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Exercise 7 (Mixture of Gaussians)
Assume ¥; = (X, ;) are distributed according to

Pr(C; = k) =my., E=1... K
X,|Cy = k ~N{py,o7)

but where the C;'s are missing. The complete log-density for a single observation y; is
given hy

log f(y:) =log(me,) + log[o(z:; pe,, o7 )]

K
E k)[log(m) + log[é(xi: pux. 7)]]

while the complete log-likelihood:

n N

log fy (y]0) =33 I(e; = k)[log(m,) + log[o(x;; g of)]

i=1 k=1

The E-step (taking into account that the C;'s are the only stochastic parts) gives

Q(e|e) :E{i 3 I(C; = k)[log(me) + log[(x: pe, of)] |z, 01}

i=1 k=1

:iZPr{ = k|, 0)[log(m) + log[o(z:; pu, oF)]

i=1 k=1

Show that the M-step in the EM algorithm corresponds to

At = ZP:{{” = k|z, 81))

pi = {Hn ZPr{(" = k|z.8").
nhl i=
t+1)
Crlams {:+n ZPT{‘” = k|2, 09)(x; — V)2
I'I.Il i=
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Solution to exercise 7.
Since Y, mr = 1, we need to introduce a Lagrange term:

Q!uqr 9 | g(f)

e

i=1 k=1

Qmm (016" = Z Pr(C; = klz, 0®)r " — A

&

K

= k|z,8)log(m,) — §log(07) — 5z (i — m)*]+ A1 = Y mi)

k=1

0 i=1
giving
alt =)\ S Pr(C; = k|z, 8
i=1
1 T
==Y Pr(C; = klx,81)
nis
Further

- Z Pr(C; = k|z,09) [ (z; — )]

o
. k
i=1

0
——0(8l16"
5., 01016)

giving

(t+1) _ Dim1 Pr(C; = k|, 0“))41‘1'
By —
Hi >, Pr(C; = k|x,00)
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Similarly,
—(..)(‘9“3'(f ) _ZPT(C = Kl 0) [~ 507 + g (i — )]

i=1
giving

S Pr(C; = k|, 00)(z; — pi)2

( L)(H—l) i=1 k
L Pr(C1 = k|:1:,9(" )
4
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S inti(87)
u = 2% s, (4.88)
ZM h; t‘(o(t))

(4.89)

R n.{’m TRt i i B - i - w6 -, s B MQ,..,
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The complete and marginal likelihood
Marginal likelihood

The complete likelihood, we know also how many there are
in each group (i.e. for each person we know group membership and count)

L(anz,o, nt,o, ...,nt,16, npjo, ...,Tlp,16) 04

16 ; i ; i
- Butexp{—pu 3\ (¥ A exp{-A}\
o | | ! \i!
=0
y=1-a-f
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Solution to exercise (4.2)
(a). We introduce v = 1 — « — 3 with the constraints a + 3+~ = 1. Complete likelihood:

1(0) = n.polog(a) + Z[m i(log(B) + ilog(p) — 1) + npi(log(y) + ilog(A) — )]

Then (with n = (ng,...,n16) and using s to denote iteration number in order not to
confuse with ¢ in model)

Q(0]6')) =E[N..o|n. 0] log(a) +
16

Y [E[Niln, 69](log(B) + ilog(p) — p)+

i=0

D ElNyiln, 0% (log(y) + ilog(A) — \)

So we need the expectations
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Assume now an individual j has answered 2 and denote by G; the group membership.
Then
[
exp\—
u' exp(—p) G; € {z,t,p}
(!

Pr(G; = tlz; = 1)
f — Pr(G; =t)Pr(z; =i|G; =1t)

B Pr(z; =1

B’ exp(—p)

(0 i!

(7! is then deleted in both the nominator and the denominator) which leads to (us-
ing that the individuals are independent so that N;; is binomial distributed with
probability defined above)

B axp(— p408) |
E[ivf,ilﬂ19{3}] —n,’ (,U, ) f'}(p( H ) _ 'Hiti(ﬂ{h})

(0™
We similarly get
v (s) ol (s)
E[No|n, 6™ 0 09) WENCAY

nlr.-{‘“} (}‘[*"J )I‘ Cxp( _/\{"’})

= Nn;pP; 9{5]
(00 pi(0)

E[ﬁr.p,i Iﬂ._, 6{3}] =T;
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16
- S B[N, i|n, 6] (log(8) + ilog(p) — )+
Lagrange multiplier i=0
16
E[N,;|n,0%](log(y) + ilog(\) — A
Further, introducing the Lagrange term, ; o J(log() (A) = )]
Quagr(0]6'7) = Q(010")) + (1 — v — 5 — )
we get 9 16 1
—Quagr (8]0) = anﬁi(ﬂ(‘ )7 — ¢
0 () ol 3 g 3
5621,@,.(9\9 ) =nozo(6 )H — ¢
S0
SO
1 16
gls+1) _— nt.(0QF)
sany :ln 4.0(9{""}) 6] =% ; n;t;(60*)
) By noting that
L?!ac;f Zj‘) (9 )— — (:)
noz0(0" )+Zn‘f 0" )+Zn¢pz 0)) =N
SO i=0
16 . —_—
Lo weget: ¢ =N
Hr_,(.‘_;+l}| __ nip; 9(5}
2 nn(0)
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Q(616%) =E[N- o|n, 6] log(a)+
16
> [E[Nyin, 0] (log(8) + ilog(p) — p)+
1=()
16

E[N,:|n, 0% (log(v) + ilog(\) — A
Further, introducing the Lagrange term, Z [Npilm, 67 (log(7) () =]

i=0
Qlagr(810)) = Q(0]0)) + 6(1 —a — B —7)

8 | 16 ;
— (s)y — n4. (O —
oy Quar(018) =3t 89—

16 . &
(s+1) :Zf=n '1-'?'1-;:;&(9[ J)

1 :
; Zin n;t;(0)

and similarly

16 . .
A\s+1) ZZ’EEQ in;p;(0”)
>t nipi(0Y)
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b. Estimate the parameters of the model, using the observed data.

alpha = 0.6

ey 2 What happends if you start off:
Tambda = 10

i = 0:16 mu=5

_|Epi 'I=c|g:l ?Ela'l pha,beta,mu, Tambda, x) |ambda:5

more = TRUE

while(more)

1.01d = 1

pi = (beta“exp(-mu)*musi + (l-alpha-beta)“exp(-Tambda)*“Tambdai)
pi[l] = pi[l]+alpha

zstat0 = alpha/pi[1]

tstat = beta“exp(-mu) “musi/pi
pstat = (1-alpha-beta)“exp(-lambda)*1ambda”i /pi
alpha = xifreq[l]*zstat0/N

beta = sum(xifreqg*tstat) /N
mu = sum(i*xifregqtstat) /sum(xifreq tstat)
Tambda = sum(i*xifreq pstat) /sum(xifreq pstat)

param = c(log(alpha/(1-alpha)),log(heta/(1-heta)),log(mu),log(l-alpha-heta))

1 = Toglik(alpha,beta,mu, Tambda, x)
more = abs(1-T.o0ld)=eps
show(c(alpha,beta,mu, lambda, 1))

ﬁrinti”E5timate5 from the EM algorithm™)
show(c(alpha,beta,mu, Tambda))
[1] 0.1236868 0.5625885 1.4771350 5.9510163
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Problem 2 (EM algorithm)

Consider the mixture model for clustering:
1
P(C;=k) =% k=1,..K,i=1,..,n

p(x;|C = k) = d(x; py, 0), k=1,.K,i=1,..,n

Where x = (Xy, ... X,) is the observations, C = (Cy, ...C,)) is the class labels, ¢(x; p, 0?) is
the normal density with mean u and variance g°. Our aim is to obtain maximum likelihood
estimates of 8 = {u. of, k = 1, ..., K} based on observations x = (xy, ... X,,). The class labels
are missing.

a) In the context of the EM algonthm write down the expression for the complete log-
likelihood, derive the expression for Q(H|Em), and show that the update on y; . and
ag, is given by:

(t+1) _ E}LIP(E} = k|x;, 8" )x!'
o XL P(Ci=klx,0W)

2
i, P(C; = klx, 69 ) (x — ™)
r L P(C =k|x;, 800)

(ﬂf){ﬁlj -

Derive also the expression for P(CE = k|x;, g0 ]
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The complete log likelithood
- 1
(8lxc)= ZZlﬂgh Ie; = k}lﬂg¢-(x1,yw a5 ]
=1 k= o
1
szg ~I{c; = k) (——IDE{EHJE} ——M )
i=1 k=1 %

Q(e|e) = E(1(8x,c) |,r,a'i“]

mn

2
= Cnnst+zz P{C = k|x,8 ':t:'}(——lﬂg( 2} _E{I U:.li;c] )
i=1 k=1 I

aQ(E|aEﬂ} ZP(E k|xﬂ'i”}( m])zﬂ

M ZP(C = k|x, 80) = ZP(E = k|x,8®)x,

=1

F:]_ P(E: = HIJE':“}I[
:1=1P{E1' = k|x, 'EI:”]

STK 4051 Computational statistics, spring 2024



Ui0O s Matematisk institutt

Det matematisk-naturvitenskapelige fakultet

Q(8|e™) = E(1(8lx,c)|x, .s-:«'i“]

_ Cnnst+zz.ﬂ(£‘ = k|x, 5(::}(__10g( g}_}{x = )’ )

=1l k=

Mz " e =;c|xjef”}(— 1 +E{x1.—#;f}2) -0

daf - 207 2 (of)*

ZP(E:- = k|x,8'%) = J—lzZP(fa = k|x, 0) (x; — 1)

2 Y P(C = k|-”“-’-5m}{xf — pg)®

Ok = n
=1 P(C; = k|x,819)
1 o
P(C- — k|x E(”} _ p(C; =k, X; = x;] 61) _ qu'(x[:'#}f-gﬁ } B qb(x[;#k,gg}
L ' p{Xl = X |E(ﬂ} %EJ};‘:=1 qb{xf; #m'{}ﬁl } Ef;:l qb{xﬁ #m'ar%t }
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b) Insemi supervised learning 1t 1s possible to enhance learning by actively observing the
class membership of some of the observations, thus we get the additional information
that C; =¢; fori=1,..,mwhere m < n. Given this additional information how
would you change the updating rule for y;, and g above. You do not need to show the
full derivation of the new update, but comment on how the new information changes

Q(E|Em).ﬂelule this change to the to the defimtion of Q(Elﬂ'm).

b) The change 15 that the probability weight in the EM estimator becomes one 1f the class match the
information, zero otherwise. Thus, for data with information of class we replace F(E,- = k|x, 5':':}}
with I(C; = ¢;).

In terms of the expression for Q. we have that the expectation is taken over the observed data. Thus |

when the class is observed, we get perfect information about the class, which gives the indicator
function in the sum.

STK 4051 Computational statistics, spring 2024
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¢) To assess the uncertainty in the EM estimator 1t 1s possible to use a bootstrap procedure.
[n the setting of the sem1 supervised learning from 2b describe both a parametric and a
nonparametric bootstrap for assessing the uncertainty mn the EM estimator. Discuss
strengths and weaknesses in these two different approaches when applied to the
problem of semi supervised learning in 2b.

c) Nonparametric bootstrap: Generate new data sets by resampling with replacement the data records
from the original set. Positive: The sample 15 data driven, no assumption of the distributions are used.
Negative: The number of known label classes will vary between samples.

Parametric bootstrap: Generate new data by random samples from the estimated model, apply the
same label selection strategy as in the main set. Positive: We recreate the mechamsm for selecting
labels. Negative: We are limited to the model we have fitted.

STK 4051 Computational statistics, spring 2024 18
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In the remainder of the problem we will assume that K = 2 and that (g,,0;) = (1,2). Thus,

the unknown parameters in this problem 1s 8 = (u,, ptz) with g3 < ;. The histogram from
one such model 1s shown 1n figure 1.

Histogram of X

20

15

Freguency
10

0

e h\m -
-2 0 2 4 fi ] 1
Figure 1: Histogram of the observations Xy, ..., x,, used in problem ld.

We will now consider the question about how to collect labels. Three different strategies are
proposed:

A) Collect 10% of the labels at random
B) Collect the label from the 5% highest and 5% lowest values
C) Collect data from the 10% of the data closest to the median

STK 4051 Computational statistics, spring 2024
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A) Collect 10% of the labels at random

B) Collect the label from the 5% highest and 5% lowest values
C) Collect data from the 10% of the data closest to the median

d) Table | and 2 gives the values for the observed mformation matrix and its inverse, given
the observations 1n figure 1. The cases shown are the unsupervised case from la, the
three strategies A, B and C, and the complete likelithood where we know all class labels.
Why 1s the mverse of the observed information matrix relevant? Based on the two
tables, discuss which of the three models A, B and C that provide the most information,
comment also on the result by comparing with the unsupervised and complete case.
Which strategy for label selection would you use?

Unsupervised | Strategy A Strategy B Strategy C Complete
H1 Hz H1 Hz H1 Hz Hi Hz Ha Hz
py | 7426 -6.04 (77.09 -5.34 | T76.54 -7.47 8274 -2.55 |99.00 0.00
u, | -6.04 1629 |-534 17.51 | -7.47 17.04 | -2.55 18.00 | 0.00  25.25
Table 1: Observed information matrix for the data in figure 1.
Unsupervised | Strategy A Strategy B Strategy C Complete
Ha Hz Hy Hz Hy Hz My Hz Ha Hz
uy | 0.014 0.005 | 0.013 0.004 | 0.014 0.006 | 0.012 0.002 | 0.010 0.000
U, | 0.005 0.063 | 0.004 0.058 | 0.006 0.061 | 0.002 0.056 | 0.000 0.040

Table 2: The inverse of the observed information matrix for the data in figure 1.

STK 4051 Computational statistics, spring 2024

20



Ui0O s Matematisk institutt

Det matematisk-naturvitenskapelige fakultet

Unsupervised | Strategy A Strategy B Strategy C Complete

Hy Hz H 7 My Mz Hy [z [ [ 5]

Uy | 7426 -6.04 | 77.09 -5.34 | 76.54 -7.47 8274 -2.55 [99.00 0.00
M, | -6.04 16.29 |-5.34 17.51 | -7.47 17.04 |-2.55 18.00 [ 0.00 25.25
Table 1: Observed information matrix for the data in figure 1.

Unsupervised | Strategy A Strategy B Strategy C Complete

M (L] iy Hz Hy iz (151 Mz 251 [z

uy |0.014 0.005 [ 0.013 0.004 | 0.014 0.006 | 0.012 0.002 | 0.010 0.000
M, | 0.005 0.063 [ 0.004 0.058 | 0.006 0.061 | 0.002 0.056 | 0.000 0.040
Table 2: The inverse of the observed information matrix for the data in figure 1.

d) The inverse of the information matrix 15 an estimator of the sample covanance. Thus 1t 15 desirable
to have large entries in the information matrix and small values in the mverse.

Strategy A gets some mformation, 1t 15 better than the strategy B, but still close to the unsupervised
approach

Strategy B 15 the worst choice. When we select data from the edges this 1s where we already are quate
certain about the classes, thus this brings little information compared with the unsupervised.

Strategy C gets the most information. This 1s natural since this gets labels from the region with large
overlap in the distribution. We get information closer to the complete information.

The information matrices are sorted 1n terms of information content

Unsupervised < Strategy B < Strategy A < Strategy C < Complete

STK 4051 Computational statistics, spring 2024



Ui0O s Matematisk institutt

Det matematisk-naturvitenskapelige fakultet

Exercise 9 (Preliminaries for the stochastic gradient algorithm)
We will in this exercise shows some preliminary results that will be used in deriving prop-
erties of the stochastic gradient algorithm.

(a). Assume {a,} is a series of finite and non-negative numbers such that

oo
> a, = oo.
=1

Show that 3> 3°,a, = oo for any T > 1.

(a). We have

o0 T fa’]
=Y u=Yut+ ¥ a
t=1 t=1 t=T+1

Since the first sum on the right hand side is finite, the second has to be infinite.
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(b). Assume a; > 0 and

=

WMH

5 (V1 T - —|— Yy

Show that then Y3;°, o, = 0.

(b). Assume )72, a; < oo. Then

a's . a's _ [a’a]

P P— <Y - —Ya <

o QY Ty T (g a1 5

giving a contradiction.
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(¢). Assume {a;} and {b;} are two series of finite and non-negative numbers such that
lim; .~ by exists and

oo oo
Y ap =00, Y ab <oo
=1 =1

Show that then lim,_,., b, = 0.

(c). Assume lim; o by = 0 > (0. Then there exists some 0 < ¢ < ¢ and 1" such that b; > ¢
for t > T. Then

Zﬂgbg—zatbf+ Z {Itbt>zaf!}g+-‘: Z ay = 00

t=T+1 =T+1

giving a contradiction.
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(d). Consider a sequence
Pt =0 — o, Z(0", &)
where |Z(0",£")| < C' with probability one. Show that
0' — 0| < A= 0" — 0|+ Clag + - -+ + ap_q).
(d). We have that

gt =Ht—1 o Oft—lz(gt_l;é‘t_l)
=91—2 o O"t—ZZ(gt_zzft_Q) o a't—lz(gt_l;ét_l)

t—=1
=0 — Z_jlaszms,g)

giving
t—1 t—1
6" — 6% =||91 — ZQHZ(!?“",{“) -6 < |91 — 6%+ ZQ‘S|Z(9S?£S)|
s=1 s=1
t—1
§|91 — 0" + ZO&SC = A,
s=1
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