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Problem 1

a

(i)
p(θ | y) = Gamma(α+ y1, β + 1)

(ii)

p(θ | y) = Gamma(α+

n∑
i=1

yi, β + n)

b

(i) E[θ | y] =
α+

∑n
i=1 yi

β+n = 5+67+43+74+37+59
1
6

+5
≈ 55

(ii) Squared error loss: L(θ, θ̂) = (θ̂ − θ)2.
(iii) Var[θ | y] =

α+
∑n

i=1 yi
(β+n)2

= 5+67+43+74+37+59

( 1
6

+5)
2 ≈ 10.68

c

(i) We have

p(ỹ | y) =

∫ ∞
0

p(ỹ, θ | y)dθ =

∫ ∞
0

p(ỹ | θ)p(θ | y)dθ

∝
∫ ∞

0

1

ỹ!
θỹ exp{−θ}θα+

∑n
i=1 yi−1 exp{−(β + n)θ}dθ

=
1

ỹ!

∫ ∞
0

θỹ+α+
∑n

i=1 yi−1 exp{−(β + n+ 1)θ}︸ ︷︷ ︸
Proportional to a Gamma(ỹ+α+

∑n
i=1 yi,β+n+1)-distribution

dθ

∝ 1

ỹ!

Γ(ỹ + α+
∑n

i=1 yi)

(β + n+ 1)ỹ+α+
∑n

i=1 yi
∝ 1

ỹ!

(ỹ + α+
∑n

i=1 yi − 1)!

(β + n+ 1)ỹ

∝
(
ỹ + α+

∑n
i=1 yi − 1

α+
∑n

i=1 yi − 1

)
1

(β + n+ 1)ỹ
∝ Negative-binomial(α+

n∑
i=1

yi, β + n)

(Continued on page 2.)
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(ii)

E[ỹ | y] =
α+

∑n
i=1 yi

β + n
≈ 55

Var[ỹ | y] =
α+

∑n
i=1 yi

(β + n)2
(β + n+ 1) =

5 + 67 + 43 + 74 + 37 + 59(
1
6 + 5

)2 (
1

6
+ 5 + 1

)
= 65.84

Problem 2

Suppose y1, . . . , yn are independent and identically distributed observations
with

yi ∼ N(µ, σ2), i = 1, . . . , n

µ ∼ N(µ0, τ
2)

where σ2, µ0, τ
2 are fixed, known quantities.

a

p(µ | y) ∝ p(µ) ·
n∏
i=1

p(yi | µ, σ2) ∝ exp

{
− 1

2τ2
(µ− µ0)2

}
· exp

{
− 1

2σ2

n∑
i=1

(yi − µ)2

}

= exp

{
− 1

2τ2σ2

[
σ2(µ2 − 2µ0µ+ µ2

0) + τ2
n∑
i=1

(y2
i − 2yiµ+ µ2)

]}

∝ exp

{
− 1

2τ2σ2

[
(σ2 + nτ2)µ2 − 2(σ2µ0 + nτ2ȳ)µ)

]}
∝ exp

{
−(σ2 + nτ2)

2τ2σ2

(
µ− σ2µ0 + nτ2ȳ

σ2 + nτ2

)2
}

∝ N
(
µ

∣∣∣∣σ2µ0 + nτ2ȳ

σ2 + nτ2
,

τ2σ2

σ2 + nτ2

)
Hence

E[µ | y] =
σ2µ0 + nτ2ȳ

σ2 + nτ2
=

µ0
τ2

+ nȳ
σ2

1
τ2

+ n
σ2

Var[µ | y] =
τ2σ2

σ2 + nτ2
=

1
1
τ2

+ n
σ2

.

b

(i)-(ii) We have

p(ỹ | y) =

∫ ∞
−∞

p(ỹ, µ | y)dµ =

∫ ∞
−∞

p(ỹ | θ)p(θ | y)dµ

∝
∫ ∞
−∞

exp

{
− 1

2σ2
(ỹ − µ)2

}
· exp

{
−(σ2 + nτ2)

2τ2σ2

(
µ− σ2µ0 + nτ2ȳ

σ2 + nτ2

)2
}
dµ

(1)

(Continued on page 3.)
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One way of solving it: The integrand could be manipulated to express
a Normal distribution for µ given y and ỹ, then integrate out µ to yield a
Normal marginal posterior predictive distribution for ỹ.

A quicker way: From (1) it is easy to see that (ỹ, µ) | y has a bivariate
Normal distribution, since the integrand is a the exponential of a quadratic
function of (ỹ, µ). Hence, integrating out µ yields a Normal marginal
posterior predictive distribution for ỹ. Then one can find the corresponding
mean and variance in the following way

E (ỹ | y) = E (E (ỹ | µ, y) | y) = E (µ | y) =
σ2µ0 + nτ2ȳ

σ2 + nτ2

Var (ỹ | y) = E (Var (ỹ | µ, y) | y) + Var (E (ỹ | µ, y) | y)

= E
(
σ2 | y

)
+ Var (µ | y) = σ2 +

τ2σ2

σ2 + nτ2

THE END


