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The exam is run as a 7-day individual home exam with all aids
allowed. The tasks will be similar to a mandatory task.
Collaboration will not be considered cheating, but you must
have formulated and written the answer that is submitted, and it
should reflect your understanding of the syllabus. ). The exam
IS published in Inspera at the original examination date

(9t of June) and must be submitted as one PDF file in Inspera
within the same time 7 days later. The faculty works on
solutions for students who may not have access to a
computer/network. Please contact administration if you have
problems.

STK4051. The grade will be pass/fail, and the limit for passing
will be 40% (like E at the regular exam)

STK9051. Ordinary rules for pass/fail will be applied. There will
be an additional problem for you to solve.
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Susceptible-Infected-Recovered (SIR)

From : Jose lourengp, Robert Paton, Mahan Ghafari, Sunetra Gupta (2020)
Fundamental principles of epidemic spread highlight the immediate need for
large-scale serological surveys to assess the stage of the SARS-CoV-2 epidemic
DOI: 10.1101/2020.03.24.20042291

equation 1: dv/dt =y (1—-z) — oy y
equation 2 dz/dt =Py (1 —z)
tion3: A, = Npbz st 1—R . : - -~
equation 3: A, =Npbz,_, [9]: DOI: 10.7554/ELIFE.29820 elife 2017;6:€29820
equation 4 Ry = /o Z
Markov chain monte carlo fitting approach
Model output on cumulative death counts (A) is fitted to the reported time series of deaths )
(see Data) using a Bayesian MCMC approach previously implemented in other modelling Request a detailed protocol
studies [7-10]. Model variables are summarized in Table 1 » | For the fitting process, the MCMC algorithm by Lourenco et al. is here altered to a
Variable / Parameter Assumptions / Priors Support Bayesian approach by formalising a likelihood and parameter priors (EE.’HE?R?R
proportion infectious y equation 1 and Recker, 2014). For this, the proposal distributions (¢) of each parameter were
Dmpf’;ggi‘;ggﬁ;;@; z"' L equation 2 kept as Gaussian (symmetric), effectively retaining a random walk Metropolis
|
cumulative deaths A equation 3 kernel. We define our acceptance probability a of a parameter set @, given model
" Uniform distribution ODE output y as:
time (day) of introduction 1 (60, +00)
Gaussian distributions o|@*
basic reproduction number | R, G1(M=2.25, 5D=0.025), [11-13] o —min{1 m(y|©*)p(©*)g(6°|©*) (18)
(32(M=2.75, SD=0.025) - ’ W(meo)p(@o)q(@il@o)
nfectious period 1 Gaussian distribution [11,14-16]
{days) : G(M=4.5, 5D=1) '
transmission coefficient B p=cR, where @* and ©° are the proposed and current (accepted) parameter sets
h:::c [t?::sajn??;:tenn v (.‘:.auGs[i:ia.n1 gl'fggfgg'cn (14 (respectivgly); T (y|(?*) a1.1d T (y|Q”) are the likelihoods of the (3DE output )
Probabilfty of dying with ; Baussian distribution 27 representing the epidemic data given each parameter set; p (8°) and p (©*) are the
severe disease G(M=0.14, 80=0.007) B prior-related probabilities given each parameter set. We fit the Zika virus
proportion of population at Garmma distribution cumulative case counts per week, for which no age-related or geographical data is
P of sever di p G1(=5, R=5/0.01),
vere disease i
(32(S=5, R=5/0.001)
population size N UK 66.87M, Italy 60M

Table 1 - Model variables and parameters. M=mean. SD=standard deviation. S=acale. R=rate.


https://www.researchgate.net/deref/http%3A%2F%2Fdx.doi.org%2F10.1101%2F2020.03.24.20042291?_sg%5B0%5D=Dea9D3B-Zcm4Pv4g_-mjEhbJWA72fpNDpFUTKdwQDfFCwhkCTwsHZsPKpebSs---_qvaL_9kNr2LNX3TEx8Y1DIvmw.r7uMTwWDvG_ssY8fnXgk0EB8xvA3cWP1ckOqWpnDfDcyare1vBq7jCpfH9urtc3MIzychktRtkCfMfM3kizkkQ
https://doi.org/10.7554/eLife.29820

Ui0O s Matematisk institutt

Det matematisk-naturvitenskapelige fakultet

(A] Madal fitling 1o Uniled Kingdom lime ssries 18] Proportion of susceplibles
4 ! __. 100
= I i =
=3 ! i 2
- 1 i "
4 ' E 075
EE : ¢ o
=] i !
g £ a0
o
1 ;
0254
: i
= &
B 0o ’ L) : ]
T-Jon 03-Feh  10-Feb  17-Fpb P-Fop [3-Mar  B9-lp IE-Wgr F-den  [@-Foh 10-Feb 17-Feb P4-Fpb 02-Wpr [B-far  16-Whar
trme [days| wma (days)
) Rl rogind s crkan rnmw rrkaﬂ:lllhﬂ IF 1ot ban mLafe 1 V) gk | o s Lo @ 10 i babag 1o pai o = Prebailisy of Syiag
nianska (A waraned day 3l W rogered cas o4 ol et raEaT e desih | Wit gaen BB
41 23 BL BT T ops Qe nm -#0 =90 0 W0 20 <) 80 0 =20 =% D A0 13 40 45 a0 D0 12 Q5L 0.6
e cuiped mncc outpad mck | autpard miccia | putpul mekim pApul el ok

Figure 1. Resuits for the United Kingdom for three scenarios: Ry =225 and p=0.001 (grey), Ry =223 and
p=10.01(green), and Ry =2.75 and p=0.01 (red). MCMC ran for 1 million steps. Results presented are the
posteriors (model output) using 1000 sampies after & burnout of 50% (A) Model fits showing reported
(diamonds) and model (lines) cumuiative death counts. Deaths are log10 transformed for visualisation. (B)
Mean proportion of the population still susceptible to infection (1-z, see Model). (A-B) Vertical lines mark the
date of the first confirmed case (dotted) and date of first confirmed death (dashed). (C) Posteriors for R, (D)
proportion of population at risk of severe disease (g ), (E) Time of introduction relative to the date of the first
reported case, (F) Time of introduction relative to the date of first reported death, (G) infectious period, (H)
probability of dying with severe disease.
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Early dynamics of transmission and control of
COVID-19: a mathematical modelling study

The Lancet Infectious Diseases, (2020)
Adam J. Kucharski, Timothy W. Russell, Charlie Diamond, Yang Liu, John
Edmunds, Sebastian Funk, Rosalind M. Eggo

Wuhan population

Susceptible

Only a fraction
of cases travel
internationally

We modelled transmission as a geometric random walk process, and we

used sequential Monte Carlo simulation to infer the transmission rate

over time, as well as the resulting number of cases and the time-varying
basic reproduction number (R;), defined here as the mean number of
secondary cases generated by a typical infectious individual on each day
in a full susceptible population. The model had three unknown
parameters, which we estimated: magnitude of temporal variability in
transmission, proportion of cases that would eventually be detectable,
and relative probability of reporting a confirmed case within Wuhan
compared with an internationally exported case that originated in
Wuhan. We assumed the outbreak started with a single infectious case

on Nov 22, 2019, and the entire population was initially susceptible.
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New cases in Wuhan
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(E) New confirmed cases by date in Wuhan (circles, right hand axis) and estimated new
symptomatic cases (blue line, left hand axis). (F) International exportation events by date of
confirmation of case, and expected number of exports in the fitted model. (G) Estimated
number of internationally exported cases from Wuhan confirmed up to Feb 10, 2020 and
observed number in 20 countries with the highest connectivity to China. Ri=daily
reproduction number.
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Last time

 Recap

Lt o]

— lrreducible / aperiodic/ recurrent
— Limiting distribution = stationary distribution

Reparameterization ‘I_Pj
The Gelman-Rubin diagnostic (Monte Carlo variance)

« Advanced topics

Adaptive MCMC

Multiple-Try M-H

Slice sampler

Simulated tempering

Reversible Jump MCMC (model selection)
Langevin

Hamiltonian
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Question

* |n the book Chapter 7 it appears that it is
sufficient that the Markov chain is irreducible
and aperiodic what happened to recurrent?

* Answer: Read also section 1.7 In book, here
the term recurrent appears. The distinction Is
related to state space that are infinite.

» Example: random walk in R%,d > 3
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Example: improper prior

f(x) < 1,x = (xq,%xy,%3) €ER?>

p(x*lx) — ¢(xik; X1, 1) ) ¢(X;, X2, 1) ) ¢(X§, X3, 1)

Irreducible? (possible to reach any point with a finite
number of steps)

— Yes, there is a positive probability for any set of non-zero
measure in one step.

Aperiodic?

— Yes, any non zero set can be reached at any time
Detailed balance?

— Yes we have p(x*|x)f (x)=p(x|x*) f(x™)
So what could go wrong??

— The chain is not recurrent

10
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Example random walk in R*®

1500

. If you get sample paths
like these, you might
have a recurrence issue
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|
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0e+00 2e+05 4e+05 6e+05 8e+05 1+06 proper distribution
[not easy to tell upfront]
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Bayesian inference

Assume observations x, variables of interest z

z may include parameters and/or latent variables
Core: Posterior distribution
p(z,x)

p(x)

p(z|x) =

Inference:

Eh@Ix] = [ h@pxdz

p(z|x) can be very complex and high dimensional

No “black box” algorithm to solve “all problems”
— Need diagnostics / burn in / effective number of samples

Standard" methods such as MCMC do not scale well with big data

12
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Variational Inference

« Main source: Blei et al. (2017) Variational inference: A review for statisticians. JASA

@ |dea:

e Approximate p(z|x) by a simpler g*(z)
e Perform inference by

E[h(z)|x] ~ / h(z)q*(z)dz
V4
. , T This integral is «eas
@ Question: How to find g"(2)? J «easy”
@ Approach: Define g*(2) as

q (z) = argminD(q(2), p(z|x)) This optimization
q(z)eQ@ must be solved

where

@ Q is some class of distributions; variational family
e D(-,-) is some distance measure between distributions
@ Note: g™ will depend on x although not explicitly shown in the notation!
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Variational inference

« Replace a «hard integral»
Eh@x) = [ h@p(lvdz
with an «easy integral»

ETh(2)]x] ~ f h(2)q" (2)dz

and optimization

q'(z) = argminD(q(2). p(z|x))
q(z)eQ

« Approximation without «general bounds» on error
— Often: preserve the mean but not the variance
* We need:

- D a distance measure between distributions (KL-divergence)
- Q class of distributions (often: independent & Gaussian)

14



Ui0O s Matematisk institutt

Det matematisk-naturvitenskapelige fakultet

Kullback-Lelbler divergence
D(q(2),p(zlx))
q(z)
= KL(q(2)|| p(z]x)) = f 10g<p(z|x)>q(z)dz

Z

= E9(logq(Z)) — E9(logp(Z|x))

If p(z|x) is zero and
q(z) is positive ®

If p(z|x) is positive and
q(z) is zero ®

* Properties:

- KL(q(@)|lp(zlx)) = 0
- KL(q(2)||p(zlx)) = 0 < q(2) = p(z|x)

- KL(q(2)|| p(z|x)) # KL(p(z|x)|| q(2)) (not symmetric)
— Not a metric

15
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Asymmetry of Kullback Lieibler divergence
p(z) ~ N(4p,2,),  wherez € R?
q(z) ~ N(,uq,Zq ), where %, is diagonal

Find u,, and diagonal X, which minimizes:

* Problem 1 (Variational inference- VI)
min KL(q(2)|Ip(2)) = min E 1(logq(Z)) — E9(logp(2))

=>  E9(zy) = EP(zx), Vari(z,) = VarP(zx|z_)

* Problem 2 (Expectation propagation- EP)
min KL(p(2)|lq(2)) = min E P(logp(Z)) — EP(log q(Z))

=>  E9z,) = EP(z), Vari(zy) = VarP(zy)

16
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VI vs EP

— T
o —

—— EP
- e /|
< -/ Ground truth:

Bi-normal
' Correlation 0.95

I | | I |
3 2 -1 0 1 2 3
Contours at 1 and 2 standard deviations 17
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Computations: Variational inference
p(2) ~ N(up, 2, ), wherez € R%
q(z) ~ N(,uq,Zq ), where Y, is diagonal

KL(q(2)||p(2)) = E9(logq(Z)) — E9(logp(Z))

1 d 1
log(q(2)) = =7 10g|Z,| — > log(2m) — = (2 — 1) 23 (2 = hg)
E(logq(Z)):

E1 ((z - ”q)TEc;l(z - ”q)) =Tr (Ec;lEq ((z —pq)(z - ”q)T)>
=Tr(2;'%,) =Tr(I) =d

i 1 d d
- El(logq(Z)) = —Elog|2q| —Elog(Zn) -5 |

18
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E(logp(2)):
log(p(2)) = —%10g|2p| - glog(Zn) - % (z - up)T25 Yz - up)

E4 ((z —w,) I3z - up)) =1 (EE TE1 ((Z — 1) (2 - ”P)T)>
=Tr (2,;1Eq ((z ~ g+ Hg — 1) (2~ B+ g - ”P)T)>
= Tr (2;1'5 (= 1) + bta=mp)(@ = ) + (g - ”p))TD

=Tr <E;1Eq ((z —pg)(z - Mq)T +(z—ug) (g - l‘p)T + (g — mp)(z - ”q)T + (g = 1p) (g — ”p)T)>
\ )| }

|
E(=Z, £0Lo E(20

- T _
= Tr(Zp"'Zq) + (g — 1) 25 (g — 11p)

—————————————————————————————————————————————————————————————————————————————————————————————————————————————————————————————————————————

________________________________________________________________________________________________________________________________________
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p(2) ~ N(up, %, ), wherez € R%
q(z) ~ N(,uq, Xq ), where X is diagonal

KL(q(2)|Ip(2)) =

T
~3log|E| — 5 + 5 log[, | +3Tr(25'50) +5 (g — 1) 25 (kg = )

0KL(q(2) ).
qaftq”p(Z) Mg ) =0 2=

aKL(‘z(ZZ:;”p(Z)) - % (2;1 —2,1) = 0, (but only for diagonal elements)

since X, is diagonal

Solution:
E(zy) = EP(z)

Var4(z,) = Var?(zy|z_x)

20
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Independent Gaussian approximation
to a general Gaussian

Exact Posterior

X2 Mean-field Approximation

Match the mean ©
E(zy) = EP(zy)

Vari(z,) = VarP(z,|z_;)

Underestimate the variance ®

This is due to the direction we define the KL divergence:
« Avoid «low probability» regions

 Little penalty for not including «high probability» regions
Is this what we want?

‘9(2) ~N(pp,2,),  wherez € R?

© 9@ ~ N(ug, Z, ), where X, is diagonal

21



Ui0O s Matematisk institutt

Det matematisk-naturvitenskapelige fakultet

Variational inference

General set up E[h(2)|x] ~ J h(2)q* (2)dz

q'(z) = argminD(q(2). p(z|x))
q(z)eQ

If we can make Q sufficiently general we can make
as good approximations as we like

When people talk about VI, they often mean:
- @ — Mean field approximation, (independence structure)
- They maximize the ELBO which is equivalent to
D(q,p) = KL(qllp)
Much «common knowledge» of VI is related to this
particular choice 2
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The evidence lower bound (ELBO)

@ Rewriting of the KL divergence: p(z|x) = pISZS)
KL(q(2)|Ip(2]x)) =E°llog a(2)] ~ E°[log p(z|X)]
=Elog q(z)] — E%[log p(z, X)] + E[log p(x)]
=Elog q(z)] — E%[log p(2, X)] + log p(X)
@ Minimizing KL is equivalent maximizing \ Log-evidence, not

ELBO(Q) _ Eq[|0g P(Z. X)] . Eq[|0g Q(Z)] d6pendent on z

p(z, x) implied
@ ELBO = Evidence lower bound:

ELBO(q) = log p(x) — KL(q(z)||p(z|x)) < log p(X)

The evidence p(x) is the normalizing factor of Bayesian statistics
Since KL is always positive. If KL is zero we have equality

ELBO(q) < logp(x) (hence the name)

23
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ELBO practical use

@ Minimizing KL is equivalent maximizing

ELBO(q) = E[log p(z, x)] — E?[log q(2)]
\ J

@ Practical formulation: A: p(z,x) = p(x|z) - p(z)

ELBO(q) —(Eq[logp 2)] + E%log p(2)] — E%[log q(2)]

—Eq[logp ] — KL(q(z)[|p(z ))}
Y

IS maximum When MaX|mum when: (including sign)
q(z) < p(x|z) q(z) = p(2)
KL(g@)llc - p(xl2)) = 0 Trade off between likelihood and prior

0
E9(logq(Z)) = E9(log(c - p(x|Z))) | common in Bayesian statistics

24
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So what ?

« So far we have established that maximizing the
ELBO gives a trade off between prior and posterior

« But we already knew that ELBO is maximized with
the posterior:
ELBO(q) = log p(x) — KL(q(2)||p(z|x)) < log p(x)
« So what have we achieved?
— A variational form for the approximation

 We now restrict the class of distributions to Q so
that integrals are easy to compute thus p(z|x) Is not

In Q

g (z) = argminD(q(Z), p(2|X))
q(z)eQ

25
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Mean field variational familiy

@ Common choice: Mean-field
variational family

a(2) =[] a(z)
j="1

that is an independence structure

@ Also need to specify g;(z).

@ For continuous variables,
Gaussians is possible

e For categorical variables, any
discrete distribution.

X2

Exact Posterior
Mean-field Approximation

@ Typically, point esimates quite accurate, uncertainty measures too low

26
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Example mixture Gaussian

@ Model

uk ~N(0, 0°), k=1,...K
c; ~Categorical(1/K, .. ., 1/K), i=1,....n
Xi|Ci b ~N (pic,, 1)

Of interest

p(r. elx) ocp(p, €, x) = p(w) | [ p(a)p(xler w

@ Variational approximation:

n

K
q(p, c) = H q(k; Mk, Sg) H q(ci; ¢i)
k=1

i=1

where ¢i = (¢i1, ..., dik). ZL; $ixk = 1 and

q(ek; Mic, Sk) =N (k; Mk, Si)

q(Ci; di) =i

@ Need to specify {(mk,st), k=1,....K}and {¢ik,i=1,...n k=1, ... K}.
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Optimization - CAVI

e ELBO(q) = E? (logp(Z,x)) — E9(logq(z)) 9(2) =] a(2)
j=1

« Optimize one q;(z;) at the time keep the others fixed

min - E9(logp(Z,x)) — E9(log q(2))

rrcllijn Egj (\Eg_j (logp(Z, x))}) — Egj (logq;(z;))+ const

= log qj(zj) + const

4(z) = exp{E{_ (logp(Z, %))}

28
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Optimization - CAVI

@ CAVI = Coordinate ascent variational inference
@ Given all other variables, the optimal g/ (z) is

q; (Z)) xexp{E/ [log p(zj|z_;, X)]}
xexp{Ef[log p(z, z_j, X)]}
@ Algorithm

Input: A model p(x, z), a data set x
Output: A variational density q(x) = H;’i1 qi(Z)

Initialize: Variational factors g;(z))
while the ELBO has not converged do
forj e {1,....,m} do
| Set gi(z) o exp{EZ [log p(z}, Z-;, x)]}
end
Compute ELBO(q) = E%log p(z, x)] — E%log q(2)]
end

@ A type of "message passing" algorithm: Enables automated software for a large
class of models

@ Note: Similar structure as the Gibbs sampler!
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=1

Example - updating for c; . ots ) = T at: e ) [T e )

g (ci; i) xexp{Ec_; ullogp(ci, c_i, i, X)]}

n

x exp{Ec_; u[log(P(C))) + log(p(Cc-i)) +logp(u) +> _log p(XlG;, )]}
j=1

xexp{Ec_, u[log(p(c)) + log p(xi|ci, 1)}

x exp{Ec_;ulg + log p(Xiluc)]}
cexp{Eull=3(% — ta) ]}
o exp{ Eu[— 5 (XF — 2Xitue, + u2)]}

2
Gj

2
xexp{[Xims, — 35z — 5M;]}

30
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i=1

Example, updating for u; . :
= | [ aCux; mi, s%) H q(ci; &i)
q" (1k: Mk, k) x exp{Ecu 4 [log p(C. . X)]}

ocexp{Ecp_, [log p(pk) + Z log p(xi|ci, u)]}
ox exp{Ecpu_, [—ﬁﬂfﬁ + Z I(ci = k) log p(Xi|uk)]}
x exp{[— 5oz bk + Z dik[—5(Xi — )]} —— Independence in q

ocexp{[—ﬁui — % qu;k[xf — 2Xjlbk + Mi]}

2}
Z n
. 1 PikXi 1 —1
oxcN(ug, === (= + E ik
( ﬁ+ZI’L1 ik o? — ! ) ) ”

n n
xexp{—3[(FF + D dr)uk —2)  duXimx]}
P P

21_1 ‘:I'Ik

oxX exp {; ig + Zf;b;k [uk Z; 1 PikXi
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Example - calculating ELBO « n

q(w. €) = | [ qlux: mi. sk) HG(C;':(IJ;)
ELBO(q) =E7[log p(2. X)] — E%[log q(2)] = =

n K n
=E9> logp(c)+ > logp(uk) + > logp(xilci, u)]—
i=1 k=1 =1

n K
Eq[z log g(ci) + z log q( )]
i k=1

=1
n K n K
=E) _loa(z) = 7z )_mk—3 > Hai=k)(xi— m)]-
i=1 k=1 i=1 k=1
K
E“[szm log (i) + D[~ log(sk) — 5z (ke — mk)*)] +const
i=1 k=1 k=1
K n K
:Eq[—# Z[Sﬁ - mf] — % Z@fk[xfz — 2Xilk + uﬁ]—
k=1 =1 k=1
K
EQ[ZZQ”#{ log (i) + Z[ s |0g(3§) - l2] +const
i=1 k=1 k=1

k
K K
Zd’fk log(dik) + 5 Z log(sk)  +const 32
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Implementation ELBO-

phi matrix (1/K,nrow=n, ncol=K)
m:
s2

more

Elbo

mu

rep(1,K)
TRUE
0

while (moxre)
{

CAVI

VI_miX_diml.R

for(i in 1:n) 5 5

{ . lege 1
phifi,] = exp(m*x[i]-0.5%*s2-0.5*m"2) DCEXp{[X;mgj 25*-’-‘; 2mC;]}
phi[i,] = phi[i,]/sum(phi[i,])

for(k in 1:K)

. A - ) ZL 1¢mxr 1 —1
m[k] = sum(phi[,k]*x)/ (tau.mu+sum(phi[,k])) OCN(_U..R ( — Zd)m)
s2[k] = 1/ (tau.mu+sum(phi[,k])) 2+Z

elbo = -0.5*tau.mu*sum(s2+m*2)-sum(rowSums (phi*log(phi)))+0.5*sum(log(s2))

for(k in 1:K)
elbo = elbo + sum(phi[,k]* (x*m[k]-0.5*s2[k]

-0.5* m[k]“"))

more abs (tail (El1bo,n=1) -elbo) >eps

Elbo c(Elbo,elbo)

- 202 Z[Sk + mj] + ZZ@:R[XJWR

k=1 i=1 k=1

K K
> ¢ log(di) + 3 > _log
k=1

k=1

n

=1
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Different initializations may lead
CAVI to find different
local optima of the ELBO

@ ELBO is (generally) a nonconvex function, local optimum
x10°

4
-1.6
-1.8 —

R 7

-22 -
-24 / CAvi
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Theory Results on the following type:

« Treat VI posterior means as point estimates
« Bayesian linear models: VI posterior means are consistent

* Poisson-mixed model with Gaussian VI
— Consistency and asymptotic normality

* Network data with stochastic block models: Asymptotic
normality (which might not be the case for ML estimates!)

« (Gaussian variational approximations: Asymptotic
covariance matrix estimator

* Mixture of Gaussians: CAVI converges to local optimum, VI
estimator is consistent, VI posterior variance too small.
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Extensions and open problems

 Other distance measures than KL

e Alternatives to mean-field

— Add dependencies between variables: structured
variational inference

— Mixtures of variational densities

* |nterface between VI and MCMC
 Statistical properties
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VI compared to ML/MAP estimation

« VI retain Bayesian inference ideas but neglect correlations
between parameters

 ML/MAP retain the model but neglect the uncertainty in the
parameters,

« MCMC retain both.

« Expectation propagation is an other alternative
(Minka 2001 & Hernandez-Lobato et al., 2015)
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McMC vs variational inference

@ MCMC methods tend to be more computationally intensive than variational
inference but they also provide guarantees of producing (asymptotically) exact
samples from the target density

e Suited for small datasets where precise inference is required

@ Variational inference does not enjoy such guarantees - it can only find a density
close to the target - but tends to be faster than MCMC.

e Can be combined with stochastic gradient!
e Suited for large datasets, many models to explore

@ The relative accuracy of variational inference and MCMC is still unknown.
e Variational inference generally underestimates variance

@ Modern research

@ tackling Bayesian inference problems that involve massive data

@ improved optimization methods for minimizing KL

e developing generic variational inference algorithms that are easy to apply to a wide
class of models

@ increasing the accuracy of variational inference,
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