Solutions to exercises - Week 36

Beta function:
« Additional exercise

Exponential family of distributions:

 EXxercises 3.28b-d, 3.30b and 3.33b-c
Location/scale distributions:

« Exercises 3.38, and 3.39

Bivariate distributions:
« Exercises 4.4a-b and 4.5



Additional exercise

We have the gamma function

0.0

() = f x“ e~ dx

0
and the beta function

1

B(a, 3) = f x“(1— x)*Ldx

0

We will prove the relation

['(a)T(B)
['(a+ 5)

B(a, 8) =



We have to prove that
F(a)I'(8) =T'(a+ 5)B(e, B)

Now we may write

©.@)

I'()D(B) = f X e dxj y* e dy

0

= 77 X* ey’ e~V dydx
0 O

= 77 x* 7y e ) dydx
0 0

We then perform a change of variables:
X

X+
Notethat u>0 and O<v<l

Uu=x+y and v=




Thisgives x=uv and y=u(l—v)

The Jacobian becomes

OX OX
ou oV Vv u

J(u,v)= oy oy 1y _y |=wWw—-(1-v)u=—u
ou oV

We then obtaln
D(a)T(8) = f f (uv)*u—v)]" e | —u |dvdu

oo 1
— f f u* e v (1—v)" dvdu
0 O

_ Tu‘““e“du f v (l-v)"dv =T (a+ B)B(a, 5)



Exercise 3.28b

1 Xa—le—xlﬂ

f(x|a,B8)=1 F T(a)

If x>0

0 otherwise

For all x we may write:

1
F(X|a,8) =l (X) ﬁaf(a) exp{(al) log X + [ﬁ]:(/}

W—I

hzx) c(a,ﬁ) Wl(oz,vﬁ) tlzx) W, (o, ) 1,(X)




Exercise 3.28c

1
f(x|a, ) =1{B(a5)

x*(1—x)" if 0<x<l1

0 otherwise

For all x we may write:

f(X|a,8) =144(X) B

(i,ﬁ) exp (a—1) logx 4+ (8 —1) log(1— x)

\ \ 7

J

n(X) o(@f) W(wh) 4(x) W) G



Exercise 3.28d

A Z e for x=0,12,....
f(x|\)=1 X!

0 otherwise

For all x we may write:

F(X[A)= I{012 }(X) e exp log(A) x
\ w-/ N
h(X) C(A)  w,(\) t(x)




Exercise 3.30b
From exercise 3.28.d we have:

FXTA) =10, }(x) e exp log()) x
\ w-f N
h(X) C(A)  w,(\) (%)

The relations In Theorem 3.4.2 become

E[lx =1 Var :O—E[—izx]
A A

2 x
A

From these relations we obtain
EX =)\

Var X :)\2{0+)\—12)\}:)\



Exercise 3.33.b
Assume X ~n(6,ad?)

The pdf takes the form

ex (x—0) a>0 known
\/7 \Jab? PLI” 2ab”

This may be written

f(x|0)=

L 1 1 2 1
exp|——1|ex _x? 4+ — x
J27 \ab? p[ 2a] p( 2a6’ 20

h y e e L1
c(0) w.(0) L) w,(0) LK)

f(x|0)=




For the normal distribution the full parameter
space Is

(u,0°): —oco< u<oo, o> >0

Here we have a curved exponential distribution
with parameter space

(,u,az): (=20, o =ab’, —oo<l <o
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Exercise 3.33.c

Assume X ~ gamma(q,l/ o)

The pdf takes the form

«

84

f(x|a)={ I(a)

X e X if x>0

0 otherwise

For all x we may write:

«

f(x] ) =l (X) FO(‘Q) oxp (0-1) logx + a(=x)

7N e i

W(a) t(x) W, (@) t,(X)

\ J \\

hx)  c(a)
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For the gamma distribution the full parameter
space Is

(o,3): >0, >0

Here we have a curved exponential distribution
with parameter space

(a,0): >0, =1/«
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Exercise 3.38 N
Z ~ (2) a:HZ>Qﬁi[HDm

1 _
X has pdf fX(X):;f[X M]

O

Then
w_HX>xyiff@Nx_f [

Xa

]dx_f f z dz

Therefore

X, — [
o

— ZO{ and Xa — O-Za —I_/’L
13



Exercise 3.39

fy (X)= = L for —oo< X<oo

om 14+ (X—p)lo

The pdf of Z=(X —u)/o Is given by

f(z):l 12 for —c0o<z<x
m 142
d 1
Recall that —arctan (u) = >
du 1+u

The cdf of Z becomes

z

1 1 1 , 1 1
F(Z)— f - 1—|—U2 du :; arctan (U) . :;arctan (Z)_|_§

—0
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We have
P(Z <0)=F(0) — L arctan (O)+% :0+§

T

Further we have

P(Z<-1)=F(-1) ziarctan(_1)+3 _1 _1]+3 —
(s 2 7w\ 4] 2
1 1 1 1n 1
PZ>1)=1-F@1) ==——arctan(l) ==——-— ==
2 2 w4

Finally for X =0Z 4+ we have
P(X <X)=P(Z <(x—p)lo)=F(x—p)/o)
P(X <pu)=F(0)=1/2

P(X <ji—0)=F(~1)=1/4
P(XZpu+0)=1-P(X <p+o0)=1-FQ)=1/4 15



Exercise 4.4.a

C(x+2y) 0<x<2,0<y<l

f(x,y)=" |
0 otherwise

We have:

2

o0 00 1

ff f(x,y)dxdy :f]C(x+2y)dxdy :C]l§+2yx

—00 —00 0

dy

0

1
—C [ 2+4y dy =Cl2y+2y?| =4C
0

. . 1
From this we obtain C= Z
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Exercise 4.4.b

E(x+2y) 0<x<2,0<yx<l
f(x,y)=14

0 otherwise

Marginal distribution of X (for 0 < x <2)

00 1

R 0= [ Tty = [0cr2y)dy

— 00 0
1
1

1 N
Lty )L ~L0er
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Exercise 4.5.a

x+y O0<x<l1l,0<y<l1

f(Xy)=1
0 otherwise

We have
P(X >Y) =P(Y < X?) :ff(x+y)dydx

2

1 2 71X 1 4
:f xy+2—| dx :f x® 4+ 2| dx
0 2 0 0 2
el 7
:——I—_ —
4 10| 20
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Exercise 4.5.b

2x O0<x<l1l,0<y<l
F(x,y)=-

0 otherwise

We have
1 X 1

P(X? <Y < X) :ffodydx :f 2xy , dx
0 x? 0

2%° B x|

3 4

1
:f 2x° —2x3 dx =
0

0

1
6
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