Solutions to exercises - Week 45

Likelihood ratio tests

 Exercises 8.3, 8.6 and 8.37.c

Exercise 8.3
Let Y,....Y, beiid Bernoulli variables with pmf

f(y 10)=6"(1-0)" for y =01 0<6< !
We will test H,:0 <6, versus H,: 60> 6,

The likelihood is given by [Y = (Y-, Ym)]
L(9 |y) — H@yi (1_9)1734 — QT(y) (1_9)m7T(y)
i=1
where

T=TH =Yy,

The unrestricted MLE for 0 is #=T/m
The MLE for 6§ under H,:0<40, is

h T/m if T/m<é,

1o, it T/m>0,

Thus the LRT statistic becomes

L 1Y)
L@1y)

Ay) =

1 if T/m<a,

o (1—0,)™"
(T/m) @—T/m)" "

if T/ m> 6,

The likelihood ratio test rejects the null
hypothesis if

0y (1—0,)" "

=Ty et i =C

l.e. if (by taking logarithms and multiplying by -1)

T/m 1-T/m

def
g(T)=Tlog

+ (m—T)log

> —logc

0 0

One may show that 9(T) is an increasing
function of T when T/m> 6,

Hence the test rejects Hy if T>b




Exercise 8.6
We have independent random variables:
X5 X, ~ exponential{

Y,,.....Y, ~ exponentialf
We will test H,: 0= versus H;:0=pu

a) The likelihood takes the form

it

j=1\ M

Loy =TT F 65 10T F 00 1)

1 18 1&
=—expi— [ —— '

The unrestricted MLE for # and p are
A 1D ~ 1
0==> x p=—2_Y;

The MLE for 6=x under H, is

EZX EZ%]

Thus the LRT statistic becomes

0, =
Ho= n+m

TlAm exp{— O+ m)}

Mxy) = St XY _ b o
L0, 1%.y)

An’\m
oMo

n

This gives
(n+ m)n+m[

dlizd]

The likelihood ratio test rejects the null
hypothesis if A(x,y)<c

i=1

AX,y) =

D) The LRT statistic may be rewritten as

(n+m)n+m Z)ﬂ Zyl

A(le) = nnmm n = m n

YoXEYY X+,
i1 -1 i

m

If we introduce

we may write

n-+m)™m ] "
Axy)=Em T nnm)m T (1-T)

Rejection for A(x,y)<c is equivalent to
rejectionfor T<a or T>b ,where O<a<b
are constants that satisfy a"(1—a)" =b"(1—b)"




C) When H, is true we have:

>"Y, ~gammatn §

j=1

30X, ~gammat
i=1

By the example on slides 19-20 for the lectures of
week 35 (August 31%!), we then have that

>ox
T = i=1

iXiJF

i=1 ]

Y.

m
J
=1

Is betaf,m) distributed

Exercise 8.37.c
Let X, X,,....X, beiid n(,o?)
We will test H,:0<6, versus H,:0>0,

Consider the test that rejects H, when
X >0, +t, ,,S/n *)
The power function of this test is
B(0,0°)="P, .(X>0,+t,,,S/Vn)
When 0<6, we have (with T ~t_ -distributec)
80,0 <P, .(X>0,+t,,,S/n)
X—6

0p.0°

s/ tnl,a] =P(T>t,,, )=« "

Thus the test given by (*) has size «
We will show that the test corresponds to the LRT

The likelihood takes the form
L(u,0% |x)= (2r0°) " exp{— (1/2) &0 § b7}

The unrestricted MLEs are given by

n 11

If §=x<6,, the restricted MLEs (i.e. under Hy)
are the same as the unrestricted MLEs, while if
6 >0, the restricted MLEs are

éo - 90
and

~ 1
Go == (% =)’

n

Thus the LRT statistic becomes

1 if x<6,
AX)=1 L(b,,62|x .o
%l) if X>6,
L(9,5°% |x)

12




Now we have

L(4,,52 |X) (2«00)*"'2exp{ @2) «—06, 5 63}
L(©0.6°1x)  (2r6°) " exp{—@/2) X T £}

_ (2n65) " exp{— 6112}
~ (2n6%) " exp{— (1 12)

n/2
~2
g
| ~2

o)

[(Xx-%)"
Z()ﬂ _00)2

13

The likelihood ratio test rejects H, if (assuming X > 6,)

( Z()ﬂ—x) n/2
-6

-

Do =%)* <
ST —6,)7

=

DGR s Gl
> (% —X)? -

NX—=0)" _ om

1+
Z(x B 14

Thus (assuming X>6,)
n(X—6,)" 0,)°

Mx)<c & Z()ﬁ _X)2 Sch_1-k

Thus the LRT rejects H, if
X —0,

Do —%)?/n

which is equivalent to

-0,
> K
yJﬁ

for a suitably chosen constant K

>Jk

Thus the test (*) corresponds to the LRT
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