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Many pdfs or pmfs may be expressed on the form

f(x18) = hOOc(®) exp| S w (O)t (9

(3.4.1)

where h(x)>0 and t/(x),....t,(X) are real-valued
functions of xand c¢(0) >0 and w(0),...,w,(0)
are real valued functions of the possibly vector-
valued parameter 6 =(6,,6,,...,6,), d<k

We say that (3.4.1) defines an exponential
family of distributions

Example: normal distribution

Consider the normal pdf

f(xm,aZ):J%Uexp[—(xz;’;‘) ]

This may be written

F(X|p0?) =1 — exp—“—2 exp LX) e
’ v\/Zﬂ'O‘ 202 o? 2 o
h(x) v g ~~ ?/(X)
c(u,0) t,(X) 2

which is of the form (3.4.1)

Example: exponential distribution

Consider the exponential pdf

if x>0

f(x|8)=10 g
0 otherwise

For all x this may be written

f(x[B)= I{x>0}(X)% exp[ _%X]
—~—< -
h(x) c(B) w(B) t,(x)

which is of the form (3.4.1)




Example: binomial distribution

Consider the binomial pmf

f (x| p) :(Q) p‘l—p)"*  x=01...,n

For all x this may be written

L]X}
— l_pv
hoy P w40

......

(1) = lioa 0O )0~ p)“exp{ log

which is of the form (3.4.1)

In chapter 7 we will prove the following result
(which may also be known from earlier courses):

If X is a random variable with pdf or pmf f(x]|0),

and if f f(x]0)dx or > f(x|0) may be
differentiated twice with respect to ¢, by changing
the order of integration/summation and differentiation,
then we have
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If we use this result for the exponential family of
distributions, we obtain:

Theorem 3.4.2
If X is a random variable with pdf or pmf of

the form (3.4.1), then

k
e > MO )| = -2 tageqw)
= 0 j
Var iaw'(e)t(X) _ 9 logo(e)_E iazv"'(")
00, 00° T 00?

t(X)

Example: exponential distribution

We have the pdf

1 1
f =1 = —=
(X18) =l (X) 3 exp[ 3 X]
We have c(5) _1 w, (8) = 1 t (X) =X
g gt

By Theorem 3.4.2 it follows that
(x-2 va[dx|--Log-2]

B B ) 6 )

This gives

EX =3 Var X = 3° g




Example: binomial distribution

We have the pmf

Note that

c(p)= (- p)". w(p)=log ﬁ] 400 =X

d il d 1

_I — —_— —

dp ogc(p) 1-p . w,(p) S

d? —n d’ —(1-2p)
_l — y -
dp2 0og C( p) (1_ p)z dp2 \Nl( p) p2 (1_ p)2

By Theorem 3.4.2 we have

E[ 1 x] __n

pA—p) 1-p

VH[ = x]: L Z—E[ig_Zplx]
pa—p ) 1—pf  Pa—p

This gives
EX=np

Var X =np(l— p)
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So far we have used the parameter 6 = (0,,6,,...,0,)

The parameter space for (3.4.1) is (usually) given as

@[9: 7h(x)exp

S WO ()

dx < oo]» ={0: c(0) >0}

(in the discrete case the integral is replaced by a sum)

Sometimes an exponential family is reparametrized as

Zm t (X)

i=1

f(x|m) = h(x)c’ (n) exp

Here the h(X) and t(x) functions are as before, and

n=(".7,,--7) is the natural parameter "

The natural parameter space is given as

H‘n(mﬂ?z ----- ) fh(x)exp Zﬂi t:(X) dX<OO]
Note that
cm=|[ h(x)exp[zni ti(x)]dx
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Example: binomial distribution
We have the pmf

FO1P) = L. ([ @ P exp{log

o)

= lio..p (X ;1( c(p) eXp{V\ﬁ(p) X}

where c(p)=(1-p)" and w(p)=Ilog(p/(1-p))
The original parameter space is {p: 0< p<1}=(0,)

The natural parameter is 1 =log(p/(1— p)) € (—oo,00)
Note that p=e¢€'/(1+€") and that the pmf becomes

1 n
rre) 0
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Example: normal distribution

The normal pdf may be written
1 2 1
f ) e il
(X[ p,07) ﬁzﬂaexp[ Zgz]exp[az

Usually the original parameter space is given by
{(,u,az) L —co< pu< 00, 0° >O}

x| u
— = |+L5x
2 o?

The natural parameters are 7, =1/¢” and 1, = u/ o*

The natural parameter space is
{(771’772) pp >0, —oo<n, < OO}

The pdf may be written

[ 2
£ (x| 7y17,) = Y2 expl| — 2
(X[ 71.15,) N p[ 20,

X2
eXp|m [_?] +17,X

In (3.4.1) it is usually the case that the dimension of
the vector 6=(0,,0,,....0,) isequaltok,ie.d=k

Then we have a full exponential family

If d <k, we have a curved exponential family

In the example on the previous slide, we have a full
exponential family with parameter space

{(,u,az) : —00 < j1 <00, 02>O}

If we consider a normal model with ¢ =ku?, for a
known constant k , we get a curved exponential
family with parameter space {(u, ku?) 1 —oo< < oo}
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