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Estimation

Let X, X,,....,X, be arandom sample from the
population f(x|0),so X, X,,....,.X, are iid and
their pmf or pdf is f(x|[0)

A point estimator W(X,, X,,....,X,, ) is a statistic
that we use to guess the value of the population
parameter @ (or a function 7(0) of the parameter)

When we evaluate the estimator at the observed
values X, X,,.....X, of the random variables we
obtain an estimate of 0

We will first consider methods for finding
estimators, and then discuss how the
estimators may be evaluated 2

Method of moments
Assume that 0=(6,....4,)

The moment estimators of 4,...,6, are obtained by
the equations one obtains by equating the first k
sample moments and population moments

1&
Sample moments: m, :HZ X/
i=1
Population moments: 1 (4,,....6, )= EX’

The moment estimators solve the equations

WO,f)=m j=1..Kk

Example — gamma distribution

Let X, X,,.....X, beiid with pdf
1 /
f(x|a,f)=———x""%* for x>0
(X]a,8) 5T()
We have

:ull(a’ﬁ) =EX=ap
py(a, ) =EX* =VarX + (EX) =af’® +(apf)’
The moment estimators are given by the equations

X=af and X' =af"+(ap)
This gives L -
X X2 (X = X)?
azli(xi—i)z nd A= X 4
ni=




Maximum likelihood

Let X, X,,....X, bean iid sample from a
population with pmf or pdf f(x|8&,....6,)

Then the likelihood is given by
LOX)=LE, .0 %, =]]f & b .-G
i=1

For each sample point x , let 8(x) be the
parameter value at which L(0|x) attains its
maximum as a function of @ with x held fixed

Then 0(X) is the maximum likelihood estimator
(MLE) based on the sample X =(X,, X,,....,.X,)

Usually one finds the MLE by maximizing the
log-likelihood logL (@ |x)

Example — gamma distribution
Let X, X,,....X, beiid with pdf

1
f(XIa,ﬁ)zﬁQF(a)

The likelihood is given by
n n - 722 )ﬂ/@
L f - S
(@ 80=T10109) =2 | [T e

o 1g for x> 0

and the log-likelihood becomes

logL(a.51x)

=-nalogB-nlogl (a)+ (a—l)i logx ‘%i)ﬁ

Differentiating the Iog—likelihood we obtain

Z logx

ailogL(a,B|x)— -nlogf - n
%IOQL(aﬁIX)—-—+—Z>ﬁ

If we set the partial derivatives equal to zero and

solve the equations, we find that the MLEs are
given by

B=

| X

and

nlogd—nlogi—nw+ZIogX. =0

(0’) i=1 I 7

An important property of ML-estimators is that they
are invariant in the following sense:

Theorem 7.2.10 (invariance property of MLES)
If @ isthe MLE of ¢, then 7(d) is the MLE of 7(6)

Assume that the function n = 7(0) is one-to-one
Let 7 *(n)=6 be the inverse function
Then L(@|x)=LE"@)|x) and
sgpL* 0 K= sup. € 4 )X ¥ sup &
Thus the maximum of L (7]x) is attained at 7 =7(6)

The result is also valid when n=1(6) is not
one-to-one (cf. page 320)




Bayes estimators

In this course we mainly focus on the classical
frequentist approach to statistics, but we will now
have a brief look at the Bayesian approach

In the classical approach a population parameter ¢
Is a fixed quantity, but its value is unknown to us

In the Bayesian approach & is assumed to be a
guantity whose variation may be described by the
prior distribution = (6)

When a sample is taken from the population, we
may update the prior distribution and obtain the

posterior distribution (6 |x) °

The joint pmf or pdf of & and X is
f(x,0)= f(x|0)r©)
The marginal pmf or pdf of X is
m(x):ff(xw)w(@)de
(with sum instead of integral if 7(0) is a pmf)
Hence the posterior pmf or pdf of 8 becomes

f(x|0)r(6)
m(x)
The posterior is used to make statements about 6

(0 |x)=

We may e.g. use the posterior mean as a point
estimate of 6

10

Example 7.2.14 — binomial Bayes estimator

Let Y ~ binomial(h,p):

f(ylp)=} @ pr

Assume that the prior distribution of pis betatx 3 ):

F(Oé‘f‘ﬁ) a—1 5-1
== s p (L p)
I'(@)L'(3)
Then the joint distribution of Yand p is

v oy L@+8)
F.p=(J)p ey [ S P p)

7(P)

n F(Ck—i—ﬂ) yt+a=1g¢ n—y-+4-1
(y)r(a)r(ﬁ)p d=p) ,

Then marginal distribution of Y is

my)- (DIt preesa pytp

INCYINCE))

1—\( _'_/8) i y+a-1 n—-y+p-1
:(9) r(z)r(ﬁ)»[ P A= Py dp

:(n) [(a+5) T'(y+a)l(n—y+0)
Y T(@T(B)  T(n+a+p)

Then posterior distribution of p becomes

_fly.p) _ I'(n+a+p) yra-1gq  \n-y+A-1
PV="ny TToyrara-y=n P

Thus
plY=y~betaf+a n—-y+g 12




We may use the posterior mean to estimate p, i.e.
8 V+o
® n+a+p

Note that we may write the estimator as
e M ey
nN+a-+5)n nN+a+0

In this example both the prior and the posterior
distributions are beta-distributions

~

Ps

=
a+ 0

The reason for this is that the beta distribution is a
conjugate family for the binomial

13

Evaluation of estimators

One criterion for evaluating estimators is the
mean squared error (MSE)

The MSE of an estimator W =W(X,,...,X,)of ¢ is
the function of ¢ given by E, (W —0)

The bias of W is given as BiasW = EW —0
The estimator is unbiased if the bias is zero for all ¢
Note that the MSE may be written

E, (W -6)? = Vap\W +( Biag W)’

For an unbiased estimator, MSE equals its variance

Example 7.3.5 — MSE of binomial Bayes estimator
Let Y ~ binomial(n,p)
The MLE of p is p=Y/n

We know that this is unbiased, so its MSE becomes
p(l-p)
n

E,(p-p)*=Var,p=
Y+«

ider the Bayes estimator py=——
Then consid y Ps —

The variance of the Bayes estimator is

Y+a ]: np(1- p)
n+a+p (n+a+ﬁf

Var, pg = Varp(

15

The bias of the Bayes estimator is

Bias, pg = Ep[

Y+a no+a
R

n+a+B) ' n+a+p
Hence the MSE of the Bayes estimator is
~ 2 — ~ - ~ 2
E, (P, - p)* = Var,p, +( Bias, P

__np(1-p) J{ np+a jz
(n+a+ﬁf n+a+p

If we chose

a=p=-nl4

the MSE will not depend on p 16




Then we obtain

P Y+n/4 and E(p —pp=—1
p— B -
®  n++n 4(n++/n)?
015+ MSE( I’j) 00075 - MSE( I‘D)
7\ N
oo /\ 00050 [ MSEDe)
025 \ MSE(pu) .00025 |
|
0 5 LT 0 I ; I r
n=4 n=400
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Best unbiased estimators
We are not able to find an estimator that minimizes
the MSE for all values of ¢

If we want to find «the best» estimator, we need to
restrict the class of estimators we consider

If we restrict ourselves to the unbiased estimators,
the best estimator is the one with smallest variance

Definition 7.3.7

An estimator W' is a best unbiased estimator of 7(0)

if it satisfies E;W =7(0) forall ¢ and, for any other

estimator W with E\W =7(), we have Var,W < Var,W
forall . We also say that W' is a uniform minimum
variance unbiased estimator (UMVUE) for 7(6)

Example 7.3.12 — Poisson unbiased estimation
Let X,, X,,.....,X,, beiid Poisson(})

Furtherlet X and S* be the sample mean and
the sample variance

Then EX=4 and ES?=/

Thus X, S*and aX+(1—a)S® are all unbiased
estimators of \

Which one is best, and are there better unbiased
estimators?
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Information

Consider a sample X = (X, X,,....,X, ) with
joint pdf (or pmf) f(x|0)

Note that we do not assume that the X, are iid

We assume that expressions of the form

fW(x)f(x 16)dx

may be differentiated with respectto 9 by
changing the order of differentiation and
integration (summation in the case of pmf)

20




Then the information number or Fisher information
of the sample is

0

10)=E,| 2,

j0g f (X |e)]

(e 2
_l[aelogf(xlﬁ) f (x |0 )dx

For the special case where X, X,,...., X, areiid
with pdf (or pmf) f(x|#) the information in the
sample is given by 1(8) = nl,(8) , where 1,(0) is
the information in one observation and is given by

0

1,(0)=E, %

logf (X |0 )]

00 o 2
::[O[%Iogf(xlé)] f (x 0 )dx
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If expressions of the form fW(x) f (x]6)dx

may be differentiated twice with respectto 6 by
changing the order of differentiation and
integration (summation for pmf), the information
in the sample may also be given as

2

2
0 %Iogf(xh()) f (x |6 )i

I(9):—E[ﬁlogf(X|9) :—f

A

while in the case of iid observations, the
information in one observation may be given as

82 o 2
|1(9):—E[W log f (X |9)] :—f[%log f (x|9)] F (x |0 )ix

—00

The Cramér-Rao inequality

Consider a sample X = (X, X,,...., X ) with
joint pdf (or pmf) f(x|0) and assume that
expressions of the form

f W(X) f (x]0)dx

may be integrated with respectto 6 by changing
the order of differentiation and integration
(summation in the case of pmf). Then for any
estimator W (X) with finite variance we have

d

[d@ EHW(X)]

Var,W(X) >

a 2
E, [80 log f (X |0)]

23

Example 7.3.8 — Poisson UMVUE
Let X, X,,....,X, beiid Poisson(})

Here

log f (x|\)= log

)‘—Ie‘AJ: xlogA — X — log x!
X!

2

0 X X
—logf (x|\)=—-1 -
0 (x[N) ) log f (x|\) 3

)\2

Hence the information in one observation is
X A 1
W)= E[?]:vzx

and the information in the sample is [ (A)=n/A
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By the Cramér-Rao inequality, we have for
any unbiased estimator W for \ that

Var/\Wzi:i:A
I(A) n/A n

Now X is an unbiased estimator for \ , and
Var, X _A
n

Hence X is an UMVUE for \
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