Exercise 1 (Solution to exercise 2)

(a).

We have
VvIZ =vT'Y +vin

Here v?'Y is normal since Y is multivariate normal (from exercise 1). Further, v'n
is a linear combination of independent normals, so is normal. Finally, from the model
assumptions, v'Y and v?n are indpendent giving that vI'Z is a linear combination
of independent normals, which then is normal itself. Since this is true for all v, we
have that Z is normal.

. We have that

E[Z] = E[E[Z]Y}]] = E[Y;] =0

where the last equality is from exercise 1 using that ¢ = 0 in this case.

. We have that

COV(Zta Zt+7’) :E[COV<Zt7 Zt+7’)|Y27 Y;H-T] + COV(-E[ZtD/ta 3/25—&—7']7 E[Zt—i—TD/ta 3/15—5-7'])
=E[cov(ne, M+ )[Yes Yiar] + cov(Ye, Yiyr)
=72I(1 = 0) + cov(Y}, Yiir)

where the first term is obtained by the properties of the n;’s.

. We have that

n

f(z;0) = f(z;0) Hf(zt|z1, e 24215 0)

t=2

Now Z is multivariate Gaussian. This imply that any subset of Z is (multivariate)
Gaussian. That again imply that Z; is Gaussian. Further (Z;, Z5) is Gaussian which
imply that Z,|Z; is Gaussian and similarly Z;| 71, ..., Z;_1 is Gaussian. The result
then follows.

. We have that

4 =E[Z| 2y, ..., Zy) = E[E[Z| 2y, ... Zi1, Vi) = EYi| 20, s Zia] = Ytft—1
Further,

St =var(Zy|Zy, ..., Zy_1)
=var(E[Z| 21, ..., Zi-1, Y3]) + Elvar(Z| Zy, ..., Zi-1, Yy)]
=var(Yy|Z1, ..., Z,_1) + E[T% 2y, ..., Zi_1]
=P + 77



(f). With a similar argument as in (a) we also have that the combined vector (Y, Z) is
multivariate normal and therefore the conditional distribution in question is normal.
The conditional means and variances are given directly from the definition. We
further have that

cov(Yy, Zy| Zv, ..., Zy—1) =cov(EYi| 21, ..., Zi1, Y3, E|Z| 21, ..., Zy—1, Y3])+
E[COV(}/t7Zt|Zl7"‘JZt—la}/t)
:COV<K7 K‘Zh EREE) Zt71> +0= Pt|t—1

where the zero is obtained by that given Y; Y, itself is a constant and have zero
variance. Based on this we have (using the rules for conditional normals)

Qt|t EE(Yt|Zh ey D1, Zt)
COVth, Zt‘Zl, ey thl]
Var[Zt|Zl, ceny thl]

:E[Y;\Zl,...,Zt,l]—i— (Zt_E[Zt‘Zla--thfl])

Py R R .
tg - (Zy = 2) = Qeppr + Ki(Zy — Z)
t

Pt|t :Var(Y;‘/’Zb X Zt)

[cov[Yi, Zi| 2y, ..., Zi )]
var[Zy| Zy, ..., Zy—1)

=var(Yy|Z1, ..., Zy_1) —

2
t|t—1

=Pyji-1 —

= Pyr1[1 — K]

(9). We have that

Qt+1|t :E(Yt+1’Zh ) Zt)
=FE[E(Yis1|Z1s oy Zt, Yr)]
=E[aY)|Z1, ..., Z;)] = alu
Py =var(Ye|Za, ..., Zy)
=FEvar(Yi1|Z1, ..., Z,Yy) + var(E[Yi1| 21, ..., Zi, Yi])
=FE[0?] + var(aY;| Zy, ..., Zy)

2 2
=0" + a” Py

(h). If Z; is missing, then conditioning on Z1,..., Z; 1 is equivalent to conditioning on
Z1, ..., Zy since Z; contain no information. Thereby the result

(7). From the three equations we can calculate 2; and S; recursively and thereby all
the quantities involved for calculating the likelihood is available. Further, at each
timestep we can multiply the previous value of the likelihood by ¢(z; 2, S;) making
also the calculation of the likelihood recursively.



(4)-

The predictions seems to follow the observations but are closer to zero due to that
the model has a prior prediction of zero on the process. When missing observations,
the variance increases.

. The maximum value is about 0.895, not far from the true value. Note the smooth

and unimodal behaviour of the likelihood function.

. The estimate of the observation error is far too small. This is reflected in that the

predictions now follow the observations much closer. Further, the effect of missing
observations is now much clearer in a larger increase in variance.



