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Today

 Variance reduction
e SMC- retake
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Monte Carlo methods

@ Aim (following notation from book):

_(X) [, h(x)f(x))dx x continuous
b= EThO) = {Zx h(x)f(x) X discrete

@ Monte Carlo:
@ Simulate X; ~ f(x),i=1,....n
@ Approximate p by

@ Properties:

e Unbiased E[apmc] = 1
o If Xi, ..., Xn are independent

@ Variance: var[iyc] = %var[h(X)]
@ Consistent: iyec — p as n — oo if var[h(X)] < oo

e Estimate of variance:

Var[‘u'Mc n—1 Z

@ Can we do better than thls?
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Recap

@ Exact methods
@ |nversion/transformation methods
@ Rejection sampling

@ Approximate methods

e Sampling importance resampling
@ Sequential Monte Carlo
e Markov chain Monte Carlo (Chapter 7 and 8)

@ Variance reduction methods

e Importance sampling

e Antithetic sampling

e Control variates

e Rao-blackwellization

@ Common random numbers
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Variance Reduction

For importance sampling we have seen two options:
h(x)f(x)
h(x)7(x) J "o 9(x)dx
— [ h(x)f(x)dx = | === g(x)dx =
| rrcoax= | g(x) I T o

@ Assume Xj, ..., X iid from g(x).
@ Two alternative estimates

o * . f(Xi)
His =— ; X)W (%) (%) = a(Xi)
fis = 21 h(X;))w(X;) (Xi) = Z;W: ﬁf()x,)

@ w'(X;) called importance weights
@ w(X;) called the normalized importance weights
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We should use normalized
Importance weight if:

pvar[w" (X)]

cov[t(X), w*(X)] > >

)
cor[t(X), w*(X)] >

Vvarw*(X)]  cv[w*(X)]
2\ /var[t(X)]/u  2cv[t(X)]

@ Example: imp_samp_beta.R

@ Taylor approximation of 1/w* around 1: {(X:) = h(X;))w" (X))

N1 — (W= 1)+ (W = 1)°

il
W*
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Imp_sam_beta.R

 Sample: uniform(0,1) ﬂwmﬁmﬂﬂm
+ Target: beta(2,3) -1 LT

« Estimate mean

vvar[w(X)]  cv[w*(X)]

ot W= Rt X)l/e ~ 2evitx)]

0.6043563
2%0.6547519

Bootstrapping to get uncertainty:
Estimate sD RMSE
mu. hat.star 0.399958 0.008107 0.008103
mu. hat 0.399971 0.006126 0.006123

0.7120781 > = 0.4615155
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Control variates

@ Of interest u = E[h(X)]

@ 0 = E[c(Y)] known

@ (X, Y) correlated (often Y = X)
o {(X;.Y;).i=1,..,N}iid pairs
@ Possible alternative estimate

fiov =fme + MBuc —|6)

N
fpc =N~ Z h(X;)
=1

N
Ouc =N""D " c(Yi)
i=1

@ Properties:

E[ﬁcv] =

var[iiey] =var[iimc] + }\zvar[@MC] + 2X\cov[iumc, éMC]
@ Can choose X\ to minimize this:

- cov[iuc, Omc]
var[Buc]

10
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Importance sampling

@ Importance sam\pling:
o pu = E'[h(X)] = E9[w*(X)h(X)] with w*(x) = f(x)/g(x)
e We known 6 = E[w*(X)] = 1

@ Possible alternative estimate

- cov[iuc, Omc]

A _ ok — * L \ = ¢
Imp_sam_beta.R 1= —-0.3110773
Estimate SD RMSE
mu. hat.star 0.400116 0.008029 0.008026
mu. hat 0.4001060 0.005725 0.005723
mu. hat. cv 0.400083 0.005466 0.005464
Improvement also for: _
1= —025- 0.005587 In example:
1= —040 = 0.005719 Robust towards

estimation of 1 1
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Questions

12
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Rao- Blackwellization

@ Of interest p = E[h(X)]

@ Assume|X = (X;, Xz) and E[h(X)|Xz] is known.

@ Alternative estimate

N
dre =N ") E[h(X)|Xz = Xiz]

=1

@ Properties:

Elare] =E[E[h(X)[Xz]] = E[A(X)] = 1

@ Note

law of:
Total Expectation

var[h(X;)] =E[var[h(X;)|X2]] + var[E[h(X)|X2]] > var[E[h(X)|X;]

implying

var[fiyc] >var|figs]

law of:
Total Variance

13
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Example 1
@ Model

o ~Unif[0, 2]
Xl|o ~N(0, o)
E[X] =E[E[X|c]] = E[0] =0

@ Whatis 7 = Var[X] = E[X?]?

@ Direct MC:
e Simulate Xj, .., , Xy from model -
o o — li,\i e | EsTImate sSD
N —i=177 Direct 1.32951 0.0088B05905
@ Rao-Blackwellization: RE 1.33198 0.003777348

o E[X?|0°] = 0%
e Simulate o4, ..., oy ~ Unif[0, 2]
° TRE = fy LiLq 0f

® Example_RB.R

@ Analytically: T = Var[X] = E[X?] =8/6 = 1.333

14
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Example 2 (spatial statistics)
« Spatial dependency:

o

-—

-
—

o
o

2
o

o
P

E{z(x)} =0

cov(z(x),z(x + h)) = p"
p ~ unif[0.85,0.95]
. What is: E{z(x)|z(0) = 1} ?
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100
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Direct vs Rao-Blackwellization N=1000
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Direct vs Rao-Blackwellization N=100
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Direct vs Rao-Blackwellization N=10
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Direct vs Rao-Blackwellization N=10
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Questions

20
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Things that are antithetic

Antith eti C Sam p lin g to one another contradict

or oppose each other.

@ Assume available i and fi2, identically distributed with var[i;] = o®/n
@ Assume cov[i, o] < 0.
o Define figs = (i1 + fi2)

var[iias] =z (var[i+] + var[fz]) + zcov[fi1, Az]

_ (1+p)o?
—2n

where p = cor[fiy, fiz].

@ Gain by including /i» a factor of *3°!

Possible to construct such (i1, fio?

21
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Antithetic sampling

@ Main idea: Most simulation procedures for generating X ~ f(X) is based on some
transformation X = h(U) where U = (U, ..., Uy) are iid uniform variables

@ If U; is uniform[0,1], then also 1 — U is uniform[0,1]
@ h(U) and h(1 — U) will typically have negative correlation.
@ Choose X; = h(U;), Y, = h(1 - U))

Ly =n"" Z h(U;)
=1

fo=n""S " h(1-U))
=1

@ Can be generalized to other settings as well.

@ The following slides:
e Proof of cor[h(U;), h(1 — U;)] < 0 for h monotone funk:tion ineach U;.

22
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Antithetic sampling-theoretical derivations

@ Assume X = (X, ..., X,) iid sample

@ Assume g; = n~' 37 hi(xi) with E[hj(xi)] = wu.
@ Assume h;(X;) is increasing in each argument

@ Result: cor[hi(X;), h2(X;)] > 0.

then cor(h4(X;), h,(X;)) =0

If hy(x), h,(x) Is non decreasing in each argument x = (xq, ..., X;;;)
hj(x) > h;j(x — h), forall h suchthath; > 0,i =1,..,m

Proof by induction on dimension:

1) Prove thatitis true in dimension 1

2) Prove thatif it is true for dimensionm — 1
then it is true for dimension m

Note slightly confusing the way
we use the index on X;

Could have had
E(h(X) =y
but this is not the
case in question

In antithetic
sampling

23
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Antithetic sampling-theoretical derivations

First: dimension 1

[h1(X) = M (Y)][h2(X) — h2(Y)] 20 Same sign
I
E[[h1(X) — hi(Y)][h2(X) — h2(Y)]] 20  Forany X and Y
I
E[m(X) = — (M (Y) = w)l[h2(X) — = (ho(Y) — )] 20
I Assuming X, Y ind
cov[hy(X), ha(X)] + cov[hi(Y), h2(Y)] > O

Select joint

distridbution of I Assuming X Yiid
XandyYto

suit us cov[hi(X), ha(X)] > 0

X and Y is selected to have the same distribution as X
and X and Y are selected to be independent 24
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Antithetic sampling-theoretical derivations

* Practical application in dimension 1

@ If hy increasing, h. decreasing:

cor[hy (X), ho(X)] = —cor[hi(X), —h2(X)] <0
@ If X uniform: Then choose h{(X) = h(X), h2(X) = h(1 — X)

Var[3 (i (X) + ha(X))] =4 Var(h: (X)] + 3 Var[ho(X)] + 3Cov[hi(X), ho(X)]

=3z
<z Var[hi(X)]

@ If X Gaussian: Then choose h;(X) = h(X), hg‘(X) = h(—X)

Works the same way, since: ®(-) is monotone and
dPx)=ueod(—x)=1—u

25
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Warm u P COMm pUtationS hi(X;) is increasing in each argument

E[hi(X)| Xm] = E;(Xm) is an increasing function in Xi,.

Forany (xq,x,,...,Xm—1), We have that
hi(X1, o) Xm—1, Xm) = hj (Xq, oo, Xpy—1, Xy — h), fOr h > 0

E{hi(Xy, ..,Xm—1,Xm)} 2 E{hj (X1, ..., Xp—1, Xy —h)} for h >0

The relation is valid for any distribution,
we select. f(x|x,,) which gives the result

law of;

o (E[A(Xm)] = EIE[(X)|Xn]] = E[n(X)] = p) Total Expectation

26
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@ Assume cor[hy(X), h2(X)] > 0 for X (m — 1) dimensional. Then

cov[hy(X), ha(X)|Xn] > 0O Use result for m — 1 for f(x|x,,)

Taking expectations gives

0 <Ejcov[hy(X), h2(X)|Xn]
=E[E[h (X)ha(X) [ Xn]] = E[E[11 (X) 1 Xn] - E[[(X)| Xir]]

/ |

J

E[E[h(X)[Xm] - E[h2(X)[Xm]] Use result for 1 dimension

=E[h1(Xm)ha(Xm)]
—coV[hy (Xm)h2(Xm)] + E[h1(Xm)]E[h2(Xm)]
ZE[FH (Xm)]E[EE(Xm)] = Mz

which gives

0 <E[h1(X)ho(X)] — i = cov[hy (X), ha(X)]

27
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Example
@ u=E[x/(2¥ —1)] for x ~ N(0, 1)

@ Note: x ~ N(0,1) imply —x ~ N(0,1)

set.seed(231171)

N - 2e5 @ Example_6_10.R
¥ = rnormiN)
N2 = N/2
¥l = x[1:N2]
x12=matrix(t(chind(x1,-x13), 1,N)
plot(l:N, cumsum{h(x))/(1:N),type="1",col="red"
Tines({1:N, cumsum(h(x12))/(1:N) , col="blue")
(]
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Questions
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