Add. ex. 2. Aalen-Johansen & Competing risk

Assume only two competing risks with states O for alive, 1 for
death by causé and 2 for death by cause 2. Then the competing

risk model estimator of the prob. of staying in state O at time
after starting in state O at= 0 equals (3.69)

S dNo (s) + dNoa(s), dNpa(5)
POO(t)_H[l_ YE)(S) ]_H[l_ YE)(S) ]

s<t s<t

and the estimator of the probability of having moved to sjate
given by (3.70)
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Add. ex. 2. Aalen-Johansen & Competing risk, |1

An estimated transition matrix is then given as she 3

Poo(t) Por(t) Pool(t)
P*(0,t) = 0 1 0
0 0 1

since states 1 and 2 are absorbing.
We want to show thalP* (0, ) is identical to the Aalen-Johansen
estimator, with eventtimelg < ty < -- -t <t < tp41

P(0,t) = P(0,t1) x P(t1,t2) X --- X P(tp_1, tx)

dNoe(t;) dNo1(t;)  dNoa(t;)
where 1 — Y(;)(tj) Y(;)(ltj) Y(??tj)
P(tj_l, t]) =1 -+ dA(t]) — 0 1 0

0 0
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Add. ex. 2. Aalen-Johansen & Competingrisk, |11

But fort; < ¢ < ¢, we havePyy(t,—) = 1 and

> dNoe
Poo(t) =1 — YS(t(lt)l)

A ~ dN. dN,
POh(t) = POO(tl_)#(f)l) - #(f)l)

A AN

thusP*(t,) = P(0,t,). Furthermore, iP*(t,_1) = P(0,tx_1),
P(O,tk) = P(O,tk_l) X P(tk_l,tk) :P(O,tk—) X P(tk—,tk) —

- . A - dNoe dN dN ]
Poo(tr—) For(tr—) Fooltr—) 1 - Yg(t(:f) Y(?(lt(;ff) Yféff)
0 1 0 X 0 1 0

0 0 1 0 0 1
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Add. ex. 2. Aalen-Johansen & Competingrisk, IV

Multiplying out this gives{, <t < ty.1,

Pro(ts) (1~ Sy T Sy pyry) = Bt

A A
and
Pulte) G+ Pnlti) = [ Pals=) S = P,

Forg > 1 we will still have P,,(t) = I(g = h).

Hence the matridP*(¢) consisting of ABG formulas (3.69) and
(3.70) in the first line and furthermore one along and zeros

outside the diagonal equals the Aalen-Johansen-estirR4tpr
for competing risks.
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Add. ex. 2: Aalen-Johansen & llIness-Death, |

The formulas for the transition probabilities for the ilgsedeath

setting (ID) are given in (3.74-3.76) in ABK (well, some of
them). They can also be written

Poo(0.) = [Tzl = 5557

}511(0, t) = _...u<t[1 - dzl\éléiq)l)]

Por(0,) = J5 Poo(0, )dN01(;L) Pu(u,t)

Poa(0,1) = [y Poo(0,u— )dN02 7+ Jo Por(0 )dﬁli’g)
Pip(t) =1~ Pu(t)

We want to verify that these transition probabilities are $ame

as those obtained with the Aalen-Johansen estimator

P(Oat) = P(Oatl) X P(tlﬂfz) Xowee X P(tk—latk)
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Add. ex. 3: Aalen-Johansen & ID, I

The ID-transition probabilities on matrix form becomescg
death is absorbing ankh, () = 1,

| Poo(0,1) Po(0,8) Pos(0,1)
P*(0,1) = 0 Pr1(0,t) Pis(0,2)
0 0 1

We may proceed as for the competing risk situation

First we note thaP*(0,0) = I = P(0,0)

Assuming thalP*(0,tx_1) = P(0,%,_1) we want to

A

establish thaP* (0, t;) = P(0, tx)

Since both matrices can change at event titpaisis sufficient to
consider only these.
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Add. ex. 2: Aalen-Johansen & ID, Il

As for competing riskP (0, t;,) = P(0,t,_1) X P(tp_1,t3) =

- - A A 1 dNoe (t1) dNo1 (t1) dNos2(tg) ]
Poo(0,tx—1) Po1(0,tx—1) FPo2(0,tx—_1) 1— =057 Yolir) Yo lir)
A A dN1s(t dN1o(t
0 Pi1(0,tg—1) P12(0,¢k—1) | X 0 1 - yll(Qt(J) yl(i,i)k)
0 0 1 | 0 0 1

We only need to verify for component (1,184 (0, ¢x),
component (1,3)Fy,(0, ;) and component (2,2)P;, (0, t4)
since the probabillities over each row will sum to 1.

For component (1,1) we get

~ dNO.(tk) dNOo(tk) -
Poo(0, ti—1)(1 — Vo (t) )= J[ - | = Fool(ty)

0<s<ty
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Add. ex. 2: Aalen-Johansen & ID, |V

Similarly for component (2,2):

~ dN12 tk leQ tk >
P11(O, tk_l)(l — )ﬁ(t(k) )) _ Ogtk[l — S/i(t(k) )] — PH(O, tk)

Then component (1,3) becomes

Poo(0, 1) d%}ft(g) + Por(ts1) djiléit)k) + Poa(ts1)

= fotk_l Poo (0, U—)dzl\/]ségb) T poo(tk_l)%

0ot Poa(0,u=) G+ Poa(t) 5

tk dNo2(u tr dN+o(u A
— Ok POO(OJU_) Y(;)(QQE)) + fok POl(S,U)#IE)) — Pgo(o,tk>
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