Aalen’s additive hazar ds modd

a(tlz) = Bo(t) + B(t)z = Bo(t) +Zﬁj

Estimates of cumulative regression functlons

= /Ot Bj(s)ds

In counting process notation

AN;(t) = Yi(t) Bo(t)dt + Yi(t Zﬁj )agsdt + dM;(t)
71=1
Interpreted as a linear regression model at each tivwiéh
dN;(t) as responsegB;(t) = 3;(t)dt as regression coefficients,
Y;(t)x;; as covariates
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Estimator | Aalen additive model, explicitly

Let the responses at tintde given by
AN (t)" = (dN1(t), dNa(t), . .., dN,(t))

and the design-matrix at tinte

Yi(t) Yi(t)rnn Yi(t)rie -+ Yi(t)wy
(1) = Ya(t) Yz(t.)l“zl Yz(t.)ﬂ?zz . Yz(t.)l“zp
Yo (t) Yo(t)wm Ya(@)mne -0 Ya(t)zap |

The incrementd B(t) are (usually) estimated by
dB(t) = (X(t)" X (1)) X (t) TdN(¢)

for ¢ such thatX (¢) has full rank.
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Simple example

Two groups:x = 0,1 in group O and 1 resp.

Calculates Nelson-Aalen estimatés(t) for both groups.
Under the additive model,.(t) = By(t) + 51(t)x a special case
of the Aalen additive hazards estimator becomes

A AN

By(t) = Ao(t) 0g Bi(t) = Ay (t) — Ao(t)
and we may also estimate V&, (¢)] by

V&r[éo(t)] = /0 i/f.\;-(ot()?
VarBn()] = [ 5o+ [

whereN,,.(t) andY,,(t) are counting processes and number
under risk in group = 0, 1.

and
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On the melanoma-data with x indicator for ulceration

Nelson—Aalen With Aalen—additive

0.8

0.6

B(t)
0.4

0.2

0.0
I
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Exercise 4.4 ABG: Algebrafor ssmple example

Design-matrix

which gives

Do Yi(t)? Yo waYi(t)?

X(H)TX(t) =
()" X() D TaYi(t)? 3ol whYi(t)?

Yoo(t) + Yer(t) Yei(
Ye1(?) Yo (%)

N
~—
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Exercise. 4.4 ABG: Algebrafor smple example, contd.

Determinant= (Yoo(t) 4+ Yo1 (1)) Ye1(t) — Ye1(£)? =
~ ~ Y, (¢ — Yol
KRyt = | 0 e
—Yo(t) Yeo(t) + Yer(t)
1 —1 |
_ | Yeo(t) Yoo (%)
—1 1 1
i Y.O(t) Y.O(t) _|_ Y.1(t) i
Furthermore ] i
8 . ANy (t) + dN4 (T
dNei (1)
giving _ _ _
dN.o(t)—l—dN.1(t) o dN.1(t)
50N Yoo (1) Yoo (1) .
dB (t> o —dN.o(t)—dN.Ol(t) n dN.l(t)O_|_ dNe1 (t) o
i Ye0 (t) Ye0 (t) Ye1 (t) _ i

0 (1) Ye1 (1),

Ye0 (t)Y.1 (t)

dN.o(t)
Y.O(t)
dNe1 (t) . dNe0o (t)
Ye1 (t)
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EXx. 4.4: Algebrafor smple example, conclusion.

_ dNeg(t)

Thus, with the increments of Nelson-Aaléd,, (t) = vy N
groupz,
i aBot) | | ddo _
ab = | P )
dBy (1) dA(t) — dAo(t)

and Nelson-Aalen and the estimates in the Aalen additive
hazards model coincides in this simple situation.
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Exercise 4.3

Model \;(t) = Y;(t)Bo(t). This is an additive regression model
with just an intercept function and then regression fumsio

Bi(t) = Ba(t) = -+ - = By(t).

The model is also equivalent to a iid-model with hazard

a(t) = Py(t), thus the machinery of Aalen-additive regression
should give the usual Nelson-Aalen estimator - and it does as
shown below.

The (transpose of the) design matrix becomes just

~

X(t) — D/l(t)v 3/2(75)7 P 7Yn(t)]

and so n
X(t)TX(t) = ZYi(t)Yi(t) = ZYi(t) = Y.(?)
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Exercise 4.3, cont.

Furthermore
X(t)TdN(t) = Yi( ZdN = dN, (1),
1=1
thus the increment aB, (¢) equals
dBo(t) = dB(t) = (X(£)T X (1)) X (£)TdN (£) = Yl(t) AN.(1),

l.e. the increment of the Nelson-Aalen estimator.
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