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Missing data

« Data often (partly) missing
« Censored data (ex 2.3): Time to event not completely known

» Classification of images: Classes to some pixels known, unknown for
most of the pixels

» Clustering: Data to be allocated to groups, group membership unknown
» If complete data, Likelihood “often easy”
« Likelihood becomes complicated when data are missing

* Notation:
- Y = (X,Z) are complete data
- X observed,
— Z missing fx(x|6) = j fy()'IH)dY=L fy(x,2|0)dz
y:M(y)=x

- X = M(Y)is observed part

— Have fy(y10)
- Want  max fx(x]6) fr(y6)
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EM algorithm

« Main idea: Iterate between
— Estimate Z given X, 6 (E-step)
— Estimate 6 given (X, Z) (M-step)
« Formally a bit more complicated
— If complete data, we want to maximize log L(8|Y)
- logL(6|Y) unknown, but given a current value 8(Y) we can estimate it by

0(8]6®) = E[logL(0lY) |x,6® ]
= E[log fy (16)|x, 6]

Al ith :j log fy (¥10)] fz1x(2x,6%)dz
* goritnm: .

1. E-step: Compute Q(8|0®)
2. M-step: Maximize Q(6|6®) wrt 8 to obtain §¢+V,
3. Return to E-step unless a stopping criterion has been met
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Peppered Moths - Example

@ Color based on one single gene
@ Three different allels (C,I,T)

@ Cisdominantto |, and | is dominantto T
TT Light-colored

I,IT Intermediate
CC,CI,CT Black coloring

@ Observing color, interest in frequency of C, I, T

@ Assume frequencies pc. p1. Pr, Pc + pi1 + pt =1

Color Probability

White pF

Intermediate  p? + 2p;pr

Black P& + 2pcpr + 2pcpt

@ Observed (nr, n;, ng) = (341,196, 85)
0 Complete (ncc, Ncy, Ner, Ny, NiT, nﬁ)

cc
CI (IC)

CT (TC)
I

R IN P N N B

TT
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Peppered Moths - Likelihood

@ Complete data (ncc. ney. Ner. M, M, Nr)
@ Complete likelihood (multinomial distribution)

_ n! 2nce
fv (y |p) — nee'ng'nertngtnyr o pl':-'

nl

a Moo ! nc;! n(;T! ﬂﬁ! ﬂn‘! ﬂ'ﬂ'.l
2Nee+No+-NeT

Pc

(2pcpr)™ (2pcpr)" pi™ (2p:07)" P

Ne+ner+n
NGt NCT HT o

20N+

P,

2nr+Hngr+nT

Pr

@ Complete log-likelihood

log {f(yIP)} = log ( )+

ﬂcc!ﬂc}!ﬂcr!ﬂjﬂ.ﬂﬁ'!ﬂn.‘

[ner + ner + mir] log(2) + [2nce + ner + ner] log(pe)+
[2ny + nei + nir) log(pr) + [2n711 + ner + nir] log(pr)

Q(plp") = E[log{fv(y|p)}|nc. n, nr.p""]
@ Note: First term do not depend on p = (pc, pi, pr), not needed in the optimization
step!
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Peppered Moths —updating E & M

@ Complete log-likelihood

Q(p|p(’)) =Const + E[n¢ + ner + n,Tlp“)] log(2)+
E[2ncc + nei + ner|p!] log(pe)+
E[2ny + nei + nir|p™] log(pi)+
E[2n7r + ner + nir|p"] log(pr)

t
nc(pé))2

E[Ncc|nc, ni, nt, P(t)] = nSZ; =

@ Moth EM.R

@ Updating:
t t t
p(n 1) _ 2t g +ng)
C T 2n
t t t
(t41) __ 2n(|,)l. } n(C')l" ! n”
p’l' _ 2n '

(P

S PR

Expectation

t t t
(te1) _ 2ty g

Py =

LGl

2n

Maximization
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(f) n(p))?

cC = (002 +2p{f}p} 20000

E[Ncc|ne, i, nr, pm] =n

could be either C,T, or |

P(CC & CX|p®D)
© P(CX|p®)

. P(CClp®) P(CC) = p?
“P(cclp®) + p(cIlp®) + P(cT|p®) P(CI) = 2p.p
P(CI) — chpT

Insert to get result

8
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Moths in R Data=(85, 196, 341)

> show(c(p.old,1.0ld, N&))
[1] 0.3333333 0.3333333 0.3333333 0.0000000 NA

> more = TRUE

> while (more) {

+ n = allele.e(x,p

+ p = allele.m(x,n)

+ 1 = loglik(p,n)

+ more = abs(l-1.o0ld)>eps

+ E = sum((p-p.old)~2)/sum(p.cld"2)

+ more = R > eps

+ show (c(p,1,R))

+ l.cld =1

+ p.old = p

+ }

[1] 0.08199357 0.23740622 0.68060021 -90.55303%03 0.57890393

[1] 0.071248952 0.157865%614 0.730881433 -68.467059735 0.0079583122
[1] 7.085204e-02 1.903604e-01 7.387876e-01 -6.526257e+01 2.058264e-04
[1] 7.083746e-02 1.890227e-01 7.4013%8e-01 -6.474408e+01 6€.16309%3e-06
[1] 7.0836%3e-02 1.88786%=-01 7.403762e-01 -6.465487=e+01 1.89%4317e-07
[1] 7.0836%1e-02 1.887454e-01 7.404177e-01 -6.463%26e+01 5.851528e-095
>

> ## QUTPEUT

> p # FINAL ESTIMATE FOR ALLELE PROBABILITIES (p.c, p.i, p-t)

[1] 0.07083691 0.18874537 0.74041772
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Convergence EM

* |terations increases log likelihood
— Jensen's inequality £(0]x) = log fx(x|0)
— For convex f(x), we have:
f(E(X)) < E(f(X)

« Convergence order 8 > 0:

How fast
iteration x® e® = x® —x* |et+D)]
approaches _ (®) lim 3 —
the true lim|e*| - 0 t—=co |E(t)|

. t—oo
solution x*
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Jensen’s inequality

e Convex functions /
(b (1 1)%) < tF(x0)+(1—1)f(x) 7o

for t € [0, 1]

@ Finite form

f(Z tixi) < Z tf(x;), t positive, Z t— 1

@ Infinite form (g(-) non-negative, integrable):

(55 [ oax) < 55 [ Hatyon

@ Probabilistic form (g(-) density):

f(E9[X]) < E°[f(X)] <
Il prove this next week in exercise

11
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Iterations increase the value of, #(0|x) = log( fx(x|8))

Fx(2]X, 6) _:ﬂ:gg

Y
log f(x|0) = log f,(y|@) — log f;x(z|x, 0)
Y
Ellog fc(x|8)] =E[log f,(y|0)] — E[log f-x(z|x, 8)] | Any expectation

e If expectation with respect to Z|(x, 8)), Select : . .
Expectation with

log f(x|0) =Q(68]6") — E[log f,x(z|x, 0)|x,0"] | respect to the

:Q(9|9(f)) _ H(9|Bw) di.StI’i.bUtiOI’l the
missing data have
Q(0|6®) = E|log fy (¥10)| x,6® | under the
under the current
H(0|0®) = E[log f,x(zlx,0)| x, 0 ] estimate of the

parameter
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Proof: H(6®W|oW) > H(8]|61) for any 6

H(6|6®) = E|log f,)x(zlx,0)| x,6® ]

H(0®|9®) — H(6|6W) = E{log f,x(2]x, 0®) — log f51x(z]x, 6)}

_ . fz|x(Z|x: 6) _ fz|x(zlx, 9)
‘E{ 1"*‘izlex<z|x,e<t>>} = ‘°gE{lex<z|x,e<t>>}

Jensen’s

= —logj fle(le, ) lex(Z|x'9(t)) dz

feix(2]%,61)

= —logjfzpc(zlx, 0)dz = —logE{1} =0

13



UiO s Matematisk institutt

Det matematisk-naturvitenskapelige fakultet

Proof of increasing likelihood

log fi (x|6"") — log £ (x|6")

:Q(G{” 1}' 9“}) Y_ O(Bm. Bm)k_ [H(B“ i 1}. B(f}) _ H(Gm, g )]}

|

In maximization step choose
the 6+ sych that it improves
the old #®

> 0.

If you are not able to improve
Q, you have converged

Select 6§ = 01*+D and apply
result from previous page.
Result holds for any @ in
particular for § = gt+D

>0

H(g(t)lg(t)) > H(QlH(t))
()
_H(g|9(t)) + H(Q(t)|9(t)) > 0

log £, (x|6“*V) > log £, (x]69))

14
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CO nverg ence o I‘d er (good to know, but need not derive)

@ The EM algorithm defines a mapping 8" = w(8")
@ When the EM algorithm converges, 8 = W(§)
@ Tayler expansion:

et —pt+) _ g
—w (") — w(8)
~w(6") - [w(e") + w'(6'")(8 - 6°)

:\U’(GU))(O“) _ 5)
:wr(e(t))e(f) @ Convergence order G if im0 —”li(.:;;la” =

. (t+1) ~ .
@ p=1: im0 lsanl — W'(8), linear convergence

e p > 1: Still linear if —£”(8|x) is positive definite

@ (Newton’s method has convergence order G = 2)
15



UiO s Matematisk institutt

Det matematisk-naturvitenskapelige fakultet

Example: Mixture Gaussian clustering

@ Assume Y; = (X;, C;) are distributed according to p(x;[Ci) T4
PH(C; = k) =mx, k=1,...K T

Xi|Ci = k ~N(ug, o)
@ The Cj's are missing p(x;)

@ Complete log-density:

log f(y;) = log(7g;) + log|@(Xi; ke;. 0¢;)]

K
=Y " I(c; = k)[log(mx) + log[d(Xi; k. ok)]]
k=1

@ Complete log-likelihood:
n K

log fy (y18) = > _ > " I(c; = k)[log(mk) + log[d(Xi; ek, o5)]

=1 k=1

16
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E-step- Mixture Gaussian

@ Complete log-likelihood:

n K

log fy(y10) = D> > I(ci = k)[log(mk) + log[¢(Xi: k. k)]

i=1 k=1

@ E-step (the Cji’s the only stochastic part)

Q(816") = ZZKC = k)[log(mx) + log[d(xi; uk. o%)]|x, 8%

i=1 k=1

n K
=Y Y E[(Ci = k|x, 0)][log(m) + log[d(X;: k. 0k )]

i=1 k=1

n K
= >~ > Pr(Ci = k|x, 68)log(mx) + logl(xi; ., o)

i=1 k=1
TT(.‘?Q')(X: .U'E:} Uk})
n _(t
217‘(?‘1’()‘!' .E)' }])

Pr(Ci = k|x, 8")=

17
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(X, ;Uui;”- o E])

Pr(C; = k|x, 8=
> (%, 1, o))

p(x;|C;)
P(Cl — k) — T[k 7T3

p(x;|C; = k) = ¢(x;; ug, 0x) T L

p(x;) = z (x5 Uy, 07) /\/\//\

l

p(C; = k & X;= x;) _ P(C; = k) p(x;|C; = k)

P(C;=k|X;=x;) = p(X; = x;) p(x;)

18



UiO s Matematisk institutt

Det matematisk-naturvitenskapelige fakultet
M-step- Mixture Gaussian

@ M-step: Taking into account Zf_1 g = 1:

Qfagr{aw r} ZZ PF{C, = k|x V) ”)[Iog(m{} |Og[¢l()(“ Lk, gk } )\(1 _Z-;rrk}

=1 k=1

a n
e Quagr (016) =~ Pr(Ci = K|x,0)m, " — A

= = o Pr(C; —k|x 00) _
y »

k=1i=1
(1) >o14 Pr(Ci = K|x, 81) 0 K
k - A 1
[ IZZP (C; =k|x,00) =1
_ - (1) =1 k=
ﬁZpr(c, k|x, 8" =1 =1 |
I _ 1
Similarly
E:H} (“1) Zpr - k|x,9f”}x,-

=1

( (H'l) “+1) Zpr o k|)( E(f}}( l:f—|-1‘_l)

19
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Examples galaxy

@ A numeric vector of velocities in km/sec of 82 galaxies from 6 well-separated conic
sections of an unfilled survey of the Corona Borealis region. Multimodality in such
surveys is evidence for voids and superclusters in the far universe.

Histogram of galaxies

r
|
1
]

10000 15000 20000 25000 30000 35000

palaxies

@ galaxies_EM.R

Histogram of galaxies

Densty
0.00015

0.00000

galaxies

20
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EM clustering of Old Faithful eruption data.
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By Chire - Own work, CC BY-SA 3.0,
https://commons.wikimedia.org/w/index.php?curid=20494862


https://en.wikipedia.org/wiki/Old_Faithful

