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Bayesian approach
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Image analysis – spatial structure
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Chapter 5,  1D integration 

• Newton-Cotes  Quadrature

– Riemann rule    

– Trapezoidal rule

– Simpsons rule

– Random Sampling 

– Efficient in 1D  

• Romberg integration (stable)

• Gauss quadrature (popular)

• Higher order approximations is often bounded by the 

maximum of the derivative of the corresponding order

• Software for exact integration

– Mathematica & Maple 5
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Integration in Rd (Fubini-style)
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𝑛 =Number of «nodes»

√𝑛 points along the line

መ𝐼 𝑆 =෍𝑣𝑘 መ𝐼 𝑥2
𝑘 =෍𝑣𝑘 𝐼 𝑥2
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The error is bounded by the integration 

error in each direction, but the number of 

nodes along each direction is   𝑛

1D integral has convergence order:

𝑂 𝑛−𝑟

the Fubini integral in Rd  has order:

𝑂 𝑛−𝑟/𝑑

Curse of dimension for 

Quadrature formulas:



Monte Carlo method
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The Fubini integral in Rd  has order:

𝑂 𝑛−𝑟/𝑑

Monte Carlo method in Rd  has order:

𝑂 𝑛−1/2

1) Independent of d

2) Does not depend on derivatives



Simulation techniques

8



The inversion and the transformation methods
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Table 6.1

10



Random number generator (RNG)

• Physical methods (HRNG/TRNG) (Hardware-/True-)

– based on microscopic phenomena, 

e.g. thermal noise, photoelectric effect

– Still need to correct for bias/sequence correlation

• Computational methods, (PRNG, Pseudo-)

– linear congruential generator

• 𝑋𝑛+1 = 𝑎𝑋𝑛 + 𝑏 mod 𝑚

– Initialize

• Set seed (reproducible randomness) 

• Using the computer's real time clock

– Mersenne Twister (Mersenne prime 219937−1)

• Default many programs 

• Good enough for our use

– Cryptographically secure approaches (CSPRNG)  
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Rejection sampling
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The envelope in rejection sampling
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𝑒 𝑥 = 𝑔(𝑥)/𝛼

U~Unif(0, 1) and accept if  U ≤ 𝛼f(Y)/g(Y) 



Example rejection sampling
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What if the normalizing constant  is unknown

• Assume 𝑓 𝑥 = 𝑐 ⋅ 𝑞 𝑥 , 𝑐 − unknown

• If we can find, ෤𝛼 such that:

– 𝑔 𝑥 ≥ ෤𝛼𝑞 𝑥 =
෥𝛼

𝑐
𝑓 𝑥 = 𝛼𝑓(𝑥)

• Then:

𝑈 ≤
𝛼𝑓 𝑌

𝑔 𝑌
⟺ 𝑈 ≤

෤𝛼𝑞 𝑌

𝑔 𝑌

• We need not know c !

• If we can estimate acceptance rate 

• True acceptance rate is unknown: 
෥𝛼

𝑐

• We can estimate c
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𝛼 =
෤𝛼

𝑐



Squeezed rejection sampling
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s(x)

e(x)



Adaptive rejection sampling
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Log likelihood Likelihood

concave:

1) Never above the tangent in 

any point (super-gradient)

2) Never below the line      

connecting two points



Adaptive rejection sampling
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library(ars)



Importance sampling

19

(We know how to sample from g(x) )

j



Importance sampling version 1
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Importance sampling version 2
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What would be best if    h(x) = c  (constant)?



Impact of normalization
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*

ො𝜇𝐼𝑆 ≈ ഥ𝑡 1 − ഥ𝑤∗ − 1 + ഥ𝑤∗ − 1 2

= ഥ𝑡 − ഥ𝑡 − 𝜇 ഥ𝑤∗ − 1 − 𝜇 ഥ𝑤∗ − 1 + ഥ𝑡 ഥ𝑤∗ − 1 2

𝐸[ ො𝜇𝐼𝑆] = 𝐸 ഥ𝑡 − ഥ𝑡 − 𝜇 ഥ𝑤∗ − 1 − 𝜇 ഥ𝑤∗ − 1 + ഥ𝑡 ഥ𝑤∗ − 1 2 + 𝒪(𝑛−2)

= 𝜇 −
1

𝑛
cov 𝑡(𝑿),𝑤(𝑿) − 0 +

𝜇

𝑛
var 𝑤(𝑿) + 𝒪(𝑛−2)

var[ ො𝜇𝐼𝑆] = 𝐸 ഥ𝑡 − 𝜇 − 𝜇 ഥ𝑤∗ − 1
2
+ 𝒪 𝑛−2

=
1

𝑛
var 𝑡 𝑿 + 𝜇2var 𝑤∗ 𝑿 − 2𝜇 ⋅ cov 𝑡 𝑋 ,𝑤∗(𝑋) + 𝒪 𝑛−2



When is normalization better?
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*

Coefficient of variation:

cv(X)=std(X)/E(X) 



Effective sample size
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Ex 1:

Ex 2:

Ex 3:


