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Bayesian inference

@ Assume observations x, variables of interest z
@ z may include parameters and/or latent variables

@ Core: Posterior distribution
p(z. x)
zZ|x) =
p(z|x) o0x)
@ Inference:

Eln@)Ix = [ hzp(zdz

Main problem: p(z|x) can be very complex

"Standard" methods such as MCMC do not scale well with big data
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Variational inference

Main source: Blei et al. (2017)

Idea:
o Approximate p(z|x) by a simpler g*(2)
o Perform inference by

E[h(z)|x] = /zh(Z)CI*(Z)dZ )

Question: How to find q*(2)?
Approach: Define g*(z) as

q'(2) = argmin D(q(2). p(2|x))
q(2)eQ

where
e Q is some class of distributions; variational family
e D(.,-) is some distance measure between distributions
o Note: g* will depend on x although not explicitly shown in the notation!
@ Integration problem now mainly transformed to an optimization problem
o Integration of (*) assumed to be simple

Geir Storvik STK4051/9051 Computational statistics  3/12 Variational inference



Specification of distance measure

@ Most common: Kullback-Leibler divergence:
D(q(2). p(z|x) =KL(q(2)IIr(z|x))

/ q(2)10g (52)) d

=Elog q(2)] — E[log p(z|x)]

@ Properties:
o KL(q(2)||p(z|x)) > 0
o KL(q(2)llp(z]x)) = 0 = q(2) = p(z|x)
o KL(q(2)lIp(z]x)) # KL(p(z|x)llq(2))
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The evidence lower bound

@ Reuwriting of the KL divergence:

KL(q(2)l1p(z]x)) =E7llog q(2)] — E7[log p(2|x)]
—~Ellog q(2)] — E%[log p(2, X)] + E%[log p(x)]
—E%log q(2)] — E%[log p(2, X)) + log p(x)

@ Minimizing KL is equivalent maximizing

ELBO(q) = E7llog p(2. X)) — E%[log 4(2)]

@ ELBO = Evidence lower bound:

ELBO(q) = log p(x) — KL(q(2)||p(2]x)) < log p(x)

@ Practical formulation:

ELBO(q) =E7[log p(x|2)] + E?[log p(2)] — E[log q(2)]
=Ef(log p(x|2)] — KL(q(2)lIp(2))

o First term: Fit to data
e Second part: Penalty term
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Mean-field variational family

@ Common choice: Mean-field Exact Posterior
variational family X2 Mean-field Approxir

9(2) =] a(z)
j=1

, X1
that is independence structure

@ Also need to specify g;(z)).
e For continuous variables,
Gaussian is possible
e For categorical variables, any
discrete distribution.

@ Typically, point esimates quite accurate, uncertainty measures too low
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Example - Gaussian mixtures

@ Model

pk ~N(0, 0%), k=1,..K
¢; ~Categorical(1/K, ..., 1/K), i=1,...n
xilci, o ~N (e, 1)

Of interest
p(u, €lx) «xp(u, ¢, x) = p(u) [ [ p(c)p(xilci, 1)

i=1

@ Variational approximation:
K n
q(p. c) = H q(kw; Mk, S¢) H q(ci; ¢i)
k=1 i=1

where @ = (i1, ... i), Y dix = 1 and

qpk; Mk, S5) =N (uk; Mk, s5)
q(ci; i) =i
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Optimization - CAVI

@ CAVI = Coordinate ascent variational inference
@ Given all other variables, the optimal g (z) is

q; () xexp{E[log p(zj|z-;, x)]}
xexp{EZ[log p(z, Z_;, X)]}

@ Algorithm

Input: A model p(x, z), a data set x
Output: A variational density q(x) = [T g;(2)
Initialize: Variational factors g;(z)
while the ELBO has not converged do

forje {1,... m} do

| Set qi(z) o« exp{E;[log p(z;, -, X)]}

end

Compute ELBO(q) = E9log p(z, X)] — Elog q(2)]
end

@ Note: Similar structure as the Gibbs sampler!
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Example - updating for c;:

q'(ci; ¢i) <cexp{Ec_,ullog p(ci, c-i, u, X)]}
o exp{Ec_, u[log(p(ci)) + log(p(€-1)) + log(k) + > _ log p(xj|G;, )]}
j=1
ocexp{Ec_; u[log(p(ci)) + log p(xilci, n)]}
o< exp{Ec_; u[ + log p(Xilie )]}
ocexp{ Ey[[— 3 (X — pe)?]}
o exp{ Eu[— 5 (XF — 2Xipie, + u3)]}
x exp{ Eulmg — 3% — 1m2]}
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Example, opdating for ux

g’ (tu: Mk, k) < exp{Ecu_,[log p(c, u, X)]}

o exp{ Ec,u_4[log p(ik) + Y _ log p(xilci, m)]}

i=1

n
ocexp{Ecp_, [~ 5z tk + ¥ _ I(ci = k) log p(Xilwx)1}
i=1

o~ exp{Ec,Lk[fzj?Mi + Z di[— 5 (X — )]}

i=1

n
o exp{Eop_y [ gz tik + =3 D Silx7 — 2 + ]}
i=1

xexp{—3[(z5 + Z bi)uz — 2 Z ik Xitek]}
P i

n
Py dikXi 12
ccexp{—3(Z + Y o)k — =0y
i 52 +2i1 ik
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Example - calculating ELBO

ELBO(q) =E7log p(z. )] — Elog q(2)]

=E[Y_logp(0) +>_logp(k) + > _logplxlci. w)]—

n K
ETY logg(c) + > _ log q(ux)]
i=1 k=1

n

n K K
:E"[Z log() — 5= Zui = I3 e = k)6 — m)?)-

k=1 i=1 k=1

Eq[Z Z i log(dik) + Z[ 3log(sk) — 53z (1 — mi)?)]
i=1 k=1
n K

=B Z[Sk + ] = 5> wlxf — 2xik + uf]—

i=1 k=1

E"[Z Z dic log(di) + Z[ 1 log(sf) —

i=1 k=1

K
— oz Y s+ m]+ ZZ¢M[X1mk — 35k — 1mil-
k=1

i=1 k=1

n K K
D dulog(du) + 3 > log(sg)
=

i=1 k=1
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