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Last time

 EM In Exponential family
Variance estimate in EM
Bootstrap

EM for hidden Markov model

Stochastic gradient decent

— What it is

— Minibatch is one type of randomness
— Proof of convergence Part 1
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Question

When finding the derivative of the Q_lagran with respect to beta (for eksample),
it seems that t_i(theta”s) is treated as a constant, but doesn’t this contain beta?

ISn’t beta part of the normalising sum? Or is beta”(s) only used in the
expectation?

[(0) = n.plog(a) + Z [nei(1 ) +ilog(p) — i) + nyi(log(y) + ilog(A) — A)]

Then (with n = (no, ..., n1g) and using s to denote iteration number in order not to
confuse with ¢ in model)

Q(6]6)) =E[N. o|n, 0] log(a)+ Quagr(010) = Q(616") + 6(1 — o — 5 —7)
16
S [E[N,idn, 0] (log(8) + ilog(u) — p)+
i=(0)
16

S E[N,|n,09)(log() + ilog(A) — A)]

i=(0

When geting the max of Q, these expectations are given
The current estimate of parameter is used.



A ()Y amern (g, (8)
E[N,,L\nﬁ(”)} :Tv’-t‘d (nu‘ ) Ckp( [l ) _ nit(ﬁ'(’“))

= (8")

We similarly get

EIN.gln, 6] =ng = nyz(0°))

m(89)
YOAD) exp(-A®)

E[N,.|n, 0% =n = n;p:i(8©)

(8¢

Further, introducing the Lagrange term,

Q(060%)) =E

[N, o|n, 0% log(a)+

16
> [E[Nyin, 0] (log(8) + ilog(p) — p)+
i=l)

16

> " E[N,iln,0%)](log(7) + ilog(A) — A)]

=0

Qlag(0160) = Q(0]60Y) + ¢(1 —a — B —7)
we get 0 () - L
_;62!-13:;1'(9|9 . ) :Zn:fa(g ‘ }T —Q
Y () ()1 ‘ 9B i=0 B
Qg (618) =n0z0(68) ~ —
SO
SO |
a1 pls+h) —l iﬁ: nit:(0)
O_(s+l} _;TIDZQ(Q(S}) / U :
Q@ =0
) By noting that
L?!ac;f ZP (9 )_ — O
nozo(8%) + Z nit; (%) + Z nipi(8%)) =
SO i=0
16 . —
Lo weget: ¢ =N
~5T) nipi (0%
2> nn(6)
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Info

« Many good videos on course topics online
— Some gives a an overview
— Some gives details
— Be critical, is what you get what you need?

« Explanation and example of the EM algorithm for the for
the mixture gaussian case (thanks to Susie Jentoft)
— https://www.youtube.com/watch?v=REypj2sy 5U

— https://www.youtube.com/watch?v=iQoXFmbXRJA

* Next week (After exercise 15.15-15.35) your co-student
Susie Jentoft will give a presentation of R-Markdown.
Usefull for documentation in R [will be recorded].



https://www.youtube.com/watch?v=REypj2sy_5U
https://www.youtube.com/watch?v=iQoXFmbXRJA
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SGD convergence; Assumptions

@ Requirements on the sequence {a:}:

a; >0 (A'1)
3 il = oo (A-2)
T O + s+ Qg
D af < oo (A-3)
=1

Note that (A-2) implies > 5, a; = oo

@ Requirements on the function g(x) combined with its estimate:

g(x) has same | -»36 > 0 such that g(x) < —¢ for x < 6" and g(x) > ¢ for x > 6". (A-4)
signas (x —67) E[Z(0; ¢)] = 9(6) and Pr(|Z(0;¢)| < C) =1 (A-5)
The constraint |Z(8; ¢)| < C is included to simplify the proof. More general results
are available.
flx | g(x)
I . J x<0"| x>06* 7
9*
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The SGD procedure is consistent

* Three steps (with some sub-steps on the way)
1. Prove that L2 convergence gives consistency

2. Prove that the sequence converge

t t
byt =bi + > aies—2 st |g = E[Z?] d =E[(6' — 6")9(8")],
s=1 s=1

3. Prove that we converge to the true parameter
Needed to find k; such that:

Proposed value for k; is: Kk = inf {%} >0 from (A-4)
XE[Q*—An,Q*—An]

Where 4,, is an upper limit on distance between 8¢ and 6*

1. k;is constructed such that k;b; < d;, Need to show the last sum is infinite

2. Separate into two cases
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Case l

(A4) with a strictly positive 6
36 > 0 such that g(x) < —6 for x < 6" and g(x) > 6 for x > 6".

| Q\h
N\
}{
-/

| * @ By (A-2), >, at = oo which implies that for t larger than some T

2C(ar 4+ o) = A+ Clar + - +arq) — 6" =67 > A

This results in that /\
- - k= inf 2]

o0
af‘é t
Oﬂfkr 2 Otsz 2 E— XE[0* —An,0* +An]
Sakz > 5

t=max{N,T} t=max{N, T}
> Ot;é /_
>
_!:maZX{;V,T} 2C(ct1 + -+ F ot 1) § <lg)l
) Z as 1 < 1
= — = 00
2C a, + -+ a; |x=07 A

t=max{N,T}
9
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Assume (A-1), (A-2), (A-3), (A-4) and (A-5). Assume for some constant é > 0O that

inf [M} >3 fort>N 7

relor Ao ang 207 = A or t > (7)
where

Ar=16" — 67| + Cla + - - + ar_1). (8)

Then |imr_>oo bt = 0.

Assume (A-1), (A-2), (A-3), (A-4) and (A-5). Assume further 6 > 0 in (A-4). Then

Iim;_>oo bf = 0.
Proof:
We have for any z € [§ — A, 6 + An] Here
«&» in (A-4)
g9(2) S 0 S 0 can be used directly as
zZ—60 ~|z—-0] = A «&» in Lemma 3

implying that (7) is fulfilled which by Lemma 3 imply the result.
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(Ad)withaéd =0
36 > 0 such that g(x) < —¢ for x < 6" and g(x) > ¢ for x > 6.

|
|
W Assume (A-1), (A-2), (A-3) and (A-5). Assume further

: 9(z) is nondecreasing; (9)
| .
l 9(6") =0; (10)
|
: gIx) -0 (1)
! Then lim;_sa by = 0.

VT x<0" x>0 v

Assume (A-1), (A-2), (A-3), (A-4) and (A-5). Assume for some constant 6 > 0 that

inf [f‘@l} > 2 fort >N 7)
ZE[Q**A;,G*ﬂLA{] t
Need to be clever to come up
where with a “new §” to this Lemma.
We do not have a lover limit on
A =10" — 6" + Cay + - |- + ar_q). g(z) directly. (8)

Then |imrﬁ»oo br = 0. |
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9(z) is nondecreasing;
9(6") =0;

Proof of T We(ﬂ*wé-

® g'(6") = limy_g LI mply

alx) _ g(6°) +e(x —0%), with lime(t) = 0

X — 6% t—0
giving

(0= 0) = (20— g (0) > ~ 50

for [x —0*| < § and ¢ small enough. Thereby

9(x) :
. 9*_2g’( M), for|jx —6"<é

@ For6"+6 < x < 0"+ Ay, since g(z) is nondecreasing
g(x) _ 9(x+34) _ d9(6")
X —6* — At - 2A;
while for8™ — A; < x < 8" -

g(x) _ —9(x) L —9(x=39) _ 59(6")
X — 6% 0 — x — A{ _ 2At

@ Assuming (without loss of generality) 6 /A; < 1 gives

g(x) _ 99'(6%) e
X_a*_ A, forO< |x—6"| < A= (7)

Since g'(6") >0 /\

we can choose a § so
small that the inequality is
fulfilled for all values
closer to 6*

A =10" — 0"+ Cloy + -+ + 1)
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Stochastic gradients and neural nets
Q(6) =R(6) + AJ(6) R(6) = > (yi — (X))’

FOO = BmolahX +ag)
m=1

Q and their derivatives require a sum of n terms
Can use a stochastic version by sampling randomly a subset of {1, ..., n}

Called mini-batching

Advantages (LeCun et al., 2012)

e Much faster
e Often give better solutions
@ Can be used to track changes

@ Initial values (assuming g(z) = 2):
@ Given a, the model is
yi =Bo+B'z

e Can obtain reasonable values of @ through least squares
e Random guess on a.

@ Stoch_grad_NN.R 13
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Stochastic gradients and neural nets

@ Many versions implemented
e In R: ANN2::neuralnetwork, RSNNS::mlp, nnet::nnet, ...
@ Typically, different tricks applied

@ Slow convergence: Fixed learning rate
e SG through

@ randomly dividing data into minibatches
@ Updating sequentially on each minibach
@ epoch: One go through all data

@ Normalizing imput!
e Momentum:

vl = vl + aVF(8))
9H—1 — ef o Vf—l—'l
e Adaptive learning rates
r . a
VIIVE@)]Z + €
@ Reference: LeCun et al. (2012)
@ Example: ANN2_zip.R

9f+1 —

VF(6'
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Questions?

 What is the convergence result for SGD?

— If the function is sufficiently regular (A-4) & the stochastic gradient is
unbiased and not too large and (A-5). SGD will converge to the
optimum by choosing the learning rate according to (A-1), (A-2)& (A-3)

« Have we proven convergence of SGD for Neural Nets?
— No, we haven't proven that the NN- function is well behaved

* Itis common to use fixed step size when applying SGD for Neural
Nets, what might be the reason for this?

— It converges faster to something close to the optimum.
— Do you need to get all the way to 6* to have a good enough result?
— Half the stepsize if the convergence stall...

15
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B2

Constant learning rate

3.0

Gets you close faster,
but «never settles»

25
|
sl

1.5

T

1.0

Opt

GD alpha=0.5
SGD,k=1, alpha=10/it
SGD,k=10, alpha=10/it
SGD,k=10 aplha=0.1

0.0 0.2 0.4 0.6 0.8

Minutes

I I
1.0 1.2

16
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Fitting neural networks [ ... .

0: Statistical slang for all parameters
Here:

{ao,m, am}, # parameters: (p+1 ) M
{ Bo,m» B}, # parameters: ( M +1 ) K

RO) = L(Y,f(0))

N K
Quadratic loss _ Z z ( B f x ))2
K output variables B i Yik k\Aq

lﬁ =

= Ri(®)
i=1
K

Contribution of A 2
the i'th data record R;(0) = z (Yik — fk(xz))

k=1

11. september 2018 STK 4300 Lecture 4- Neural nets

K

The “standard” approach:

* Minimize the loss

« Use steepest decent to
solve this minimization
problem

 The key to success is the

efficient way of computing
the gradient

17
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Steepest decent

N
e Minimize R(60) wrt 6, R(O) = zRi(Q)
— Initialize: 6(©) i=1
— [Iterate:

JdR(6O
H.(r+1) _ 0'(7‘) —y, ( )
J J 00,
Learning rate

=0

N
JR(0) Z dR;(0) we compute term per data record 9R;(60)

00: 00: (easily aggregated from 00;
J =1 J . J
l parallel computation)

11. september 2018 STK 4300 Lecture 4- Neural nets

18
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Here: g, (T) = Ty

Squared error loss Ty = Brzi
Output dR;(6)
. l —_— . — . / T . .
Iayer' aﬁk,m — | 2 (yl,k fk(Yxl)) gk(ﬁk Zl)}Zm,l
= Ok,i Zm,i
- 0R(0)  ~
Hldd.en - = — Z 2(yix — fie () gic (B 2) Biem 0" (g x) i
layer: 00 =
= Srvn,i Xil
Back K
propagation Sm,i= 0 (AmX;) Z BrmOr,i
equation k=1

11. september 2018

STK 4300 Lecture 4- Neural nets

19
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Back propagation (delta rule)

« At top level. compute:
Sk = =2 (yir — ) gk (BT z), V(@K
« At hidden level, compute:

K
Smi = (@) ) Fembeis V(i)
k=1

 Evaluate:
ORi(6) _ dR;(6)
a,Bk,m kiZm,i aam,l = Sm,iXil
 Update : y, is fixed N
r+1) _ (r) OR;
km - y‘r aﬁ
= Ckmlg=g®
N R
+1 j
“g,z )_ (7‘) —y. - i
im1  mllg=g™

11. september 2018 STK 4300 Lecture 4- Neural nets 20
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Stochastic gradient decent

N
r+1) () OR;
mli — %mi— r P
=0 e~ 00 m,]

N
r+1) _ (1) OR;
km  — Pem — Vr B
i=1 km

=0

« Equations above updates with all data at the same time

« The form invites to update estimate using fractions of data

#Batches

— Perform a random partition of training data in to batches:{B;}7=1

— For all batches cycle over the data in this batch to update data

r+1) _ (1) OR; r+1) _ () OR;
km  — Pem — Vr 6,8 A1 = G — W da

ieB;  “Mlo=6® ieg;  "He=6®
— Repeat

* One iteration is one update of the parameter (using one batch)
« One Epoch is one scan through all data (using all batches in the partition)

11. september 2018 STK 4300 Lecture 4- Neural nets 21
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Online learning (satch size =1)

« Learning based on one data point at the time

() _ gD _ OR;
Tr
km k.m 0 ,Bk,m 9 g(r=1)
IR,
(r) _ _(r=1) l
a = a —
m,l m,l )/T aa ml 9=0(r_1)

* You might re-iterate (for several epochs) when completed or if
you have an abundance of data just take on new data as they
come along (hence the name)

 For convergence: y,. - 0, as Yy, — o and Yy < « ,
e.g.y, = % (as shown earlier)

11. september 2018 STK 4300 Lecture 4- Neural nets 22
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SGD for dependent data

@ Consider spatial data:

Y(s1)
Y(s2)
Y= . | ~Ngpx

Y(sn)
where p = pul and ¥ = 0°R + 721, that is

o®r(|lsi—sill; @) si # s
02+T2 Si = S

cov[Y(s1). Y(s)] = {

@ Realisation of a process defined continuously in a space S
@ Log-likelihood with 8 = (i, 0%, 72, @)

1(6) = —2 log 21 —  log (=) — (¥ — ) E (¥ — )

@ In general, computational burden is O(n®), problematic for large n

23
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ML and Kullback-Lelbler divergence

@ True distribution g(y), assumed model f(y)
@ Aim: Specify 0 so that f(y) ~ g(y)
@ Approach: Minimize Kullback-Leibler distance

KL(f, 9) :/Iog (f%) g(y)dy

_ / l0g(g(¥))g(y)dy — / log(f(¥))g(y)dy > 0

@ Equivalent to maximize [ log(f(y))g(y)dy, problem g(y) unknown
@ IID data: Approximate g(y) by g(y) : Pr(Y = yi) = 1

o Maximize 37 L log(fa(yi)) = ~4(0)
@ Spatial data:

ko g) = [ [ 108 (2U) gtyisig(s)ayes
- / / log(g(y]s))a(y|s)g(s)dyds—

| [1ostiyisnatyisig(s)dyds
Not obvious how to approximate g(y, s) = g(y|s)g(s)!

24
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KL and Geostatistics

@ We have one set of observations y. Can approximate g(y, s) giving probability 1
to this.

e Leads to the maximum (log-)likelihood approach
e Has the computational burden mentioned earlier
e Also has a problem in a poor description of g, lead to that ML estimate may not behave

well!

@ Liang et al. (2013): Approximate KL by
i . )
KL(f.g) =C — —

) 2 log (T (Yi|Sk))

where (yk, Sk) is a subset of (y, s) of size m.
@ Find 6 as the solution of

5 ; )
g 9) =C = 7y 2, HO TS0
H(8, yx. sk) _9 log(fa(Vi|Sk))

L)

by the stochastic gradient algorithm!

25
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Example

m 1 1
log f (Yilsk) = —3108 2T — 5108|Zk| —3 Wk — 1) 2t ke — 1)

(21)i; =cov(Y (s1:) — Y(s1;) = 7°1(j = j) + o exp(—(||sk.i — 8k.]|/®)
(Rg)i; =exp(—(||ski — Skll/®)
H,u(ga Yk, Sk) :13;12};1(:9% - Mlm)

1 _ 1 _ _-
H,2(8,yr, sk) = — =tr(Z, " Ri) + = (ye — L) 2 " Re2, (e — o)

2 2
1 _ 1 »
H.2(0,yi, sk) = — §tf(2k1) + 5k = L) S (g — pdn)
1 dR,:C 1 de
H@(G" Yk, Sk) o 5 I'(Z ! dqb ) (yk o i‘tlﬂl)TE ! dgb (yk o ll']'m)

d(R); ‘
(d;) |85 — s5.4]|/62 - exp(—(||sks — k4]l/0)

26



