient 13




